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Ground state properties have been calculated by use of a medium-sized Gaussian basis set and 
comparison with other bases has been made. Contraction to "double-zeta" of a comparatively small 
basis Ls found to be superior to a large set of primitive Gaussians contracted to minimal basis. 
Molecular optimization is not important for double-zeta bases. Inclusion of a balanced set of 
polarization functions is essential in all cases studied. Population analysis gives a certain insight in 
molecular properties but contour maps are found to be significantly superior. This is demonstrated 
on bonding properties of corresponding orbitals within the scries. In case of benzene Slater's energy- 
band plot is shown to be useful for classifying bunding properties. 

Key words: Ah initio calculation Basis set - Hydrocarbons - Ionization potentials - Orbital 
mapping. 


1. Introduction 

The present paper is concerned with theoretical investigations of ground 
state properties of small unsaturated organic molecules by means of non- 
empirical. all-electron calculations. The main goal was to compare calculated 
properties of the series acetylene, ethylene, benzene, obtained under similar 
conditions. Several basis sets were used and the effect of various modifications 
of the basis was studied. The most extensive studies were performed on ethylene. 
Comprehensive calculations on acetylene were also made, whereas for obvious 
reasons, applications to benzene were much more restricted. 

Section 2 describes the method. In Section 3 the results for ethylene are 
presented and discussed. Sections 4 and 5 are concerned with acetylene and 
benzene, respectively. Corresponding orbitals of the different molecules are 
discussed in Section 6, and Section 7 collects the main results. 


2. Method 

Basis sets of Gaussian type functions localized at the various atoms of the 
molecule were used. The main part of the study is concerned with calculations 
employing a basis of nine .s-type and five p-type functions at each carbon atom, 
(C/9,5), contracted to “double zeta", i.e. two basis functions for each atomic shell, 
<C/4,2>. For hydrogen, four s-type functions, (H/4). were contracted to <H/2>. 
The effect of including polarization functions, one d-function on each carbon 
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and one p-function on each hydrogen, was also investigated. Arguments for a 
type of basis set have been given previously by Roos and Si^babn [1. 2]. 
Within this frame an optimal basis set for unsaturated hydrocarbons wa 
determined using ethylene as a probe. A similar investigation has recently 
been published by Schulman et al. [3]. However their study differs from ours in 
several respects. Most important, their basis set is a minimal one without 
polarization functions collated to ours of the double-zeta type and including 
polarization. Furthermore the details of the op timizin g procedure were dif- 
ferent. 1 


able la. Orbital exponents and contraction coeflictenis of the Gaussian basis sets. When ethylene- 
optimi/ed values tB') deviate from atom-optimized, B. both values are given 

Exponent CoefTtcient 

B(B)\tCf9\'S) ' ' 


s-lype 


■46y4 

.116.47 

.127.10 

1 49.438 

4H.«.')62 

17.6209 

6.81082 

2.72760 

0.7.56741 

0..100728 

0.114091 

0.(KK)242 

0.001879 

0.009743 

0.0.19167 

0.1236.16 

0.288116 

0.421504 

0.254118 

1.0 

1.0 

1.0 


5182.95 

778.756 

178.073 

50.8779 

16.7876 

6.14362 

2.40398 

B: 0.511903 
(S': 0.462000 
0.156594 

0.000947 

0.007256 

0.036292 

0.130515 

0.320715 

0.439516 

0.212694 

1.0 

1.0) 

1.0 

.12 6921 

7 47261 

2.21924 

0.772R12 

0.274818 

0.005869 
0.019121 
0.15101 1 
0.351470 
I.O 

p-lype 

18.8418 

4.15924 

B: 1.206710 
(B'; 1.136000 

B. 0.385541 
(S': 0.395000 

0.013271 

0.092479 

0.293686 

0.293686) 

0.472915 

0.472915) 

0.095818 

1.0 

pa 

0.121939 

1.0 

0.095818 

1.0 

pn 

B: 0.121939 
(B': 0.131600 

1.0 

1.0) 

0.898 

1.0 

doG ~duu 

B: 1.000 
(S': 0.898 

1.0 

1.0) 

0.700 

1.0 

dax 

B: 1.000 
(B’: 0.700 

1.0 

1.0) 
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tixponeat Coefficient Exponent Coefficient 

A :( H / S , I ) [ 4 ] 




33.865014 

5.094788 

I . IS8786 

0.325840 

0.102741 

0.006068 

0.045316 

0.202846 

1.0 

1.0 

pa 

16.7019 

151663 

0.567196 

0.154146 

0.019060 

0.134240 

0.474490 

1.0 

1 . 2)0 

1.0 

pn 

1.200 

1.0 

1.000 

1.0 


1.000 

1.0 


As Starting-point we have chosen the best-atom basis (C/9,5) determined by 
van Duynenvelt [4] and the (H/4) basis of Huzinaga [S], retaining the linear 
coefficients determined for the atoms. The contraction used for carbon s-type 
functions was (5,2, 1, 1) and for p-type functions (4, 1). Calculations showed the 
p-type contraction (3, 2) to be considerably inferior. For the s-type functions of 
hydrogen the contraction (3, 1) was used. 

During optimization the innermost carbon functions were left imchanged. 
The exponents of the outer functions, two of s-type and three of p-type, were 
varied independently. The outermost p-function was chosen differently for 
e-orbitals and for n-orbitals. In the case of hydrogen s-type functions a scale 
factor, common to all the exponents, was varied. The polarization functions of 
hydrogen, pa and pn, were scaled independently. In case of the d-type polari- 
zation functions of carbon the exponent of the dcTr-functions (e.g. dxz of C 2 H 4 , 
where x is perpendicular to the plane of the molecule) was varied separate from 
the other d-functions. The final exponents and contraction coefficients are listed 
in Table 1. It was found that the total energy varied rather slowly with the orbital 
exponents of the polarization functions. Therefore these exponents could not be 
determined with high accuracy. The energy was insensitive to small variations 
above the value 1.25 of the hydrogen s-function scale factor. In accord with 
previous work [2, 6 ] we have therefore retained the value 1.25 of this factor. 

It is interesting to compare the result of the present optimization with that 
of Schulman et al [3]. These authors found that an ethylene-optimized basis was 
obtained by contraction of all the best-atom 2s Gaussians by a common scale 
factor equ^ to 1.206. The 2po’-functions were also contracted the factor being 
1.213, while 2pn was expanded by a factor 0.932. The ratio between 2pa:2pn 
was 1.3. The present results show much smaller changes from best-atom to bert- 
molecule values. The ratio 2pa : 2pn was found to be 0.93, i.e. smaller than unity 
for the outermost orbital, the others being unity, cf. Table 1. This result indicates 
that the higher flexibility of a double-zeta compared to a minimal basis is 
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sufTicient to ensure almost optimal conditions, the optimization of the exponents 
being rather unimportant in the double-zeta case. 

In order to study the level of accuracy obtainable by the optimized (C/9, S) 
basis, the results for ethylene were compared with results obtained by both larger 
and smaller bases. The largest basis used in the present investigation was the 
best-atom (C/ II, 6,1) basis of van Duynenvelt [4], contracted with the par- 
titionings (6, 2, 1, 1, 1) and (4. 1, 1) to <C/5. 3. 1>, combined with his (H/5, 1) basis 
contracted (3, 1, 1) to <H/3, 1>. This basis is reproduced in Table 1. In view of 
the experience obtained during optimization of the (C/9, 5) basis no attempt 
was made to optimize the exponents of this even larger basis. The results 
emerging from this basis are likely to be very close to the Hartree-Fock limit, 
cf. C'tHj below. Comparison has also been made with previously published 
results [6J. obtained from the (C/7,3) basis [1], contraet^ (4, 1, 1, 1), (2, 1) to 
<C74, 2>, combined with Huzinaga's [5] (H/4) basis with a scaling factor 1.25 
and contracted (3, I). to which a p-function with orbital exponent 0.875 was 
added to give <H/2, 1>. 

I'he main part of the calculations were performed at the IBM Research 
Laboratory, San .lose, on an IBM 360/91 computer with the program system 
RF;FLFCT [7]. This program was further developed to include full use of Cj,, 
symmetry both in integral calculation and in SCF symmetry blocking. 


3. Applications to Ethylene 

All the calculations on ethylene were carried out with the following 
geometry: r(CC) = 2.5510, r(CH) = 2.0236 bohrs, Z.HCH = 117'’. The molecule 
belongs to the point group We have chosen a coordinate system with the 
r-axis along the CC bond and the .v-axis perpendicular to the molecular plane. 
With this choice the electronic configuration is (l/>i,)^ (2^1 {1^2n)^ 

(3u^)^ l<‘*'t orbital being the 7t-orbital. 


3./. Ground Stale Properties: Basis Set Dependency 

The different kinds of basis sets employed and the notations used below are 
collected in Table 2. The basis denoted Apd is sufficiently accurate to serve as a 
measure on the goodness of the other basis sets. Unprimed letters A, B, C, D are 
used for atom-optimized sets and primed. B'. D\ for ethylene-optimized sets. 
Lower case letters, p, d, indicate polarization functions added to the original set. 

Calculated values of total energies are listed in Table 3. It is seen that the 
substantial improvement of 0.07 hartrees in going from the basis D to D' is 
reduced to a minor improvement of 0.01 hartrees of B' compared to B. The role 
of polarization functions however is almost equally important in all three cases 
C, B and B'. Hence these functions do not merely serve as a necessary enlargement 
of the basis but describe a real polarization though with very low population, 
ca. 0.01 of an electron at each "polarized” atom. It should also be noted that the 
basis ffpd is almost as good as Apd^ cf. also below. 
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Table Z Gaussian basis sets 


Notation 

Optimized for 

Size 

A 

Atoms 

(C/11.6). (H/5) 

Ap 

Atoms 

(C/11.6). (H/5.1) 

Ad 

Atoms 

(C/11.6.1). (H/5) 

Apd 

Atoms 

(C/11.6.1). (H/5.1) 

Bpd, etc. 

Atoms 

(C/9.5.1). (H/4.1) 

B'pd, etc. 

Ethylene 

(C/9.5.1). (H/4.1) 

Cp. etc. 

Atoms 

(C/7.3), (H/4,1) 

D, Ref. [3] 

Atoms 

(C/8,4). (H/4) 

O', Ref. [3] 

Ethylene 

(C/8.4), (H/4) 


The orbital energies are very similar for all basis sets. Therefore only the 
results from B, B'pd and Apd are listed in Table 4. Their connection with ioniza- 
tion energies will be discussed below. 

A property which shows a more pronounced sensitivity towards the choice 
of basis are Mulliken's [8] population numbers. This sensitivjty is apparent 
both in subpopulation and total populations. Some results from the population 
analysis are displayed in Figs. 1 and 2. Fig. 1 shows gross atomic, N{X), net 
atomic, n(X), and overlap populations, n(XY), obtained in the various cases. 



Fig. I. Total populations of ethylene in various basis sets; gross atomic: AI(C): net atomic: n(C) solid 
line, n(H) broken line: overlap n(CC) solid line, n(CH) broken line 
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f'lg. 2. OrhituI ptipulutKins of clhylene: Sulk) lines: Af(C), n(C). n(CC); broken lines n(H), 

n(C'li). The numbers indicate the various valence orbitals. 6 being the outermost (tc) orbital, 

cf. Table 4 


Comparison of the ethylene'Optimized basis B' to B without polarization functions 
only indicates a slightly better agreement with the Apd basis. The only obvious 
advantage of B' over B is that ff gives n(CH) > «(CCff) in accord with the Apd 
basis. If m(XY) can be interpreted as a measure of the strength of the XY bond, 
this result is also in agreement with experiments, since energy [9] and force 
constant [10] of the average CH bond arc slightly larger thjjn those of the CC 
single bond. 

Polarization functions have similar effects in all the cases, C, B and F, 
cf. Fig. 1. Addition of p to the hydrogen basis invariably increases not only gross 
and net atomic populations on hydrogen but also the overlap populations both 
in CH and CC bonds. These p-functions have a larger effect on all depicted 
populations than addition of carbon d-functions. For studies of population- 
dependent properties an addition of polarization functions only on hydrogen 
may therefore be of interest. However it must be kept in min d that a formally 
balanced basis with polarization functions on all atoms, in the present case on 
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Table 3. Total energy (in hartrees) of ethylene in different basis sets. For notations, see Table 2 


Basis 

No polariz. 
function 

+ P 

+ d 

+ p + d 

A 

- 


_ 

-78.0623 


-78.0160 

-78.0306 

-78.0423 

-78.0508 

B 

-78.0060 

-78.0287 

-78.0327 

-78.0471 

C[6] 

-77.9464 

-77.9685 

— 

— 

O' [3] 

-77.9083 

— 

— 

— 

D[3] 

-77.8399 

— 

— 

— 


Table 4. Orbital energies (in eV) of ethylene in different basis sets 


No. 

UAO 


Calculation 



Exptl. 
Vertical 
IP [18] 

-m 

-ciB'pdi 

-e{Apd) 

/1£(SCF) 




305.772 

305.818 

305.625 

298.586 


- 


16 i, 

305.730 

305.778 

305.582 

— 


1 


2“, 

28.250 

27.972 

28.066 

— 

23.7 

2 

2pa, 

2b,. 

21.751 

21.698 

21.778 

20.985 

19.2 

3 

2pn, 

lb,. 

17.671 

17.478 

17.586 

16.758 

15.9 

4 

3d<7, 

3«, 

16.042 

15.881 

16.011 

14.405 

14.8 

5 

3ditjfg 

lb,. 

13.925 

13.913 

14.006 

13.313 

12.4 

5 

2pjt, 

Ibj, 

10.192 

10.054 

10.128 

8.906 

10.5 


30th hydrogen and carbon, is necessary for a good description of other properties. 
This is borne out e.g. by Table 3 showing that addition of carbon d-functions in 
ill cases means a larger improvement of the total energy than addition of 
lydrogen p-functions. This result is in complete accord with previous studies of 
he role of polarization functions, see e.g. Millie and Berthier [11]. 

Figure 2 shows some examples of orbital populations. It is seen that the 
general picture is the same for all basis sets, but that there are considerable 
variations concerning the details, much more pronounced than the variations 
)f the orbital energies, cf. Table 4. This underlines the danger of drawing any 
;onclusion from small population differences. 


3.2. Ionized States of Ethylene 

As is well known, orbital energies, —e,, are frequently used as a measure of 
onization potentials with reference to Koopmans' theorem. The shortcoming of 
his measure can be described as rearrangement energy and change in correlation. 
Although these effects may amount to a few eV's the grouping and the order of 
he energy levels is in most cases conectly reproduced by the e-values. The 
earrangement can be accounted for by separate SCF calculations for each 
onized level. In the present study such calculations were performed in the Apd 
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f 'lg. .1, Values of /, for ethylene. I he numbers refer to the various valence orbitals, cf. Table 4 
Values relerring to the neutral molecule (to the outermost left) and to various ionised states 


basis for the main part of the ionic states that can be described by singly ionized 
configurations. Ionization potentials. d£(SCF), obtained as the difference in 
total energy between the ion and the neutral molecule are listed in Table 4. In 
almost all cases the values of AE{SCF) are closer to the experimental IP valuei 
than are the -i;,’s. 

In spite of the deficiency of the c-values it is interesting to sec how these 
quantities will change upon ionization. The s-values obtained for the different 
states are displayed in Fig. .1. It is perspicuous that upon ionization of a valence 
orbital the ovalues of all subsistently doubly filled orbitals are shifted by almost 
the same amount, the average shift of a valence orbital being 8.4 eV and of an 
inner orbital (not displayed in Fig. 3) 9.4 eV. This invariability is particularly 
interesting, since Koopmans' theorem does not apply to these e's. Using similar 
assumptions it can be shown that the ionization potential is the sum of the e-value 
and an exchange integral. Experience shows that MO exchange integrals are 
fairly constant within the valence shell. This indicates the utility of the in- 
dependent particle model for a first estimate of the energies involved in 
multiple ionization. 
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Figure 3 alw shows that e of the singly occupied orbital is shifted by about 
) eV. Sin^ this s-value dc^ submit to Koopmans’ theorem, it could be fort^n 
at this shift should be diffnent from the other valence orbital shifts When an 
ner orbital is ionized (the M, state furthest to the ri^t in Fig. the average 
lienee orbital shift is 10 eV, whereas the la, orbital itself (not displayed) is 
lifted by 40 eV . It should be noted that this kind of ionized conftguration with 
tention of the g, u-restriction for each orbital does not correctly describe the 
perimental situation of K shell ionization since the physical process leaves a 
cancy in a localized orbital, cf. Bagus and Schaefer [12], 

Another point to be noted from the values displayed in Fig. 3 is that after 
tiization the level order remains unchanged except for the state, where the 
. ^jancy is in the 3a, orbital. The coupling between the 3a^ and the 20^ levels is 
seen to be exceptionally strong, the pronounced raising of the 2a. level being 
counterbalanced by a more than average lowering of the 3a. level. The result is a 
reversal of the order between the 3a^ and the adjacent Ib^u level 


4. Afplicatioas to Acetylae 

A comparison between ethylene and acetylene is clearly of interest for chemical 
reasons. The comparison is also informative from the technical point of view 
lince McLean and Yoshimine [13] have carried out a very accurate calculation 
in acetylene, estimated to lie 0.001 hartrees from the Hartree-Fock limit. 

All our calculations on acetylene were carried out with the same geometry 
s adopted by McLean and Yoshimine. i.e.: r(CC) = 2.2810. r(CH) = 2.0020 bohrs. 
'he electronic configuration of the ground state is (I (1 (2 <t,)^ (2o’,)^ (3(T,)^ 

1 71 J*. Eight different basis sets were employed: four of type B' and four of type A, 
f. Table 2. Some results are listed in Tables 5. 6. 7 and 8. 

Toml energies are displayed in Table 5. For comparison results from McLean 
nd Yoshimine [13] and Snyder and Basch [14] are also included. Again 
olarization functions improve the energy substantially (0.03 hartrees) in both 
asis sets, B' and A. It is also seen that the Apd basis is very close to the Hartree- 
ock limit. 

Table 6 shows some typical values of orbital energies. The proximity of the 
pd basis to the Hartree-Fock limit also in this respect is clear. 

Total and orbital populations are listed in Tables 7 and 8. Again the values of 
lese quantities are rather sensitive to the choice of basis. As an example, the 


Table S. Total energy (in hartrees) of acetylene in dilTerent basis sets 


asis 

No polari?:. 
function 

+ P 

+ d 

+ p + d 


-76.8133 

-76.8227 

-76.8423 

-76.8482 

' 

-76.8016 

-76.8100 

-76.8275 

-76.8328 

ef. [13] 


— 

— 

-76.8540 

ef.[14] 

-76.7919 


- 

— 
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Table 6. Orbital energies (in eV) of acetylene in diflerent basis sets 


Orbital 

IJAO 

Calculation 





Exptl. 
Vertical 
IP [18] 


Bp 

Bpd 

Apd 

Ref. [13] 

In, 

306.531 

306.569 

306.283 

305.999 

305.958 


I 

306.4.34 

.306.471 

306.186 

305.898 

305.857 

— 

2\n, 

28.234 

28.295 

27.909 

28.041 

28.016 

23.4 

2pa, 

20.777 

20.735 

20.863 

20.949 

20.948 

18.6 

'^dn. 

18.520 

18.473 

I8.4IS 

18.560 

18.579 

16.7 

2pn, 

11.178 

11.168 

11.044 

11.148 

11.166 

11.4 


l ahlc 7 Total populations of acetylene in different basis sets. Gross atomic N(X), net atomic n{X) and 

overlap nixy) populations 


I'opulatKin 

Ref. f 14] 

B' 

Bp 

Bpd 

Apd 

NIC) 

6.258 

6.270 

6.201 

6.206 

6.217 

Mill 

0.742 

0.730 

0.799 

0.794 

0.783 

n(t') 

4.905 

4.883 

4.194 

4.765 

4.836 

H(ll) 

0.380 

0.395 

0.439 

0.438 

0.399 

»|(('<I 

1.984 

2.110 

2.093 

2.120 

1.992 

ntCll) 

0.753 

0.689 

0.740 

0.741 

0.814 

n(rt; CC) 

0.860 

1.000 

0.981 

0.953 

0.812 

n(n, CC) 

1.123 

1.116 

1.112 

1.IS8 



Tabic 8. Orbital populations of acetylene 


Basis 

Population 

Orbital 



2(7, 

3^ 

In, 

B 

N(C) 

0.986 

0.657 

0.628 

1.000 


V(H) 

0.014 

0.343 

0.372 



mc) 

0.626 

0.405 

0.410 

0.721 


n(H) 

0.010 

0.161 

0.224 

-- 


nlCCl 

0.710 

0.140 

0.144 

0.558 


n(CII) 

0.016 

0.338 

0.3.34 

— 

Apd 

V(C) 

0.955 

0.629 

0.640 

0.996 


N(ll) 

0.045 

0.371 

0.360 

0.004 


n(C) 

0.565 

0.435 

0.440 

0.698 


«(H) 

0.014 

0.180 

0.205 

0.000 


«(CC) 

0.720 

-0.002 

0.094 

0.590 


n(CH) 

0.050 

0.396 

0.356 

0.006 


CC overlap population of the 2(7. orbital is changed from +0.140 in the ff basis 
to —0.002 in the Apd basis. The corresponding values of the 3(7, orbital are 
+ 0.144 and +0.094. 
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5. AppUcatkns to Beazene 

Benzene has frequently been chosen as a test molecule for the evaluation of 
theoretical methods. Besides, this molecules is of considerable interest by itself. 
Schulman et al. [3] have applied their minimal basis to benzene and also employed 
an extended basis [IS]. An even larger basis has been used by Buenker et of. [16] 
in an ab initio study of the benzene spectrum. Very recently, Almlof et al. [17] 
have performed ab initio calculations on azabenzenes, including the unsubstituted 
parent molecule, employing the above-mentioned (C/7, 3) basis [1]. 

The present calculations on benzene were carried out with the following 
geometry; r(CQ = 2.6323, r(CH) = 2.0409 bohrs. On account of the size of the 
molecule the choice of basis set had to be much more restrictive than for acetylene 
and ethylene. Only the bases B" and Bp were used. Some results are listed in 
Tables 9, 10 and 11. 

Table 9 presents the total energies obtained. For comparison also some 
results from previous calculations [3. IS, 16, 17] are includ^. From Tables 3 
and S it can be seen that for molecules with two carbon atoms the B basis gives 
rise to total energy values less than 0.06 hartrees. or 0.7%o above the Hartree- 
Fock limit. With the reasonable assumption that the accuracy is comparable in 
the case of benzene, the total energy of the Bp basis is likely to be less than 
0.15 hartrees or 0.6%o above the Hartree-Fock limit, which is estimated to be 
close to — 230.82 hartrees. 


Table 9. Total energy (in hartrees) of benzene in different basis sets 


C'ontr. 

f<C/2. 1> 

<C/3. 2> 

<C/3. 1> 

<C/4, 2> 

R Bp 

basis 

1<H/1> 

<H/1> 

<H/1> 

<H/2, 1> 

Ref. 

[3] 

[15] 

[16] 

[17] 

Present work 

Energy 

-230.318 

-230.463 

-230.375 

-230.476 

-230.658 -230.679 


Table 10. Orbital energies (in eV) of benzene 

Orbital 



Calculation — c 


Exptl. Vertical 
IP [18] 

UAO 

m 

Os* 

W 

Bp 



'“i. 

306.11 

306.15 




le,. 

306.10 

306.13 

— 



1«2, 

306.06 

306.10 

— 



lb,. 

306.05 

306.08 

— 

2.S 

0 

2a„ 

31.533 

31.562 

25.8 

2p 

1 

2e.. 

27.762 

27.759 

22.7 

id 

2 


22.489 

22.456 

19.2 

3s 

0 

3ai. 

19.457 

19.415 

17.0 

4/ 

3 

2b,. 

17.463 

17.423 

15.5 

4/’ 

3 

Ibj. 

16.930 

16.904 

14.9 

3p 

1 

3*1. 

16.091 

16.079 

14.0 

2pn 

0 

Iflj. 

13.705 

13.699 

12.5 

4d 

2 

3*2, 

13.392 

13.376 

11.8 

idn 

1 

^*1, 

9.199 

9.191 

9.3 
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Orbital energies are listed in Table 10. A comparison between calculated 
orbital energies and vertical ionization potentials has recently been made by 
Almldf et al. [17]. These authors have suggested an empirical correction of the 
r,-values for adjustment to vertical ionization potentials. After addition of the 
correction terms, they found the following order of the lowest ionization poten- 
tials: Trdt'i,), n(\a 2 u), ( 7 ( 3 ^ 24 ) Lindholm et al. [18], on the other hand, 
interpret their measurements as supporting the order n, a, n, .... This is also the 
calculated order both in the present work and in Ref. [17] before correction. The 
calculated energy difference: is found to have almost the same 

value in the bases B'(0.3I eV) and Fp(0.32 eV) as in Ref. [17] (0.36 eV). Therefore 
the present results cannot contribute any new argument to this controversy. 

in the first column of Table 10, the united atom assignments of the various 
orbitals arc listed. The table also includes the m-values given by Slater [19]. His 
di.scussion of the band structure of benzene can now be illustrated both by 
experimental [18] and calculated values. These values are displayed in Fig. 4. It 
is seen that the over-all picture is similar to that given by Slater. The virtual orbital 
energies, included in Fig. 4, are of course an artefact and are strongly basis 
dependent, it is however interesting that disregarding the highest depicted empty 
band, both experiments and calculations support Slater's general picture. A closer 
analysis of the calculated orbitals reveals, however, that the kind of bonding, 
proposed by Slater for the ff-bands, is not borne out by the calculations. This 
conclusion is based upon the assumption that overlap populations are of some 
guidance concerning bonding properties. Although well aware of the weakness 
of this a.ssumption. we expect it to be valid for the present analysis, vide infra. 
Orbital populations from the B' basis arc collected in Table 11. The total 
populations from the B'p basis are also given. The details of the B'p population 
are rather similar to those of the B' basis, the essential difference being a slight 
increase in some orbital n(H)-values. particularly in the second band. These values 
are the source of the increase by 0.062 of the total n(H) population shown in the 


Tabic 1 1 C)rbitul basis) and total {If and B'p buses) populations of ben/ene 


Orbital 

m a* 

No. 

Populations 
n(C) n(H) 

n(CC) 

■ n(C'H) " 

~Wc) 

'N(H) 

0 

2 n,, 

1 

0.162 

0.003 

0.126 

0.011 

0.323 

0.010 

1 

2 c.. 

2 

0.193 

0.007 

0.109 

0.024 

0.313 

0.020 

2 


3 

0.192 

0.013 

0.083 

0.040 

0.229 

0.034 

.T 

lb,. 

6 

0.225 

0.000 

0.129 

0.000 

0.333 

0.000 

0 

3"i. 

4 

0.126 

0.049 

0.043 

0.091 

0.233 

0.100 

1 

-tc,. 

7 

0.163 

0.069 

0.065 

0.076 

0.226 

0.108 

2 


9 

0.221 

0.077 

0.003 

0.093 

0.235 

0.099 

3 

2b,. 

5 

0.174 

0.073 

-0.035 

0.155 

0.199 

0.135 

0 


S 

0.191 

— 

0.112 

— 

0.333 


1 


10 

0.275 

- 

0.095 

-- 

0.333 

— 

Total B" 


4.963 

0.458 

1.088 

0.722 

6.234 

0.766 

Total B'p 


4.850 

0.520 

1.115 

0.751 

6.163 

0.837 
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Fig. 4. Energy “bands" of benzene obtained by plotting e against (cylindrical) |m|-values. All bands 

but one arc of a-type 


table. In particular, the orbital n(CQ and n(CH) values were almost identical in 
the two bases B' and Bp. Table 11 shows that m(CC) is considerable for the first 
valence band whereas «(CH) is very small. This is valid for the whole band if we 
assign the Ibjy orbital to the first band. However according to Table 10 we have 
found fi(lf»2j>e(2bij. This fact seems to invalidate our assignment of lh 2 H lo 
the lowest valence band. On the other hand, experiments [18] show that these 
two orbitals are almost (accidentally) degenerate. Moreover, calculations on the 
azabenzenes, see e.g. Ref. [17], on toluene, fluorobenzene, etc., in all cases to 
our knowledge have given fi(lh2a)<e(2f>,,) in support of our assignment. We 
therefore conclude that the lowest valence band is CC-bonding. Table 1 1 also 
shows that the next valence band is mainly CH-bonding, although the first two 
orbitals are somewhat CC-bonding as well. The third (n) band is obviously 
CC-bonding. The advantage of grouping the orbitals into bands is indicated by 
these population numbers. An arrangement of the orbitals according to in- 
creasing £-values (sequential numbers in the third column of Table 1 1) would 
have obscured the regularity of the overlap populations. A similar regularity is 
brought out by the orbital contour maps. cf. Ref. [17]. It is found that all orbitals 
belonging to the first band have extreme values in CC-regions (atomic and or 
bond regions) whereas those of the second band have nodal surfaces close to the 
carbon nuclei and extreme values in the CH bond directions. Hence these contour 
maps strongly support our conclusions about bonding properties. In fact, if 
evidence from contour maps were in contradiction to population numbers we 
expect contour maps to be the better representatives of the physical situation. 

It should be pointed out that the present conclusions concerning bonding and 
antibonding properties are only in partial agreement with recent publications, 
e.g. Jonsson and Lindholm [20]. As an example, these authors classify the 2e2g 
orbital as weakly CC-antibonding. The reason seems to be that one orbital in 
this pair of degenerate orbitals can be represented by an orbital with a nodal 
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surface cutting two CC-bonds. However the population numbers in Table 11, 
+0.083 for 2e2f, are the average populations in an orbital from the degenerate 
pair, one contribution being positive and the other negative. Population 
numbers as well as contour maps show that the positive contribution will 
dominate for 2^2, as well as for e.g. Hence both should be classified as 
CC-bonding. Similarly, the pairs and 3^2, are about equally strongly 
CH-bonding. 


6. Correspondiag Orbitals 

Since results for the various molecules have been obtained with the same 
basis set it is interesting to compare the results. For this purpose we shall give 
some comments on corresponding orbitals of acetylene and ethylene. As a third 
member of the series we have chosen N2, for which results from a (N/9, 5) basis 
are available [21]. 

Corresponding molecular orbitals within a series with the same number of 
heavy atoms are those with the same UAO (United Atom Orbital) description. 
F.xtension to cases with different numbers of heavy atoms can be made. Since 
there is no unique way of doing this we shall not include benzene in our 
discussion, although an interesting parallelism between orbitals of C2H4 and 
CftHh can be found. Correlation diagrams between corresponding orbital energies 
in the scries Cj to CjM* have been published by Buenker el al. [22]. We shall 
therefore limit ourselves to a discussion of bonding properties with reference to 
overlap populations and contour maps. Overlap populations are collected in 
Table 12. The 2 s and 2 pn' orbitals are clearly XX bonding within the series. The 
2 pn orbital (in the C2H4 plane) is also bonding although in C2H4 the bonding 
includes both CC and CH bonds. These conclusions arc nicely borne out by the 
contour maps of Fig. 5. From the map of the 2 pn orbital in C2H4 it is easy to 
predict that the 2prt( 1 h2«) orbital of C2H4 must be not only CC- but also CH- 
bonding. since this bond is lying in a region which is strongly bonding even 
before distortion by the addition of a new proton. The character of the 2 p<j and 
3p(7 orbitals are not so easily interpreted from the population numbers. These 
numbers indicate that 2 pa should be strongly antibonding in N2, weakly 


Table 12. (Overlap populationa of corresponding valence orbitals 


Molecule 


UAO 

"(XY) 

N,[2I] 

CjHi 

CjH. 

2* 

n(XX) 

0.77 

0.71 

0.51 


n(XH) 

— 

0.01 

0.08 

2pn 

n(XX) 

-0.58 

0.14 

0.02 


n(XH) 

— 

0.34 

0.20 

2pn 

n(XX) 

0.49 

0.56 

0.17 


n(XH) 

— 

— 

0.16 

2pn' 

n(XX) 

0.49 

0.56 

0.53 


n(XH) 

— 

— 

— 

ida 

n(XX) 

-0.01 

0.14 

0.33 


n(XH) 

— 

0.34 

0.11 




Fig. S. Contour maps in the molecular plane of pairs of corresponding orbitals. Regions with 
different signs are indicated by solid and broken lines respectively. The arrows point towards the 
position of the carbon nucleus on the z-axis. The solide line in ethylene maps is drawn along the 

CH bond 
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CC-bonding in and CC-nonbonding in C 2 H 4 . Similarly the population 
numbers of 3d(T indicate this orbital to be non-bonding in N 2 , slightly CC- 
bonding in C 2 H 2 and more CC-bonding in C 2 H 4 . Moreover, according to these 
numbers the IpaflaJ and 3d(T(30g) orbitals of acetylene should be almost identi- 
cal. However the contour maps of Fig. 5 strongly indicate that Iprr is XX-anti- 
bonding and 3dtT XX-bonding throughout the series. In particular, the difference 
between 2a, and 3a^ of C 2 H 2 is clearly demonstrated. These results underline 
the precautions that must be taken at the interpretation of population numbers. 
In this context it might be mentioned that we have tried to find a correlation 
between trends in force constants given by trends in vibration frequencies and 
population numbers. No simple picture emerged from these studies. Our 
experience points rather towards contour maps as a cheap and quite useful tool 
for the discussion of bonding properties. We are well aware that these maps 
cannot give definite an.swers in all cases and that more elaborate analysis as 
given c.g. by Buenker et al. [22] and by dementi and Popkie [23] may be useful 
and sometimes necessary. It is however interesting that our conclusions from 
contour maps concerning CjHj and C 2 H 4 are in full accord with the extensive 
calculations by dementi and Popkie [23]. 


7. Conclusions 

I hc results presented in the preceding Sections show that the “double zeta" 
basis B' is sufficiently large to give adequate results for several properties of 
physical interest. However it is also clear that the non-optimized basis B could 
have been used with practically the same results. Even the smaller (C/7, 3) basis 
set is seen to be in accord with the B' basis when double-zeta contraction is 
employed. 

As pointed out many times before we have found that population analysis is so 
strongly basis .set deoendent that erroneous conclusions might emerge from an 
improvident application. On the other hand, contour maps seem to be a very 
useful instrument, both less sensitive to the choice of basis set and more in- 
formative about details of the electronic density distribution. The main draw- 
back at present may be the difficulty to publish this information in an inexpensive 
way. 

The usefulness of the corresponding orbital concept has been demonstrated, 
and might have been pursued further. It seems however to be most efficient for 
series of about equally sized molecules. 

In the case of benzene it has been shown that Slater's energy-band plot is 
rather useful for classifying bonding properties. 
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Quantum-mechanical computations by the PCILO method, applied previously to the study of 
the conformational properties of acetylcholine and its derivatives modified in the central part of this 
molecule, are extended to modifications involving its cationic head and its ester terminal. The 
replacement of the methyl groups of the cationic head by hydrogens or ethyl groups leads to a steep 
decline in parasympathomimetic activity. It is shown that the triethyl derivative conserves the 
fiuiwhv form as the most stable one. Tlie redistribution of the electronic charges at the onium 
group implies, however, a transition from an ionic to a hydrophobic binding. The replacement of 
the methyls by two or three hydrogens leads to a different preferred gauche-gauche conformation. 
The replacement of the methyl group at the ester terminal by a phenyl ring enables a comparison with 
the conformational properties of local anesthetics. The study brings about evidence, substantiated by 
NMR spectroscopy, that acetylcholine analogs and protonated local anesthetics are conformationally 
similar. Choline ethers also show a general preference for a gauche conformation. Nevertheless, 
biological studies do not indicate a constant correlation between conformation and biological 
potency. Conformational analogies or discrepancies alone cannot thus account for the fine details of 
the biological activity which must depend also on the electronic structure. 

Key worjs: PCIl.O method ■ Acetylcholine, conformation of ~ Acetylcholine, structure- 
activity relation of ~ - Local anesthetics. 


Introductioa 

The conformational properties of choline derivatives, in particular those of 
acetylcholine are among the most extensively investigated prolems in molecular 
pharmacology, both theoretically and experimentally (for general reviews see 
e.g. [1-4]). In our previous theoretical work in this field we have centered our 
attention essentially on acetylcholine itself and on the derivatives obtained 
from it by a modification of the central part of this molecule; substitution of 
methyl groups in place of the hydrogens at carbons a and p, replacement of the 
esteric oxygen by sulfur, etc. This paper presents an extension of this study to the 
effect of modifications involving the two ends of this fundamental compound; 
the cationic head and the ester group, considered both generally as the principal 
sites of interaction of the drug with the cellular receptor (see e.g. [5, 6]); with the 
onium group essential for the intrinsic activity and the ester group contributing 
substantially to the affinity [7], 

* This work was supported by the A.T.P. N‘' A 655-2303 of the C.N.R.S. 
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The Method 

The method used here is the PCILO (Perturbative Conflguration Interaction 
using Localized Orbitals) procedure utilized also in the preceding papers of this 
series [1. 2]. The geometrical input data correspond, unless otherwise stated, to 
the crystal structure of acetylcholine found in its chloride [8] with standard 
variations introduced for the modified portion of the analogs studied. We remind 
that the fundamental torsion angles investigated are Ti and T 2 (as indicated in /) 
defined as Tj=C(, — O j — Cj — C 4 and T 2 = Oi — C 5 — C 4 — N"*”. To = R 4 — — 
Oi" -C, and tj = 0, — C 4 — — R, are fixed following standard stereochemical 
considerations and numerous experimental evidence at 180°. Following the usual 
convention, a torsion angle t of the bonded atoms A — B — C — D is the angle 
between the planes ABC and BCD. Viewed from the direction of A, t is positive 
for clockwise and negative for counterclockwise rotations. The value t = 0° cor- 
responds to the planar-f i.s arrangement of the bonds AB and CD. 


Results and Discussion 

A. Modijlcation of the Cationic Head 

The most active compounds in the parasympathomimetic series contain the 
-N'^(CHj), group as cationic head. Successive replacement of the methyl 
groups by either hydrogen or ethyl leads to a steep decline in parasympatho- 
mimetic activity [7, 9, 10]. Because of the tendancy of many authors to asso- 
ciate this activity, at least in part, with the conformational properties of molecules 
of this series, it seems obviously useful to investigate the influence of these 
structural modifications upon the conformation of acetylcholine, 
h'igure I represents the results of computations for the triethyl analog of 
acetylcholine (/, R, =R 2 = R 3 = C 2 Hj, R 4 = CH 3 ). The conformational energy 
map appears very similar to that of acetylcholine [1], In particular the doubly- 
degenerated global energy minimum corresponds to a gauche arrangement of 
the N' and estcric O atoms (13 = ±60°, t , = 180°). The extended form (at 
T, = 12=180 ) represents a local energy minimum 3kcai/mole above the 
global one. 

This result must be considered as particularly significant, in particular because 
it was presumed by some authors [4] that the presence of larger alkyl groups 
on N * would diminish the tendancy of the molecule to adopt a gauche con- 
formation. Crystallographic evidence, available essentially in the series of 
carbamoylcholines, confirms that it need not be so: thus e.g. 2-N. N-diethyl- 
N-benzylammoniumethylcarbamate bromide II exists in the crystal in the 
gauche conformation, as does also 2-N, N-dimethyl-N-ethyl-ammoniumethyl- 
carbamate III [1 1, 12]. 

It is therefore obvious that the decrease of parasympathomimetic activity in 
the -triethyl derivative cannot be ascribed to a changement in molecular 
conformation. On the other hand it may reasonably be attributed, at least in part, 
to: 1 ) the modification of the dimensions of the cationic head and 2 ) the modifi- 
cation in the electronic properties of the cationic head; both may profoundly 
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Fig. 1. Conformational energy map for compound I. R, = Rj = R 3 =C 2 H 5 . R 4 = CH 3 . Isocnergy 
curve* in kcal/mole with respect to the global minimum taken as energy zero 


perturb or even preclude the interaction of this head with the anionic receptor 
site. The role of the possible modification of the dimensions being straight- 
forward we shall center our attention on the nature of the possible modifications 
in the electronic properties. 

As indicated already in Ref. [1], one of the most striking theoretical results on 
the electronic structure of the cationic head of acetylcholine was to point out that 
the net positive charge, which in the usual chemical representation ‘ is localized 
on the quaternary N atom, is in fact distributed among the adjacent methyl 
and methylene groups, leaving the atom nearly neutral (Fig. 2a). We are 
considering here, of course, the total net electronic charges, i.e. a summation of 
the net a and n-charges, where "net" charges denote an excess or deficit at each 
atom in relation to the number of electrons the atom would possess in an isolated 
state. Thus in acetylcholine 70% of the net positive charge is distributed among 
the three attached methyl groups, essentially among their hydrogens which cany 
thus each about 0.07 positive electronic charge as opposed to the usual positive 
charge of 0.04 e found generally on H atoms linked to saturated carbons. These 
three methyl groups thus form a large ball of spread-out positive electricity to 
which the designation of a hydrophylic cationic center is appropriate. The 
remaining fraction of the positive charge seems to be concentrated on the two 

' And in some simple quantum-mechanical computations; see e.g. Zull.J.E., Hopfinger.A.J.: 
Science 165 , 512 (1969). 
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I'lg. 2. Oistribution of net electronic churg(5> in: a) acetylcholine, b) /. R, = R 2 = R 3 = C’ 2 H,. R 4 = C'Hj 
and c) 1. R,=R 2 = R., = H. 


CH 2 groups of the backbone of acetylcholine, further enlarging the dimension 
of the cationic moiety of this molecule. 

We may now consider the electronic state of the cationic head in the 
- N ^ (CiH,)^ analog of acetylcholine. This is shown in Fig. 2b. A drastic change 
is observed with respect to the situation in acetylcholine. The excess positive charge 
of the cationic head is now shared by a substantially increased number of 
hydrogen atoms with the result that the net positive charge carried by each of 
them (0.03 e on the hydrogens of the CHj groups and 0.04 e on the hydrogens of 
the CH 3 groups of the ethyl substituents) is now of the order of magnitude of the 
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Fig. 3. Conforntational energy map for compound /,, R,=R 3 =CHj. R 2 = H. R«=CH 3 . Isoenergy 
curves in kcal/molc with respect to the global minimum taken as energy zero 


charge carried usually by hydrogens attached to saturated carbons (it can be seen 
that the charge of the terminal H atoms of the onium hrad is identical to the 
charge carried by the hydrogens of the methyl group of the ester terminal). These 
hydrogens loose thus their specific character, a transformation which implies a 
profound modification of the nature of the interaction of the onium group with its 
surroundings and with a potential receptor. It is to this situation that may 
probably be ascribed the transition from ionic to hydrophobic binding charac- 
teristic of the behaviour of tetraalkylammonium ions upon the increase in size of 
the N-alkyl substituents and particularly visible upon the replacement of methyl 
substituents by ethyl ones [10]. 

We now turn over to the study of the effect of decreasing the size of the 
cationic head, by replacing its methyl groups by hydrogen atoms, upon the con- 
formational characteristics of the acetylcholine skeleton. Figures 3, 4 and S pre- 
sent the conformational energy maps of acetylcholine derivatives in which re- 
spectively one, two and three methyl groups of the cationic head have been 
replaced by hydrogen atoms. In Figs. 3 and 4. the results refer to the “symmetrical'' 
structure of the onium group, i.e., one in which its single hydrogen or methyl 
carbon is considered to be in the plane of the Cj — atoms, this 
arrangement being found to be more stable than the “non symmetrical" one. 

The results indicate that while the replacement of one methyl group of the 
cationic head by a hydrogen atom does not bring about any major modification 
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I'm. 4 ( onformationul energy map for compound /. R, = Rj = H. Rj = CHj. R*=CHj. Isoenergy 
curves in kcal/mole with respect to the global minimum taken as energy rero 


of the conformational energy map in comparison to that of acetylcholine and 
leaves the gauche form at r, = 180% = 60" as the most stable one, the replace- 

ment of two such methyl groups by hydrogens produces a drastic change of the 
map. The global minimum is transferred to the values of t, = 60°, T 2 = — 90° (and 
the symmetrical values t, = —60", T2 = 90') which represent a gauche-gauche 
structure with respect to the torsions around both the Cj -C 4 and Oj-C, bonds. 
The gauche conformation characteristic of acetylcholine is now a local minimum, 
S kcal/mole above the global one. The fully extended form, which is at 3 kcal/mole 
above the global minimum in Fig. 3. is at 7 kcal/mole above the global minimum 
in Fig. 4. Moreover, the large zone between the gauche and the irons conformations 
(tj % 180 , Ti = 90' - 180"), in which a number of investigators place the confor- 
mations related to the muscarinic and nicotinic activity (see e.g. Ref. [3]) is in 
Fig. 4 at a relatively high energy level, 7-8 kcal/mole above the minimum. 

The same general situation is observed in Fig. 5 representing the effect of the 
complete replacement of the methyl groups of the cationic head of acetylcholine 
by hydrogens, leading to acetylethanolamine. 

In this case thus we observe, at least for the compounds represented by 
Figs. 4 and 5. the triple effect of modifying simultaneously the dimension of the 
cationic head, the preferred conformation of the whole molecule and the general 
morphology of important parts of the conformational energy map. It may also 
be expected that the direct presence of the hydrogen atoms on the quaternary 
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f ig. 5. Conformational energy map for compound /. R, = R 2 = R 3 = H. R* = CHj. Isoenergy curves 
in kcal/molc with respect to the global minimum taken as energy zero 


nitrogen will make these compounds more susceptible to environmental efTects 
in the crystal and in solution. The more so a.s these hydrogens carry now (as can 
be seen from Fig. 2 c) a very high net positive charge, corresponding, in fact, for 
each of them to the total net positive charge of the methyl groups that they 
replace (0.24 e per H atom), the quaternary nitrogen itself becoming even 
slightly negatif. This complex situation makes it difficult to ascertain the reasons 
responsible for the decrease of the parasympathomimetic artivity in these deriva- 
tives. The more precise knowledge of the nature of the different effects linked to 
the replacement of the CHj groups by H atoms should, however, help to 
determine the biological significance of each of them. 

B. Modification at the Ester Terminal 

It seems a priori probable that the modification of the molecular structure 
of acetylcholine at its ester terminal will have a more moderate influence on the 
conformation of this molecule than the modification of the cationic head. Even 
moderate modifications of the conformational energy map may, however, be of 
non negligible significance. We have already discussed [2, 13] the case of 
carbamoylcholine, a derivative of acetylcholine in which the methyl group of the 
acetyl fragment is replaced by an amino group (/, R, = R 2 = R 3 = CH 3 , R^ = NHj). 
This compound exists in the trans conformation in the crystalline state 
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I 'lf!. <1 ( (inrormalional energy map for compound IV Isocnergy curves in kcal/mole with respect to 
the global minimum taken as energy zero 


(r, = Tj = 180 ) f 14]. although some of its derivatives substituted by more com- 
plex groups at the quaternary nitrogen exist as we have seen in gauche forms in 
their crystals. What is also particularly interesting in connection with carbamoyl- 
choline is that it exists in the gauche conformation, similar to that of acetyl- 
choline, in solution [15]. The PCILO conformational energy map of carbamoyl- 
choline [2] shows results which are manifestly relevant to the above enumerated 
experimental Findings. Thus the map. while similar in its overall aspect to that of 
acetylcholine, contains three practically equivalent global energy minima of which 
two represent trans forms (at t, = 180", T 2 = 180 ’ and at r, = 80", Zz — ~ *40" 
- 180 ) and one the gauche form (t, = 180' . T 2 = 80‘). Carbamoylcholine itself 
occupies one of the trans minima, associated with the most extended form. Other 
carbamoylcholine derivatives are in conformations which correspond to the two 
remaining energy minima. Moreover, while the barrier between the gauche and 
trans forms is of 4 kcal/mole in acetylcholine it is only of 1 kcal/mole in 
carbamoylcholine, a situation which is in obvious relation to its relatively easy 
transition to the gauche form observed in solution. 

Here we wish to study, in the first place, the simplest derivatives of acetyl- 
choline modified at the ester terminal, namely its nearest homologues, the 
formic and propionic esters, IV and V. It Ls known that the parasympatho- 
mimetic activity of both these neighbours is appreciable reduced with respect to 
that of acetylcholine [7. 9]. 
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I 'ig. 7. Conforntational energy map for compound V. Isoenergy curves in kcal/mole with respect to 
the global minimum taken as energy zero 


The conformational energy maps of these two derivatives are presented in 
Figs. 6 and 7. They are very similar and present both a global energy minimum 
corresponding to the fundamental gauche (t, = 180", = 60°) conformation of 

acetylcholine. They differ, however, both from acetylcholine by being devoid of 
a local energy minimum for the trans conformation (ti =T 2 = 180°). 

Secondly, we wish to study more particularly the group of 2-dialkylamino- 
ethylbenzoates, compounds which derive from acetylcholine by the replacement 
of the methyl group of the acetyl fragment by a phenyl ring (and a simultaneous 
suppression of one of the CH 3 groups of the cationic head; these molecules may 
naturally, also be considered in the quaternary state (Ri = Rj = CH 3 R 2 = H, 
R 4 = C6Hj). The introduction of the phenyl group at the esteric end of acetyl- 
choline results in the decrease of the intrinsic parasympathomimetic activity 
[7]. The particular interest of these compounds resides, however, in their 
appurtenance to the series of local anesthetics the more so as it has been 
proposed [16, 17] that local anesthetics might block nerve conduction through 
attachment to axonal acetylchoUne receptors. The study of the conformational 
relationship between these molecules and acetylcholine is therefore of obvious 
interest. Preliminary theoretical PCILO indications on the conformations to be 
expected for such molecules have been presented [18]. Here we probe deeper 
into this problem. 
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I'lg 8 ConrdrtnutKiiiul energy map for eompoumi VI. Isocncrgy curves in kcaJ/mole with respect 
the global minimum taken as energy zero 


Figures 8 and 9 present the conformational energy maps for the neutral > 
and ionized VII forms, respectively, of the representative model of loc 
anesthetics related to acetylcholine. (In building these maps and the followir 
ones in this series the phenyl group was fixed coplanar with the plane of tl 
ester group following the indications of the calculation of Ref. [18] and in agre 
ment with the results of X-ray studies on procaine, vide infra). Figure 8 indicat' 
a preference of the neutral form for the gauche conformation (t, = 18C 
Tj=±6()') identical to the preferred form of acetylcholine with, however, 
local energy minimum for the fully extended form (r , = Tj = 1 80°) only 1 kcal/mo 
above the global minimum and a reduced energy barrier (2-3 kcal/mole) b 
tween the two. The ionized form (Fig. 9) manifests the same global minimu 
and shows also a local energy minimum for the extended form but which is no 
at 3 kcal/mole above the global one with a barrier of 4 kcal/mole between tl 
two. From these results it may thus be inferred that the quaternization of tl 
amino nitrogen increases the preference for the gauche conformation. It mi 
be useful to remark here that although the identiHcation of the active form 
this class of drugs is still controversial, recent evidence seems to favor tl 
cationic form as the active one (for references see [18]). 

Recent experimental informations obtained with the use of the nude 
magnetic resonance technique [19, 20] confirm these theoretical conclusior 
they indicate that while VI exists in solution 67% in the gauche forms and 33% 
the trans form, (a situation which because of the possibility of two nearly eqi 
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Fig. 9. Conformational energy map for compound VII. Isoenergy curves in kcal/mole with respect to 
the global minimum taken as energy zero 



b ig. 10. Conformational energy map for compound IX. Isoenergy curves in kcal/mole with respect to 
the global minimum taken as energy zero 
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I 'lf! 1 1. ('oiirormiilioiial energy map fur compound X. Isocnergy curves in kcal/mole with respect to 
the global minimum taken us energy zero 


valent gauche forms, indicates the near energetical equivalence of the three 
rotamers). VII exists in the same conditions exclusively in the gauche form. 

The conformational relatioaship between derivatives of acetylcholine and 
those of kKal anesthetics in solution is still strengthened by the study of their 
sulfur analogs [21], We have already discussed previously [22] the case of 
acetylthiocholinc, VIII, which exists in the trans form both in the crystal [23] 
and in solution [24, 25] and whose PCILO conformational energy map is 
substantially different from that of acetylcholine, presenting a unique global 
energy minimum for the trans form. On the other hand, the replacement of 
the carbonyl oxygen by sulfur, leading to acetylthionecholine IX, yields the 
conformational map indicated in Fig. 10. which conserves the global minimum 
for the gauche conformation and which is, in fact, the conformation observed 
in solution [19]. The variations which are observed upon sulfur substitution in 
the series of the local anesthetics in solution parallel completely the variations 
observed in the acetylcholine series [21]. The corresponding conformational 
energy maps substantiate this analogy entirely. They are not reproduced here 
for the sake of saving space because of this very analogy. We may just add that 
when the two oxygens of such compounds are replaced by sulfur atoms, as in X, 
the conformational influence of the replacement of the acyloxy oxygen seems to 
be dominant (Fig. 1 1) and the compound is expected to exist largely in the trans 
form. It docs so in 10% [18]. 
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fig. 12. Conformational energy map for procaine XI. Isoenergy curves in kcal/mole with respect to 
the global energy minimum taken as energy zero. • Experimental conformations of procaine in 
crystals of: a I : I procaine-bis-p-nitrophenyl phosphate complex [27], b procaine hydrochloride 
L2ft. 28]. c conformation of 2-dicthylaminocthyl-p-methoxybenzoatc hydrochloride [29] 


Finally, in this series of compounds, we have also computed the conforma- 
tional energy map for the effective local anesthetic procaine, XI, whose structure 
has been recently studied by X-ray crystallography by a number of authors 
[2fr 28], Also studied by X-rays was the related 2-diethylamino-ethyl-p- 
mcthoxybenzoatehydrochloridc [29]. Using as input data the crystallographic 
results for procaine hydrochloride [28], we obtain the conformational energy 
map of Fig. 12. The general asp>ect of the map (the contours of the stability zone 
within, say, the 3 kcal/mole isoenergy curve) is practically identical to that of 
acetylcholine. We observe, however, a degeneracy of the global energy minimum 
which is associated both with the gauche and trans forms. The minimum for the 
gauche form covers a somewhat larger area and may thus perhaps be considered 
as more probable. Whatever it be, the experimental conformations are all, as in- 
dicated in Fig. 12, of the gauche type and it is striking to observe that this major 
conformational feature of procaine is preserved in different crystal environments. 
It is also preserved in solution [30]. This situatiop indicates that intramolecular 
interactions responsible for these features compete successfully with intermole- 
cular and environmental factors, as they, in fact, do frequently [13]. 

It may be interesting to add that the crystal data confirm also our assump- 
tions, based on previous studies, on the planarity of the ester group and its 
coplanarity with the phenyl ring coplanarity which is preserved in solution 
[31]. 
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Fig 13. C'onrormational energy map for compound XII. I.soencrgy curves in kcal/mole with respect to 
(he global minimum taken as energy zero 


There appears therefore to exist dehnite evidence, both theoretical and 
experimental, indicating that acetylcholine analogs and protonated local anesthe- 
tics are conformationally similar. This, by itself, does not mean, of course, that 
these similar conformational features are involved in the activities of these two 
groups of molecules, the less so as no proofs exists that these conformations, 
although characteristic of the structure in crystal and in solution, are also the 
ones involved in the interaction with the biological reccptor(s). Truly, it was at a 
time proposed by some investigators [3Z 33] that the gauche conformation is 
essential for the ability of cholinergic compounds to initiate a nerve impulse and 
similarly by others [16, 17] that the gauche conformation of local anesthetics 
may be an important feature necessary for the effector-receptor interaction 
and the blocking of the nerve impulse. Biological studies, however, conducted 
in particular by Mautner et ai [19-21] and by Partington et al. [34] show no con- 
sistent correlation between the conformations of molecules triggering or 
blocking conduction of the nerve impulse or affecting electrically excitable mem- 
branes and their potency. Conformational factors alone therefore probably 
do not determine neither the activity of cholinergic agonists nor that of local 
anesthetics. Electronic structure may be quite important in this field. In fact, it is 
frequently considered [6, 7] that the distribution of the electronic charges in 
particular in the carbonyl bond is important in the action of local anesthetics 
and that only slight complementarity is needed between these drugs and their 
receptor. 
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I'lg. 14. Conformational energy map for compound XlII. Isoenergy curves in kcal/mole with respect to 
the global minimum taken as energy zero 


C. Choline Ethers 

A more profound modification of the ester terminal of the acetylcholine 
skeleton is present in choline ethers and it appeared therefore interesting to in- 
vestigate also the conformational characteristics of representative compounds of 
this series. Simple alkyl ethers manifest parasympathomimetic activity [9], the 
phenyl ether is a potent nicotine like ganglion stimulant, while its 2,6-dimethyl 
analogue has muscarine like activity [35]. 

We have constructed conformational energy maps for the last two molecules 
of this class, choline phenyl ether XII and choline-2,6 xylyl ether (xylocholine) 
XIIl and for the simplest alkyl ether, the methyl ether XIV. In the calculations 
on XII, the phenyl group was assumed to be in the plane of the C — O — C atoms 
(following the indications of Ref. [36]), in the calculations on XI II to be p)erpendi' 
cular to that plane (following the indications of Ref. [35]). 

The results are indicated in Figs. 13-15. They all show a strong preference 
for the gauche form analogous to that of acetylcholine. XIII and XIV are, how- 
ever, devoid of a local minimum for the trans form. A very restricted such 
local minimum exists in XII, 4 kcal/mole above the global one. In XII and XIII 
the zone around t, = 180'’, Tj = 90"— 180" is about 1 kcal/mole higher than in 
acetylcholine. The conformationally stable zone of XII is, moreover, particularly 
restricted. The conformational properties of these molecules are thus similar to 





l it; IS. <'(inr<irmali(inal energy map for compound XIV. Isoenergy curves in kcal/mole with respect to 
the global minimum taken as energy zero 


those of acetylcholine with respect to the most stable conformer but may 
dilTer from it as to the possibility of other conformers. 

The available experimental data confirm the essentials of the theoretical 
results: NMR experiments show that the three ethers exist at about 80-90% 
in the gauche form in solution [34] and this is also the conformation observed 
for Xl in the crystal [35]. 
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Finally the last compound investigated was the quaternary benzhydryl 
ether XV, Compounds of this class are competitive reversible antagonists at the 
muscarine receptor [37], Detailed account about the conformational properties 
of this molecule will be given in a forthcoming paper on the structure of anti- 
histamic drugs. Suffice it to report here that the gauche and trans conformations 
are competitive in this compound. 

It is thus manifest that conformational analogies or discrepancies alone 
cannot account in this series of molecules for the fine details of their biological 
activity. 


References 

1. Pullman. B.. Courriire, Ph., CoubeiKJ. L.: Molecular Pharmacology 7. 391 (1971) 

2. Pullman, B.. ('ourrierc, Ph.: Molecular Pharmacology 9. 612 (1972) 

3. Pauling.P.: In: Bergmann. E. D.. Pullman, B. (Eds.): Conformation of biological molecules and 
polymers. Proceedings of the S"* Jerusalem Symposium. New York: Academic Press 1973, p. 505 



Conformation of Choline Derivatives 


37 


4. Shelter, E.: In; Triggle,D.J, Moran.J.F, Bamard.E.A. (Eds.): Cholinergic ligand interactions, 
p. 83. New York: Academic Press 1971 

5. Kier,L.B.; Molecular orbital theory in dnig research. New York: Academic Press 1971 

6. Korolkovas. A.; Essentials of molecular pharmacology. New York; Wiley-Interscience 1970 

7. Ariens,E.J., Simonis,A.M.. Van Rossum,J.M.; In: Ariens.E.J. (Ed.): Molecular pharmacology, 
Vol. I, p. 119. New York; Academic Press 1964 

8. Herdklotz.J.K., Sass.R. L.: Biochem. Biophys. Res. Comm. 40 ; 583 (1970) 

9. Ing.H.R.; Science 109, 264 (1949) 

10. Moran,!. F., Triggle,D.J.; In: Triggle,D.J.. Moran.J.F.. Bamard.E.A. (Eds.): Cholinergic ligand 
interactions, p. 119. New York: Academic Press 1971 

U. Babeau,A.. ^rans,Y.: Compt. Rend. Acad. ScL Paris 270C. 609 (1970) 

12. Barrans,Y.? Thesis, University of Bordeaux 1971 

13. Pullman,B., Courri6re,Ph.: In: Bergmann, E. D.. Pullman.B. (Eds.): Conformation of biological 
molecules and polymers. Proceedings of the 5“’ Jerusalem Symposium. New York: Academic 
Press 1973. p. 547 

14. Barrans,Y.. Clastre,!.: Compt. Rend. Acad. Sci. Paris 270, 306 (1970) 

15. Conti, F.. Damiani.A., Pietronero.C.. Russo, N.: Nature New Biology 233, 232(1971) 

16. Bartels.E., Nachmansohn.D.: Biochem Ztschr. 342, 359 (1965) 

17. Bartels,E.: Biochim. Biophys. Acta 109, 194(1965) 

18. Cuubeils,J.L., Pullman,!).; Molecular Pharmacology 8, 278 (1972) 

19. Mautncr.H.G.. Dexter.D.D., Low.B. W.: Nature New Biology 238. 87 (1972) 

20. Makriyannis,A.. Sulivan.R.F., Mautner.lI.G.: Proc. Natl. Acad. Sci. U.S.A. 69, 3416 (1972) 

21. Chu.S.H., Hillman,G.R., Mautncr.H.G.; J. Med. Chem. 15. 760(1972) 

22. Pullman.B., Courriire.Ph.: Molecular Pharmacology 8, 371 (1972) 

23. Shefter.E.. Mautncr.H.G.; Proc. Natl. Acad. Sci. U.S.A. 63. 1253 (1969) 

24. CuIvcnor.C.C.J.. Ham.N.S.; Chem. Comm. 242 (1970) 

25. Cushlcy.R.J.. Mautncr.H.G.; Tetrahedron 26. 2151 (1970) 

26. Beall.R., Herdkiotz,!., Sass.R.L.; Biochem. Biophys. Res. Comm. 39, 329 (1970) 

27. Plctcher.M.S.J., Guslaffson.B.: Acta Crysl, B26. 114 (1970) 

28. Dexter.D.D.; Acta Cryst. B28. 77 (1972) 

29. Beall.R., Suss.R. L.; Biochem. Biophys. Res. Comm. 40. 833 (1970) 

.30. Chu,S.H,. Hillman,G.R., Mautncr.H.G,; J. Med. Chem. 15, 760 (1972) 

31. Gan.sow.O.A., Beckenbaugh.W.M., Sa.ss,R.L.: Tetrahedron 28. 2691 (1972) 

32. Sundaralingam.M.: Nature 217, 35 (1968) 

3.3. Bakcr.R.W.. Chothia.C. H., Pauling.?., Pctcher,!.!.: Nature 230, 4.39 (1971) 

34. Partington. P.. Feeney,!.. Burgen.A.S.V.; Molecular Pharmacology 8. 269 (1972) 

.3.3. Coggon.P.. McPhail.A.T.. Roc,A.M.: Nature 224. 1200(1969) 

.36. Coubeil.s,!.L., Courri6re,Ph., Pullman.B.: J. Med. Chem. 15, 453 (1972) 

37. Moran.J.F., Triggle,D. !.: In: Danielli.J. F'.. Moran.J.F., Triggle.D.J. (F.ds.): Fundamental con- 
cepts in drug-receptor interactions, p. 123. New York; Academic Press 1970 

Prof. Dr. B. Pullman 
Institut de Biologic Physico-C'himique 
Laboratoire de Biochimie Thiorique 
associe au C.N.R.S. 

13, rue Pierre et Marie Curie 
F-75 Paris 54. France 




TheoreL chim. Act* (BerL) 31, 39—48 (1973) 
© by Springer-Verlag 1973 


Ab initio Calculations 

on Small Hydrides Including Electron Correlation 

IX. Equilibrium Geometries and Hannonic Force Constants of HF, 
OH“, HjF^ and HjO and Proton Affinities of F“, OH“, HF and HjO 

Hans Lischka* 

Institut rur Physikalische Chemie und Elektrochemie. Abteilung fUr Theoretische Chemie, Universitat 
Karlaruhe, KaiaerstraOe 12, D>7S00 Karlsruhe, Germany 

Received March 1, 1973/May 1 1. 1973 


Near Hartree-Fock ab initio SCF and correlation energy calculations based on the IEPA~PNO 
approximation are reported for F , HF, OH , HjO, HjF* and HjO* using GTO-basis sets. The 
SCF values for the equilibrium geometries and harmonic force constants are corrected in the desired 
direction by inclusion of the correlation energy. The SCF errors are, however, always overcompen- 
sated. The agreement with experiment is improved for the symmetric stretching force constants of 
HF and H^O, but bond lengths are nearly the same amount too long in the lEPA approximation 
as they are too short in the SCF calculations. In addition thereto protonation energies are com- 
puted and compared with experimental measurements. 

Keywords: Force constants - Proton alTmitics Hydrides rieclron correlation. 


1. Introductkw 

In previous papers of this series the effect of electron correlation on the mole- 
cular structure has been investigated for the hydrides of Li, Be, B and C. In the 
present paper computations on H 2 O, HF and their protonated and deprotonated 
ions are reported. 

Although these compounds are well known in chemistry, accurate spectros- 
copic gas phase data exist only for F“, HF and H^O [1]. In the last years mass- 
spectrometric experiments involving OH" and HjO^ and their higher solvation 
complexes have been performed [2], which give important supplementary informa- 
lion on these molecules that are well-known from studies in solution and in solid 
state. HjF"^ which is known to protonate even weak bases [3] has only been repor- 
ted to exist as solute in the so-called “magic acid" [4]. 

Experimental information on the structure of atoms and molecules depends 
on the environment of the systems which are measured. In order to facilitate com- 

* On leave from; Institut fiir Theoretisebe Chemie. Universitat Wien. WahringerstraDe 38. 
A- 1090 Wien, Austria. 
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parison of diiTerent experimental results, data for the isolated species are desirable. 
Theory gives this information although the degree of accuracy depends on the 
various approaches used. Our intention was to perform as accurate calculations 
as possible with reasonable computation time. We checked the accuracy of our 
results a) by comparison with more sophisticated calculations which are only 
possible for smaller systems and b) by comparison with existing experimental 
data for the molecules in the gas phase. Proceeding this way it is possible to give 
a consistent theoretical treatment of a whole series of molecules and to estimate 
the reliability of our conclusions. 


2. Method of Computation 

As in the other papers of this series the method used is based on the indepen- 
dent-clectron-pair approximation (lEPA) [5, 6] and direct calculation of approxi- 
mate natural orbitals of electron-pair functions developped by Kutzelnigg. 
Ahlrichs, and co-workers [7. 8]. 

After performing a conventional Hartree-Fock calculation the canonical 
orbitals arc transformed to localized ones using the criterion of Boys [9]. For 
each doubly occupied localized orbital <pn one calculates a pair function in its 
natural expansion form in the effective field of the other electrons together with 
the intrapair correlation energy contribution Similarly, we find for pairs 
of different localized orbitals (/>„ and tps singlet and triplet coupled pair functions 
in the effective field of the remaining electrons which give the interpair contri- 
butions and The sum of the different intra- and interpair correlation 
energies is regarded as an approximation to the total correlation energy. 


3. Choice of the Basis Set 

For the O and F atom the ( 1 1 .v. 7 p) GTO-basis set of Huzinaga [10] was used 
and contracted to a [7.s. 4p] set, with the contraction coefficients taken from the 
atom. For the H atom we contracted Huzinaga's (6a) basis [11] to four groups^. 
Polarization functions of d-type on O and F and of p-type on H with optimized 
exponents were added. We simulate p- and (/-functions by appropriate linear 
combinations of lobes which are shifted from the origin [12, 13]. Two basis sets 
were considered; for basis set A one set of (/-functions (exponent 1.5) on F and O, 
respectively, and one set of p-functions (exp. 0.75) on H is used, for basis set B 
two (T s (exps. 0.75 and 3.0) and two p's (exps. 0.65 and 2.6). Most of the calculations 
were done with basis set A, giving sufficient accuracy for a discussion of SCF- and 
IF.PA effects on equilibrium geometries and force constants; only few selected 
points were computed with the larger basis B. 

' In (he following text we shall tabulate the sum f.„ ^ only. 

^ In constructing the contracted functions always those with the largest exponents were grouped 
together, i.e. (S 1 1 I I 1 I) for the (I l.s) set, on O and K respectively, (4 I 1 1) for the (7p) set and 
(3 I I 1) fur (6s) set on H. 
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4. Results and DisconioB 

a) Equilibrium Geometries and Force Constants for HF, OH', H 2 O and 

The SCF energy and the pair correlation increments for the valence shell 
were calculated with basis A for HF and OH~ at seven internuclear distances. 
The results for HF are collected in Table 1. If not stated otherwise, all energies 
are given in atomic units and are negative: the labels b and n^ refer to bond pair 
and lone pair, respectively. The dependence of the correlation energy on the 
distance r is dominated by Em, and Ct^ which both increase in absolute value, 
|E,y,| is slightly increasing, |£,„.| decreasing; an analogous situation is found for 
OH". The correlation of the inner shell electrons have been shown to remain 
approximately constant in other calculations [14, IS] and should therefore not 
change the shape of the potential energy curve significantly. Therefore it is not 
taken into account here. 

For HjO and HjF^ the dependence of £,*, and v.„. on r (keeping a = const) 
is the same as for HF and OH'. Variation of the bond angle a (at r = const) 
shows the expected dominating increase of with decreasing a (Table 2). 

' The Boys localization procedure yielded in all cases equivalent lone pair orbitals. 


ruble 1 .Variation of SCF-, pair-correlation- and total energiesta.u.) with the bond distance r (a.u.) for HF 


r 

1.50 

1.65 

1.69 

1.733 

1.79 

1.85 

2.10 

h-scT 

100.0457 

100.0640 

100.06.50 

100.0647 

100.0624 

100.0583 

100.0287 

•’Mp 

0.0257 

0.0279 

0.0285 

0.0292 

0.0301 

0.0310 

0.0350 


0.0210 

0.0211 

0.02 II 

0.021 1 

0.0212 

0.0212 

0.0213 

'fra 

0.0266 

0.0277 

0.0280 

0.0283 

0.0287 

0.0291 

0.0305 


0.0280 

0.0279 

0.0279 

0.0279 

0.0279 

0.0279 

0.0277 

V 





0.2632 




11X).2980 

100.3221 

100.3245 

100.3258 

100..3256 

100.3236 

100.3022 


Vuble 2. Variation of SCF-. pair-correlation- and total energies (a.u.) with the bond distance r„„ (a.u.) 

and bond angle a for HjO 
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r= 1.809 
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1.809 

1.95 
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76.0552 

76.0593 

76.0452 

76.0522 

76.0546 
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0.0316 

0.0296 

0.0291 


0.0227 

0.0228 

0.0230 

0.0229 

0.0227 


0.0230 

0.0244 

0.0263 

0.0259 

0,0235 

* 

0.0260 

0.0265 

0.0272 

0.0268 

0.0265 

r 

0.0290 

0.0288 

0.0285 

0.0281 

0.0295 


0.2572 

0.2640 

0.2729 

0.2661 

0.2629 

u 

76.3124 

76.3232 

76.3180 

76.3183 
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The net eflect of correlation is to increase the bond length (the same behaviour 
was observed in other cases [15]) and to decrease the bond angle. 

The eHects of correlation on bond distances and harmonic force constants 
are clearly demonstrated in Tables 3 and 4. For HF and OH~ we fitted a function 
of the form («; also optimized) to 7 points at different intemuclear 

i 

distances and computed the equilibrium geometries and the force constants 
analytically. In the case of the triatomic molecules H2O and H2F'^ 17-20 points 
on the two-dimensional energy surface were calculated to determine the force 
constants of the totally symmetric vibrations; in analogy to the linear case these 
points were interpolated by the following sum: In addition 

‘j 

to that wc considered for H2O also the antisymmetric vibration. 

For the triatomic molecules two equivalent forms of the harmonic potential 
arc used [1 <•, part 11]: 

2V = 2^0 + Fti(r] + rl) + + 2F, 2F,3(r, + r2) a 

and 

2y -=2V(, + i'liS] + 2< i2S|S2 + C' 22^2 ^33^3 • 

The symmetry coordinates S,, S 2 and S3 are given in terms of the internal dis- 
placement coordinates r, . rj and a: 


S, =a 


S2 = 
S,= 


1 

1/2 

1 



('■. + '•2) 


(fi - '•2) • 


The c's and F’s are related in the following way: 


F 


» 1 ~ 


^’2 2 + ^ 33 

" 7 ' 


F 


12 



F = 


A comparison of the SCF results (see Table 3 and 4) with experimental values ! 
shows the following characteristics: bond lengths are too short by 2% and stretch- ' 
ing force constants too large by about 15%. Inclusion of the electron correlation i: 
by means of the lEPA-PNO approximation shifts the calculated equilibrium ^ 
geometries and force constants in the desired direction but always overcorrects 
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Table 3. Calculated and experimental bond diitances Ro(A) and harmonic force constants Icofmdyn/A) 

for HF and OH* 




Hartree-Fock 
limit [16, 17] 

This work 

SCF 

lEPA 

exp* 

HF 

Ro 

0.897 

0.900 

0.929 

0.917 


*0 

11.261 

11.36 

9.407 

9.657 

OH- 

Rq 

0.942 

0.945 

0.974 

0.970 


^0 

9.334 

9.001 

7.438 

- 


* experimental values were taken from [16] and [17]. 


Table 4. Fx]uilibrium geometries, harmonic force constants (mdyn/A) and harmonic vibration fre- 
quencies (cm“ ') for H 2 O and HjF* * 




Dunning et ai [19] 

This work 


exp Ref. 



SCF 

SCF 

lEPA 


HjO 

R«(A) 

0.941 

0.942 

0.973 


«0 

106.6 

106.5 

103.3 


Ftt 

9.38 

9.31 

8.37 

8.45 


Fii 

-0.078 

0.395 

-0.550 

-O.lOIl 

0.227/ 


Ft,/Ro 

0.249 

0.232 

0.222 


F,JRl 

0.867 

0.821 

0.722 

0.761 


Vll 2 

- 

1695.1 

1590.3 

1653.91 


vr- 

- 

4143.4 

3725.5 

3825.3 > [23] 


Vj fll 

- 

4045.3 

4034.5 

3935.61 

lljF* 

Ro(A) 

— 

0.942 

0.970 

- 


«0 

- 

116.0 

111.8 

- 


1/^0 

- 

0.549 

0.543 

- 


‘■jj 

- 

8.227 

6.8% 

- 


C 12 /R 0 

- 

0.0857 

0.127 

- 



- 

1384.2 

1378.2 

- 



- 

3790.8 

3475.4 

- 


• For HjF'^ we did not consider the antisymmetric vibration - therefore only the force constants 
corresponding to the symmetry coordinates are given. 


the SCF errors. The agreement with experiment is improved for the symmetric 
stretching force constants (deviation from experimental value approx. —5%); 
the bond distances (with lEPA). however, are nearly the same amount too long 
as they are too short in the SCF calculations (see Tables 3 and 4). Recently Meyer 
[18] showed also for the CH^ molecule by a comparison of his PNO^I and 
CEPA methods with the lEPA approach that lEPA tends to overestimate the 
correlation energy changes with increasing bond length. 

In the case of HjO (Table 4) our SCF force constants agree with other treat- 
ments [19, 20], with the exception of f ,2 for which we obtain the opposite sign. 
Fi 2 is here calculated as the difference of two large numbers, an error of a few 
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percent in C 22 and Cjj is sufficient to change the sign of F, 2 - Here it is interesting 
to look at the effect of correlation in more detail: the constant 033 for the antisym- 
metric vibration is hardly influenced by correlation, because the stretching of 
one bond implies the shortening of the other, which causes the changes of the 
different pair energies to cancel each other approximately. In our calculations 
the constant C 22 for the symmetric stretching vibration (and therefore also Fjj) 
decreases with inclusion of correlation, as one would expect from the results 
for diatomic hydrides (Table 3). Quite the same behaviour has also been observed 
by Staemmler and J ungen [24] * for the BH^ radial. We disagree with Me Laughlin, 
Bender and Schaefer [25] who find no change in the stretching force constant 
F, , when correlation is included. In our SCF calculation the vibration with the 
largest frequency corresponds to symmetry /t,, which is in contradiction to 
the experimental result - correlation produces then the correct order of the 
frequencies although the overshooting of the IF.PA correction is manifested here 
also. 

Using the .same si/e of the basis set for no new aspects appear which 

would make the computed results less reliable than those for H^O. To our knowl- 
edge no experimental values exist for the equilibrium geometry and harmonic 
force constants; u direct comparison of the calculated harmonic frequencies 
with the IR-spectrum measured by Hyman et al. [4] is not possible because of 
solvation effects and inharmonic contributions to the vibrations which were not 
considered in our calculation.s. 


h) Energies of Protonation 

At the equilibrium geometries SCF and IF.PA calculations were performed 
with the larger basis set B. Results are given in Table 5. Our SCF values for F , 
HF and OH arc all less than 0.(K)5 a.u. above the Hartrec-Fock limit, 0.(X)6a.u. 
for HjO (estimated Hartrce-Fock limit by Clemcnti and Popkie [28] — 76.068 a.u.). 
the same should hold for HjF^. It is difficult to compare our correlation energies 
with values of the other authors (Table 5) because they used canonical orbitals 
for their Cl calculation in contrast to our localized ones. It is known that the 
pair energies are not invariant under unitary transformations of the SCF-MO's 
[32]. Moreover our basis set does not contain /-functions. 

For H 30 ^ a pyramidal configuration is found to be slightly more stable 
than the planar one. The height of the barrier of inversion is too small (0.0015 a.u. 
in SCF) to allow a definite decision whether it exists at all, inclusion of correlation 
enlarges this barrier [33]. This uncertainty, however, does not affect our cal- 
culated proton affinities (a detailed study of the structure of H 30 ^ is in prepara- 
tion [33]). 

The proton affinity is defined here as the difference between the energies of 
the protonated species and the parent molecule at the minimum of the potential 
energy surface, i.e. we have not included the zero point energy. Protonation 
energies from SCF calculations with various smaller GTO-basis sets than ours 

* There is a misprint in Table 3 of [24]. F ,2 should read as -0.14 instead of 0.14 (private com- 
munication). 



Table 5. Comparison of different SCF and Cl results with experimental values 
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Table 6. Calculated and experimental proton aflinities (in kcal/mote) (all energies are negative) 



This work 


Hartree-Fock 

Hopkinson 


exp** 



SCF 

Basis set 
A 

B 

With correla- 
tion'* 

Basts set 

_ _ 

limit* 

et al. [30] 




I- 

38().<) 

382 1 

374.3 372.9 

383.5 

386.6 

361 

388.6 ‘ 

368 

HI- 

121.8 

122.5 

121.8 120.8 


108.4 


— 


OH 

406.4 

407.5 

398.2 396.4 

408.0 

403.2 

370 

411. r 

392 

HjfJ 

176 6 

175.6 

174.0 


181.2 

151 

- 

181 


• Iheencrgy for b is taken from [35], for HI- and OH from [ 1 6] and [ 17] and for HjO from [28]. 
'■ Values taken from Table 5 of (30J. 

‘ f rom spectroscopic data (see also Table 5. last column). 

'* Only tlie correlation energy for the valence shell is taken into account. 


are compared by Mopkinsun ei al. [30], Schuster [34] gives semiempirical 
(CND()/2) values. The SCF-approximation gives already the main contributions, 
inclusion of correlation modifies these results only to a very small extent (Table 6). 
Hven over the whole scries of molecules given in Table 5 correlation does not 
change enough to have a significant influence on energy differences in the order 
of magnitude of some 100 kcal/mole. 

Our basis sets are supposed to have enough flexibility to insure an approxi- 
mately equal accuracy of the total energy for the isoelectronic series of systems 
considered here, as far as protonation energies are concerned. This means that 
our values for the proton affinities should be of comparable quality for the whole 
series. Experimental results, especially for HjO vary over a relative wide range 
depending on the method of determination; from our point of view the larger 
values are favoured for HjO (this is also found in recent measurements of De Paz 
et al. [2b]). 


5. Conclusions 

The present investigations show what improvements can be obtained for the 
calculation of equilibrium geometries and force constants by taking into account 
electron correlation in the framework of the lEPA -PNO approximation, but 
also what limits are connected with this method. The best results are obtained 
for the symmetric stretching force constants - the too large SCF values ( -)- 1 5 
are decreased substantially and then agree reasonably with experiment (-5%). 
The bond distances, however, are approximately the same amount too long 
with inclusion of the lEPA correlation energy as they are too short in the SCF 
calculation. This ovcrcorrection of the SCF error is not so large for the bond 
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angle of H2O. The comparison of our calculated results with experimental values 
indicates also the reliability of our predictions for the molecular properties of the 
experimentally less known systems and HsO"^. 
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The two lowest electronic states ('B, and '.4,) of the methylene radical (CM 2 ) calculated 
»>th in SC E-approximation and with the IF.PA -PNO method (including electron correlation). The 
ifluence of polarization functions and electronic correlation on the shape of the potential curves 
f the two states is discus.sed. The calculated equilibrium geometries agree very well with experiment, 
ut the results for transition energies (e.g. excitation energy = 9.2 kcal/mole, total binding 

nergy = 1 87 kcal/mole) are more reliable than the existent experimental values. 

Ki'.v word.s.- Methylene Electronic structure - Pair correlation energies Excitation energy. 


1. Introduction 

In the past years the interest in the properties and the chemistry of the 
nethylene (or “carbene”) radical [1-3] has been strongly increased since this 
adical is an important short-living intermediate in many organic reactions. It has 
wo low-lying states, a triplet and a singlet, which are energetically very close 
ind behave differently in chemical reactions [4]. Thus, methylene is a good 
xample to study the different behaviour of singlet and triplet radicals. 

Most of the properties of the two states of methylene are well established 
oday. From spectroscopical measurements (optical spectra [5-8] and ESR 
9. 10]) and from quantum chemical calculations (compare Table 1) it is quite 
ertain that the triplet state is the ground state. The equilibrium angles are 
ather different (102.4° for the singlet [6] and 136 ±8° for the triplet state 
8-10]), whereas the C-H equilibrium distances are almost equal in the two 
tates [5-8], The value of the triplet-singlet separation, however, is 

ather uncertain: From optical sp)ectra no information about ^£3-,, is avail- 
ible because there is no intercombination between the singlet and the triplet 
pectrum. Herzberg estimates an upper limit for of 23 kcal/mole [7], 

'hermochemical experiments (photolysis of ketene [11, 12]) yield much smaller 
alues like 2.7 kcal/mole [11] and 1 — 2 kcal/mole [12], cieactivation of the 
inglet and triplet species, on the other hand, leads to a lower bound of kT (for 
98 K). i.e. to ~0.6 kcal/mole [4], 
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Table I. f'revious ca/cu/aCions for the triplef-sing/et separation energy = E(‘A,)- of 

methylene 


[a.u.] 

*^^3 '1 

[kcal/molcj 

Polarization 

functions 

Method 

Ref. 

- 38.436 

40 


SCF 

[19] 

38.8696 

37 

- 

SCF 

[19] 

-.38.892 

40.6 


SCF 

[20] 

- 38.895 

57.7 


SCF 

[13] 


33.5 


SCF 

[21] 

.38.9(178 

.34.6 


.SCF 

[22] 

38 9123 

24.9 

<1 at C-atoin 

SCF 

[14] 

.38.913 

32 1 


SCF 

[23] 

38.9202 

23 9 

J at C-atom 

SCF 

[24] 

.38 921 

27 0 

C II bond fund. 

SCF 

[25] 

38 <8>4 

24 5 


limited Cl 

[26] 

38.908 

24 


limited Cl 

[27] 

38.915 

32 


VB-CI 

[20] 

38 9248 

20 


limited Cl 

[22] 

38 9598 

11.5 

J at C-atom 

GVB Cl 

[24] 

38.9822 

22 3 


INC) Cl 

[23] 

39.0121 

1 1.8 

J at C-atom 

INC) Cl 

[14.15] 


“ 'I'ht geometry is not optimized in all calculations Wc loi>k always the lowest energy value for 
the 'fl| stale, 


All previous theoretical calculations yield much higher values for in 

the region from 40 10 kcal/mole. as it can be seen from Table 1. A critical 
analysis of these calculations shows the following characteristic features: Apart 
from the very early SC'F-calculation of Krauss [13] which was performed only 
for an angle of 180 for the triplet state all SCF-calculations that do not use 
polarization functions (i.e. (/-functions at the C-atom and p-functions at the 
H-atoms) yield values for /!£,„, between 40 and 32 kcal/mole. The inclusion of 
polarization functions lowers appreciably, to about 25 kcal/mole. The 

influence of the electronic correlation is still more important: Cl treatments 
without polarization functions give values between 25 and 20 kcal/mole, whereas 
the addition of polarization functions lowers this value to about 12 kcal/mole. 
But even this value is appreciably higher than the experimental results. 

The question is still open, whether the rather low experimental estimates 
or the much higher theoretical results are more reliable. The latter have been 
obtained with severe approximations in the calculation of the correlation 
energy and with quite modest basis sets, except for the most recent results of 
Bender and coworkers [14, 15]. But there arc also arguments indicating that the 
thermochcmical estimates might be too small [14]. 

In this paper we present the results of lEPA-PNO calculations for the two 
lowest states of methylene in order to clarify the discrepancy concerning the 
value of In the first step we have performed quite accurate SCF-calcula- 

tions for both states with an extended basis set with and without polarization 
functions (Sections 2 and 3). Subsequently, Cl calculations in the “independent 
electron pair apftfoach" (lEPA) are performed to get reliable estimates of the 
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valeace shell correlation energy for both states (Section 4). Previous calculations 
of correlation energies of small hydrides within the lEPA-scheme both for closed 
shell and open shell states have shown that we can get excitation energies that 
are accurate to a few kcal/mole [16-18]. 

In Section S we collect some further calculated properties of methylene. 


2. Descriptioa of the OrWtal Basis 

For all the calculations reported here we have used an orbital basis set of 
contracted Gaussian lobe functions, p-functions are constructed from two lobes 
with equal exponents tj, fixed coefficients (1.0 and - 1.0), and a distance d be- 
d r 

tween them such that — = 0.1. d-functions are constructed in the same way, 

except for d^i for which the distance between the two positive lobes is somewhat 
larger | ^ ~ negative thorus is discarded since it can be simulated 

by the .v-functions at the same center. 


Table 2. Gaussian basis set Tor CHj calculations 


No. 

Symmetry 

CoefTicienl 

d/2[«„] 

Exponent 

1 

■V 

0.00088 

0* 

9470.52 



0.00716 


1.397.56 



0.03864 


307.539 



0.15492 


84..3419 



0,45262 


26.9117 



0.85724 


9.4090 

2 


1 

0 

3.50002 

3 


1 

0 

1.2322 

4 


1 

0 

0.423084 

5 


1 

0 

0.147699 

6 


1 

0 

0.048957 

7-9 

Pi- 

0,1752 

0.020 

25.3655 



1.0928 

0.042 

5.77636 



3.6730 

0.075 

1.7873 

10 -12 


1 

0.123 

0.655774 

13-15 


1 

0.199 

0.25279 

16-18 


4.2316 

0.322 

0.096693 



0.17.38 

0.606 

0.027189 

19,20 

fH 

0,02448 

0 

33.6444 



0,18300 


5.05796 



0,82288 


1.1468 

21,22 


1 

0 

0.321144 

23,24 


1 

0 

0.101309 

25. 26 

P«.H 

1 

0.079 

1.6 

27, 28 

1 

0.158 

0.4 

29-33 

dc 

1 

0.097 

1.06803 

.34-38 

1 

0.176 

0.321144 

39-42 

P«.H 

1 

0.124 

0.65 


* dll is the distance of the lobes from the corresponding center (in Qq). 
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For the C-atom we started from the 11s, Ip basis set given by Huzinaga 
[28] contracted to 6 s-groups and 4 p-groups with (6, 1, 1, 1, 1, 1) and (3, 1, 1, 2) 
contraction, respectively. For the H-atoms a Ss Huzinaga [28] basis with 
(3. 1, 1) contraction was used. All exponents and contraction coeilicients are 
given in Table 2. Some further reoptimizations within this set (exponents, 
contraction pattern, and contraction coeificients) give minor corrections to the 
SCF-energies (in the order of 0,(X)1 a.u. or less) and can be neglected. 

I'his conventional basis set of approximately triple zeta quality has been 
enlarged by the addition of polarization functions: Two sets of Five d-functions 
at the C-atom with exponents of 1.06803 and 0.321144, two groups at each 
H-atom with exponents of 1.6 and 0.4, and one p„ group in either direction at 
the H-atoms with an exponent of 0.65. All these exponents are chosen reasonably 
(compare [29]), but nut fully optimized since the total energy is fairly insensitive 
to minor changes of them. Furthermore, a full optimization for a particular 
geometry and state may destroy the balance of the basis set. 


3. SCF'Calculations 


According to elementary molecular orbital theory CHj 
configuration 


has the electronic 


1 (T^ 2(tI 1 <tI 


1 nz 


in its linear conformation. Because of the twofold degeneracy of the l7t„ orbital 
this configuration leads to three low lying electronic states 

.\y I A 


When the IlCH bond angle deviates from 1 80 ' the degeneracy of the l7t„ orbital is 
removed and the state splits into an '/4, and a 'S, state. Consequently, we 
get the following correlation between the states of the linear and the bent 

conformation of CH 2 r. . 

^ ^ '/I* 


\al la] I 


» 

‘.1. 


\a\ 2a] 16^ 


S. 


.»>■ 


’B. 


,2 16? 

]a] 2a] Ihj 3a, 16, 
la] 2a] lb] 3a] 
la] 2a] Ih] 3a, 16, 


According to Walsh's rules [30] the lowest '4, state should be bent, the ^B, 
state, however, is expected to be linear ( = ) or almost linear. Due to the 

quasi-degeneracy of the 3a, and 16, orbitals there should be a strong configura- 
tion mixing of the two ‘4 , states for large bond angles. Consequently, the SCF- 
approximation cannot be very good for the *4 , state at large angles. 

As first step in our IF.PA-treatment of the CHj radical we have performed 
restricted SCF-calculations for the two lowest states (^B, and *4,) for various 
angles and fixed C-H distance B = 2.I0 a„. A Roothaan-McWeeny type SCF- 
programme has been used for the open- and closed-shell SCF-calculations 
[31-33]. To investigate the influence of the polarization functions on the two 
states and on the value of 4 £3^, we have used three different basis sets: 

Basis A: without polarization functions; this basis consists of the first 24 
groups of Table 2. 
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Table 3. SCF-energies for CHj with different basis sets. It 2.1 Og (all values negative, in a.u.) 


Angle 9 

State 

Basis A 

Basis B 

Basis C 

90' 


38.85868 

38.87386 

38.88582 



38.87947 

38.88956 

38.89563 

105' 

‘'ll 

38.86549 

38.87893 

38.89060 


’B, 

38.90215 

38.91187 

38.91755 

120" 

''*1 

38.86057 

38.87326 

38.88408 


"B, 

38.91260 

38.92237 

38.92772 

135" 

‘'<1 

38.84776 

38.85970 

38.86967 


^B, 

38.91355 

38.92323 

38.92835 

150" 


38.83241 

38.84298 

38.85206 


% 

38.90794 

38.91715 

38.92221 

165' 

“■4, 

38.82042 

38.82963 

38.83738 


% 

38.89994 

38.90846 

38.91351 

ISO' 


38.81602 

38.82447 

38.83162 



38.89583 

38.90402 

38.90900 

(a.u.) 


0.0487 

0.0450 

0.0385 

.1 fj ^ , (kcal/mole) 


30.6 

28.2 

24.2 


‘'i, 

106.2“ 

104.6“ 

103.9° 

■‘*0 

^B. 

129.1' 

128.9' 

128.5° 



I'ig. 1. SCF-energies of the two lowest states of CH 2 calculated with different basis sets. R(;„ = 2.la„ 


Basis B; with two ^.-functions at each H-atom; this basis consists of the 
first 28 groups of Table 2. 

Basis C: two sets of <f-functions at C, two p, and one p, at each H-atom; 
full basis of Table 2. 

The results of these SCF-calculations are collected in Table 3 and Fig. 1 and 
can be analyzed in the following way; 
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1) The qualitative features of the previous results in Table 1 are confirmed. 

Our calculation A coincides roughly with previous calculations without polari- 
zation functions [21-23] as far as the ground state energy and are 

concerned. The inclusion of the -functions (basis B) lowers A £ 3^1 by 
2.4 kcal/mole, resulting in energy values which arc rather similar to those of 
Meyer [25] who had used “bond functions" located in the C--H bonds. Finally, 
a further reduction of A £ 3^1 by 4.0 kcal/mole is achieved by the inclusion of 

and n functions (basis C) giving /I £ 3 .^, =24.2 kcal/mole. This value is 
almost identical to those of Bender el al. [14] and Hay et al. [24] though these 
authors use much poorer s- and p-basis sets and get less good ground state 
energies. 

2) This overall behaviour can be understood by looking at the details in 
Table 3. I he polarization functions, particularly dc and for small angles also 
p„ lower the '/I, state much more than the ^B, state. The reason is obvious: 
The inclusion of the polarization functions makes the basis more flexible as far 
as the 3t/, (lone pair) orbital is concerned, but does not affect the Ihi orbital 
which is antisymmctrical with respect to the molecular plane. Since the 3a, 
orbital is doubly occupied in the ',4, state and singly occupied in the ■’B, state, 
the gain in energy for '.4 , is approximately twice a large as for ^B,. 

3) I or large angles the 3a, orbital is similar to a Jt, orbital which is little 

affected by polarization functions (ju.st by small angles, however, it is a 

sp^ hybrid pointing away from the carbon atom and is influenced very strongly 
by the </< functions. Therefore, the inclusion of polarizjition functions favours 
smaller bond angles; this effect again is more remarkable for the U, state 
( -2.3 ) than for the •‘B, .state ( - 0.6 ). 

We conclude that the behaviour of the SCF-potential curves and the value of 
/I £3 ,, depends strongly on the polarization functions. The inclusion of them is 
even more important than the use of an extended .s- and p-basis though this 
might give lower SC’F-cnergic.s. 

4. Pair Correlation Energies in CH 2 

Our SC’i'-value for ^1 £j , , of 24.2 kcal/mole is still much higher than the 
experimental estimates [4, 7, 11, 12]. This is due to the neglect of the electronic 
correlation which lowers the total energy of the 'A^ state with respect to the 
■’B, state such that becomes smaller. Such a behaviour can be expected 

since the number of doubly occupied SCF-orbitals is higher in the */l, state than 
in the 'B, state. Furthermore, for both states the correlation energy changes 
appreciably with the bond angle and affects notic'eably the shape of the potential 
curves. 

In our calculations we take care of the electronic correlation by means of 
the lEPA-PNO method (“independent electron pair approach with pair natural 
orbitals"). Since this method has been reviewed recently for closed and open shell 
states [34-36] we do not go into the details here. In this method the total 
correlation energy of a molecule is approximated by a sum over pair correlation 
energies e,^: 

ficorr EcorrllEPA) = Z £(( + X (‘Cij + 

i i<J 
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where i and j denote the occupied SCF-orbitals. One distinguishes between 
intrapair correlation energies c,, and singlet and triplet interpair correlation 
energies 'c,j and (for 1 / 7 , singlet or triplet coupling of the orbitals i and j, 
respectively). 

The E,j are calculated independently from each other by means of a natural 
expansion [37] in terms of “pair natural orbitals" [38] (PNO's). With basis sets 
similar to those used in our calculation one generally gets 80-90% of the indivi- 
dual pair correlation energies. 

Unfortunately. (lEPA) is only an approximation to the total correlation 
energy Ejorr- the deviation - £„„ (lEPA) may have either sign. The error 
is mainly due to the fact that the e,j are calculated independently from each 
other where certain coupling terms are neglected (“additivity error"). Previous 
calculations, however, have shown that the lEPA results for properties like 
binding energies, excitation energies, force constants etc. generally are much 
more reliable than SCF-results. at least for small atoms [17] and first row 
hydrides [39]. 

in order to minimize these additivity errors, to save computation time, and 
to simplify the interpretation of the results we use localized SCF-orbitals 

according to the localization criterion of Boys [40] — and calculate pair 
correlation energies of localized pairs. In the closed shell 'Ai state of CH 2 all four 
doubly occupied SCF-orbitals can be localized and the SCF-determinant can 

be written ^('Ai) = \\aj2a] lh|3aJl = |K^/V^M^| 

where K, I, r, n denote the carbon X-shell, the left and right C- H bond orbitals, 
and the lone pair orbital, respectively. In the state, however, a complete locali- 
zation is not possible since one cannot mix doubly and singly occupied SCF- 
orbitals. So we are left with 

'P(^B,) = ll«f 2 uf lh|3a, tb,l = |K^/^r^3t/, lb,| 

The singly occupied 3 a, -orbital is almost identical with the lone pair orbital n. 

Tables 4 and 5 contain our results for the valence shell pair correlation 
energies calculated with basis C as functions of the bond angle 9 for fixed C-H 
distance £ = 2.10 Uq- E'c 's the sum of the e^. i.e. the lEPA estimate of the valence 
shell correlation energy. Since the X-sheli and X-£-intershell contributions are 
almost independent of R and 3 [391] we neglect them and expect £ = £scf + 
to represent the variation of the total energy with B very well. 

The interpretation of the results in the Tables 4 and 5 is rather simple and 
illu.strative. 

1) The intrapair correlation energies e{P)^ for the C-H bonds are almost 
independent of 9. E{n^), however, is rather sensitive to changes in 3 because of 
the change in hybridization and of the quasi-degeneracy of the 3ai and Ih, 
orbitals for large angles. 

2) The interpair correlation energies ey(/?^ 7 ) depend very strongly on the 
differential overlap of the localized orbitals / and j. Thus. e(/, r) becomes 
smaller — in absolute value — with increasing 3. Similarly. |e((, n)| for 'A i and 

' To avoid too much lower indices we adopt the notation r.(LJ) instead of r,,. e,j if the 
orbitals / and j are explicitly specified. Furthermore: c(i.J)= ’£(1,7). 
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Table 4 Angular dependence of (he valence shell pair correlation energies for the state of CHj 

(all energy values in a.u.. It - 2. 1 Un) 




90 

105 

120 

135 

150' 

165" 

177" 

^5C 1 

n‘ 

.^8.«956.1 

-38.91755 

38.92772 

-38.92835 

-38.92221 

38.91351 

-38.90922 


2 

0.02992 

0.02956 

0.02927 

0.02909 

0.02897 

- 0.02883 

- 0.02871 


1 

0.0145.1 

001.104 

- 0.01206 

- 0.011.18 

- 0.01087 

- 0.01052 

0.01037 

i.tt, lu,)’' 

*) 

001. TV) 

0.01.163 

0.014.K) 

0.01532 

0.01691 

0.01907 

0.02044 

Mf, Ih,)" 

2 

0.017.5K 

0.01779 

0.01813 

0.01861 

0.01927 

0.02015 

- 0.02068 

1^,)' 

1 

0 (K)776 

0.(X)79K 

0.(X)820 

0.(X)844 

0.00870 

0.00892 

0.00925 

1; 


0 14.189 

0 14298 

0 14.166 

■0.14586 

0.14987 

0.15554 

- 0.15928 

l-VI + f'-l 


19 01952 

.19 06053 

.19.071.38 

39.07421 

.19 07208 

39.06905 

-39.06850 


* Number of equivalent pairs with the same i,j. 
'' Sum ol and ’i.„ 

' In this case only (he h:,, occurs ( .Vi] 


I ahles S Angular depuiideiice of the valence shell pair correlation energies for the U, state of CH^ 




(all energy values m a.u . 

R - 2.l«i,l 





‘XI 

105 

120 

1.15' 

150 

f'V 1 

«' 

38,88.5X2 

38.89060 

- 38.88408 

38.86967 

38.85206 

It/-') 

T 

0032.58 

0.03270 

- 0.03277 

- 0.03276 

•- 0.03251 

i:0. r-l*’ 

1 

- 0.01915 

001792 

- 001727 

- 0.01704 

- 0.01711 

1(11^1 

1 

0,0.1920 

- 0.03906 

- 0.03825 

- 0.03688 

- 0.03541 

1(1. Ill'' 

•> 

0.02.178 

- 0.02.177 

- 0.02409 

- 0.02471 

- 0.02563 

b. 


- (1 17107 

0 16992 

0.16924 

- 0 16886 

- 0.16880 

I'MI -t b( 


■ .19.05689 

-.19.06052 

- .19.053.12 

-.19,03853 

-.19.02086 


‘ Number of equivalent pairs with the same r„. 
" Sum of 'i:,j and 'i.,j 


|t;(/, 3a, )| and I'cOa,, lfr,)| for become smaller for decreasing angle since the 
3a , orbital (the lone pair in '/4 , ) is pushed away from the C-atom changing from a 
p. orbital at 180' to a sp^ hybrid at 120’. r.(/, lb,), however, depends less 
significantly on since the distanc-e of the centers of gravity of the I and lb, 
orbitals does not depend on .V. 

3) Since the lb, orbital is not occupied in the SCF-determinant for the U, 
state it is still available for excitation in the Cl-calculation. Consequently, the 
absolute values of £(/^) and e(/. r) are appreciably larger in the ‘>4, state than in 
the 'B, state. 

From these details the overall behaviour can be understood quite easily. 
|£( | is much larger in the U, state than in the '^B, state. This is due to the large 
value of |£(h^)| which has no counterpart in the ^B, state and to the unoccupied 
lb, orbital causing larger values of |£(/^)| and |e(/, r)| for the U, state. At the 
energy minima near 105“ and 135“. respectively, the difference in the correlation 
energies is about 0.024 a.u. = 15 kcal/mole. llius, the influence of correlation 
lowers from 24 to about 9 kcal/mole. 

The angular dependence of £(• — see Fig. 2 — can be understood as well in 
terms of the Sij. In the '/4, state the changes in e(/, r) and e(l, n) cancel such that 









Ab Initio Calculations on Small Hydrides Including Electron Correlation. X 


57 



Fig. 2. Angular dependence of the valence shell correlation energy £(. of the two lowest states of CHj. 

ff CH = 2. 1 Oo 

E(- is almost independent of S. For angles smaller than 105° the increase in 
|(;(/, r)| dominates causing an increase in |£el and a decrease in the equilibrium 
bond angle. For the ground state, however, a strong increase of |£c| with in- 
creasing S results such that the well depth — i.e. the energy difference 
£(180°)- £(135°) - is lowered appreciably from 12kcaI/mole in the SCF- 
approximation to 3.5 kcal/mole with correlation. The equilibrium bond angle is 
enlarged from 128.5' to 1.M.2''. 



Fig 3. SCF- and lEPA-potential energy curves for the two lowest states of CH^. R(;,| = 2.1ao 
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In Fig. 3 the potential curves £|i9) are given for fixed R both in SCF-approxi- 
mation and with correlation. 

5. Molecular Properties of CHj 

I\) get a last correction to the value of we have to take into 

account that the C H distance for both states can be different. Therefore, we have 
calculated the SCF- and valence shell correlation energies for both states for a 
symmetrical variation of R at fixed bond angles (Table 6). 


I iibk- (> Dcpt-mioncc nl S( I - :ind vulciicc shell correlation energies in the 'W, and ‘/4, states of CHj 

on the (■ H distance (/? = /?, = 





«-=2.0 <i„ 

R = 2.1o„ 

R = 22u„ 

‘■1, 

1 

18 878H<) 

.18 8K‘8)7 

• .18.890.59 

-18.88585 

1(1.'' “i 

!■< 


0 1677.1 

- 0.17008 

- 0.17216 


/-V 1 1 /•( 


.1V.056X(1 

.19.06067 

- .19.05801 



.(8.‘i244l 

- 18.9106,1 

- .18 92815 

-.18.91979 

ns 


(1 I42.V. 

0 14406 

0.14.586 

- 0.14761 



iy.()(.<i77 

.19 07469 

.19.07421 

.19.06742 


I able 7 .Molecular properties oft II 


l•ropcrlv 

S( 1- 

Ib.PA* 

Ivxp. 

'/ti gioiind stale 

lotal energy (a.u ) 

■ .18 91078 

- .19 075.19 


«.,(A) 

1 tK>9 

1.081 

11.029 [.5. 71) 
1.078 [8] 

■A, 

12X5 

1.14.2 

116 + 8 (9. lOJ 

well depth (kcal. molel 

12-2 

1.5 


/■'„ (mdyn.A) 

6 28 

5,85 


Imdyn A) 

0.45 

0,28 


binding energy (kcal molel 

155 

187 

180 ±5 [42T’ 
1208 [41]'’) 

'■1, excited stale 

total energy (a.u.) 

18.89090 

- 19.06070 


K„(A) 

1.0‘),5 

1 116 

1.11, [6] 

■A, 

10.1.9 

102.5 

102.4 [6] 

well depth (kcabmole) 

17 1 

141) 


f, Imdyn. A) 

5.44 

5.08 


b], Imdyn, A) 

0.60 

0.55 


'B, - '.4, crossing angle 

80 

105 


I6i ., Ikcafmolc) 

2.5.1 

9.2 

0. .21' 

1115 llkcat molel 

17 



■*8, -* '4 , 1180 ) ikeal, mole) 

49 

1.501 


‘.4, (102.5 Ikeal, mole) 


|69| 

79 86 [6] 


Values in parentheses are less eertain. 

* Only valence shell correlation included. 
*' F.xperimental heat of formation. 

‘ Compare discussion in the introduction. 
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One observes that |£el increases almost linearly with increasing R. This leads 
to larger C-H equilibrium distances as compared to the SCF-values, to larger 
anharmonicities of the potential curves, and to lower harmonic force constants 
(compare Table 7). The value for is changed slightly to 9.2 kcal/mole. 

The k-dependence of |£e| is mainly due to the increase of |(:(/^)| with R and has 
been discussed in earlier papers of this series [39]. 

Table 7 contains values for some further molecular properties calculated for 
both states (with basis set C) and compared with experimental results. The 
calculated equilibrium distances and angles are in good agreement with experi- 
ments, the lEPA values generally are slightly better than the SCF-values. The 
only discrepancy occurs for Rq in the state. Herzberg's first value of 
1.029 A [5. 7] disagrees completely with our and other theoretical results [41]. 
This seems to be a consequence of the first incorrect interpretation of the triplet 
spectrum of CHj [5]. Indeed. Herzberg and Johns later have shown [ 8 ] that the 
triplet spectrum is compatible with a bent ^B, ground state and a C-H distance 
of 1.078 A. This value is supported by our calculation as well as by McLaughlin 
et al. [41], particularly if one takes into account that the IF.PA generally leads 
to slightly too large equilibrium distances. 

The harmonic force constants Fn and £» for the symmetrical stretching and 
the bending vibration are calculated with neglect of the small coupling term. 
The results agree with those of McLaughlin et al. [41] for the ^B, state with the 
exception that these authors do not find the decrease in Fx after the inclusion of 
correlation. Since the angular dependence of the energies is very anharmonic 
(see Fig. 3). particularly for the ^B, state, one should be careful not to calculate 
the vibrational levels just from fj,. 

The second root in the lEPA-CI for the lone pair of the 'A, state at 180" 
gives an estimate for the energy of the excited state which is expected to be 
linear (='£,). The energy difference for the excitation 'y4,(102.5'')-*' is 
estimated to 69 kcal/mole which agrees with the band observed by Herzberg 
and Johns [ 6 ] between 3330 and 3625 A (86-79 kcal/mole) and tentatively 
assigned to a M, -+ ‘Zg transition. 

The total binding energy for the ^B, ground state of CHj is changed 
appreciably by correlation from 155 kcal/mole in the SCF-approximation to 
187 kcal/mole with lEPA. This value has to be reduced by. 10 kcal/mole — the 
estimate for the zero point vibration energy - to be comparable with experimen- 
tal heats of formation as given by Herzberg [7] (178 kcal/mole) and Prophet 
[42] (180 ± 5 kcal/mole). The value recommended by Gaydon [43] (208 kcal/mole) 
is far off and seems to be completely wrong. 

We have to add some remarks concerning the accuracy of our calculations 
and of the predicted properties. The main error sources in the SCF- and lEPA- 
calculations are: limitation of the Gaussian basis set, additivity error and neglect 
of higher substituted configurations in lEPA, neglect of £-shelI correlation. 
These errors can have different signs and cancel partly, especially if one is 
interested in transition properties. A detailed analysis of the possible errors 
occuring at the equilibrium geometries of both states leads us to the following 
estimates for ^£ 3 ^, 

SCF-limit 22 ± 2 kcal/mole 
final value 9 ± 3 kcal/mole 
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which agree fairly well with the estimates given by Bender et al. [14]. lEPA 
calculations with comparable basis sets on the carbon atom [17] yield transition 
energies (excitation energies, ionization energy, and electron alTinity) with errors 
of the same order of 1-3 kcal/mole and support our above error estimate. 

The situation is less favourable for the '/(, state at large angles where the 
mixing of the configurations ... and ... Ihf is large and a one-determinant 
SCF-wavefunction is a bad approximation. Since our lEPA-method starts from 
an one-determinant SCF-approximation we expect larger errors in the potential 
curve of the 'A , state for large 3. The corresponding properties in Table 7 are 
given in parentheses, the potential curves in the Figs. 2 and 3 are given with 
dashed lines. 


Ai km)wlej(imi-ni. The author is indebted lo I'rof. lir. W. Kut/einigg and Dr. R. Ahlriuhs 
(Karlsruliel and to Dr. M Jungen (Basel) for their interest in this work and numerous discussions 
on this siih|ed. I he calculations have been performed at the ..Rechen/entrum der Universitat 
Karlsruhe” 
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A new definition of atomic charges in molecules is presented which conserves charge and 
dipole moment. It contains the Mulliken and Ldwdin definitions as special cases of zero and first 
order truncations of commutator expansions. The definition allows for a systematic improvement of 
charges paralleling the improvement of the basis set in the LCAO approximation. We have tested 
the definition in thirteen selected diatomics and polyatomics in optimal minimal Slater basis set 
SCF calculations by means of 4G-levcl Gaussian expansions. The results suggest that the propased 
definition Ls better than either Mulliken's or Lowdin's definition. 

Keywords: Atomic charges Dipole moments. 


I. Introdiictiofl 

In recent years, many attempts have been made to improve the standard 
population analysis suggested by Mulliken [I] and also by Daudel [2]. They 
fall essentially in three categories; 

i) The partitioning of two-center atomic orbital overlap integrals in atomic 
parts. The Mulliken definition falls in this category. More sophisticated definitions 
are those by Lowdin [3], which conserves the dipole moment of a two-center 
charge distribution and by ChristolTersen [4], which uses coefficients of an SCF 
calculation for weighting. 

ii) The use of symmetrically orthogonalized atomic orbitals [5]. This method 
is essentially underlying the CNDO and related methods by Pople [6]. 

iii) The definition of regions in space which are attributed exclusively to 
atoms. This method has been pursued qualitatively by means of force fields by 
Bader [7] and quantitatively through considerations of noninteracting atoms in 
molecules by Politzer [8]. 

The advantages of these methods are largely set off by their disadvantages. 
The third category is most attractive to the experimental chemist and it also 
offers theoretically a broader range of application than either the first or the 
second. In particular, the latter ones cannot be directly applied to single-center 
orbital sets. In a case of single-center MO's with one non-linear variation param- 
eter, Hartmann and Jug [9] segmented the space in atomic regions for five- 
membered heterocyclic systems to obtain atomic charges. The problem was here as 

* Presented in part at the F..U. Condon Symposium, Sanibel Island. Florida, 21-27 January 

1973. 

** Permanent address. 
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well as in the other methods of this category [7, 8] the definition of the atomic 
regions and the integration. In general, this problem is of crucial difficulty and 
the latter methods have been applied so far to linear systems only. The advantage 
of the second method is that no overlap distributions appear explicitly. Implicitly 
it needs atomic orbitals from other centers to obtain orthogonalized AO's. 
No justification has been given so far with regard to the relevance of these ad- 
mixtures. The first category seems to offer the least difficulty if an atomic basis 
set is used and consequences of partitioning are investigated properly. This 
means that a relation to a measurable physical quantity has to be established. 
Only the Ldwdin definition based on the conservation of the dipole moment is 
of this type. 

In previous papers [10, 11] we have laid the ground work for a general 
definition of the first category and applied the concept to several diatomics. 
The application was limited to four-orbital expansions of integrals related 
through commutator equations. This paper extends the application to optimal 
minimal basis set expansions for thirteen selected diatomics and polyatomics. 
It also gives proof of the conservation of charge and dipole moment in a general 
fashion. Tables with atomic net charges, n-n separation, atomic occupation 
numhers, dipole moments and ionic character of bonds are illustrating the 
differences between Mulliken. I-dwdin and this work's definition of atomic 
charges. 

2. The Method 


The commutator equation 

ii-[i..v] (2.1) 

with hermitian and antihermitian operators l. .v and u is equivalent to an infinite 
expansion of integrals over the above operators in a complete basis set / 

= I , - -x^lS , (2.2) 

/. /' 

with 

</d« I '•> etc. 

In truncated expansions the above relationship between the integrals in (2.2) 
is in general only approximately valid. 

In the following, we discuss two cases for which (2.2) is representing an equality 
in a futile expansion. 

1. Coaservation of charge: n = 0. v = 1. 

If we take as expansion functions /,/' only tho.se which arc used to define 
the inverse matrix .S' it holds that 

/./ 

N 

/ x' 

^ Itv 

= 0 . 


(2.3) 
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2. Conservation of dipole moment: u = 0.x = r,t = r 


I ' )«• . 

x.x' 

= 0 . 


(2.4) 


The first case demonstrates that charge is conserved no matter what operator 
is chosen for t. For the conservation of the dipole moment t = r is necessary. 
Combining these two observations we choose r = r for the charge distribution 
in order to have it on the same footing as the dipole moment partitioning. This 
means that the total dipole moment of a distribution can be represented as the 
sum of a charge transfer moment and hybrid atomic moments. We now write 
(2.2) in such a way that the purpose of partitioning is more apparent. Consider 
two orbitals /i and v on two different atomic centers A and B. We rewrite (2.2) 
for u = 0 and t = r by using only orbitals on centers A and B in the expansion 


with 



ABBA 

fi' v' v'^^v 

X 


(2.5) 


0 =F -F 

* an * vv • 


Kquation (2.5) presents a two-center integral in terms of single-center distribu- 
tions and .X,,,. on atoms A and B plus additional two-center terms and 
If we expand these latter terms again in terms of single-center distributions 
we can iteratively obtain a representation of any two-center term of .x by single- 
center terms of atoms A and B. Since we have already proved that for .x = I and 
v = r we obtain equalities (2.3) and (2.4). it means that in (2.5) we distribute two- 
center overlap integrals among atoms A and B under conservation of charge 
and dipole moment. In any polyatomic molecule we define a charge transfer in 
the dir“Ction of an internuclear axis. This corresponds to the dipole moment 
conservation in this direction. In such a local coordinate system there are no 
two-center integrals perpendicular to the internuclear axis which would need 
expansion. If partitioning is defined in a local coordinate system and the unitary 
transformation to molecular coordinate systems performed properly [6], the 
rotational invariance is guaranteed. The translational invariance is a simple 
consequence of (2.5) and (2.3). The two-center terms of any other physical quantity 
X. which commutes with the dipole moment, can be partitioned iteratively in 
single-center distributions according to (2.5). Such other quantities are the 
quadrupole moment and higher moments. However, their expansion is exact 
only in an infinite complete set; finite expansions will in general lead only to 
approximations for x^,,. 

In the following charge and dipole moment analysis of SCF MO calculations, 
we now use in (2.5) all atomic orbitals //' and v' of the SCF basis set instead of 
four (or less) orbitals previously [11]. We found the four-orbital expansions 
rather too short. Their results were often close to Lowdin’s two-orbital expansions 
ft' = H and v' = V. 
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3. Cakufaitioiis and Discnsskn 

We have performed SCF calculations with optimal minimal Slater basis 
sets expanded in Gaussians on the 4G-level. The program used was MOLPRO 
written by Meyer and Pulay. The following thirteen molecules were investigated: 
C'O, Lih. LiH. BH. HF. H^O, NHj. CH^. CjH^. C^H^, C^Hj, HCCLi, HCCF. 
(ieomelrics for the diatomics were taken from Ransil [12]. for H,0 from del Bene 
and Poplef 13). for NH,.f H 4 .C' 2 H„.C’,H 4 .C 2 H 2 from Palkeand Lipscomb[l4] 
and IK CLi. MCC 1- from McLean and Yoshimine [15]. In the latter two cases 
the H(- distance chosen was the same as in C 2 H 2 . The exponents for LiH, BH, HF 
were from Ransil [12], all others from Pople and coworkers [16]. 

Atomic net charges were calculated for these molecules according to Mulliken, 
Lbwdin and our method in Section 2. These net charges are defined as the dif- 
ferences between gross atomic populations and nuclear charges. The results 
arc presented in Table 1. In compounds containing hydrogen, the Mulliken 


Table I. Atomic net charges 


Miileciile 

Atom 

Mulliken 

I ilwdin 

This work 

( ( ) 

( 

1 0 220 

1 0.245 

+ 0 284 


(> 

0.220 

-0 245 

0.284 

1 il 

1.1 

1 0.262 

t 0..140 

1 0.257 


1 

0.262 

- 0..140 

- 0.257 

l.iK 

1 1 

1 0 147 

+ 0618 

+ 0.459 


11 

0..147 

0.618 

0.459 

Lfll 

11 

+ 0.019 

1 0 .104 

+ 0.151 


11 

0019 

o..in4 

0.151 

nr 

1 

0.214 

O.IKiO 

0.196 


11 

+ 0 . 2.14 

+ 0.060 

+ 0.196 

11 ,0 

0 

0.4<K) 

-0010 

O.KX) 


II 

+ 0 2(K) 

+ 0.(K)5 

+ 0.1.50 

Nil, 

N 

0 492 

+ 0 158 

-0.162 


II 

( 0 Ki4 

0.051 

+ 0.121 

(11, 

( 

O.OSO 

+ 0.788 

+ 0.056 


II 

+ 0.020 

0.197 

-0014 

t ..11,. 

( 

0.045 

+ 0.597 

+ 0.072 


II 

+ 0.015 

- O.IW 

-0.024 

(',11, 

t 

0 Kid 

+ 0 276 

-0.078 


11 

+ 0.080 

- 0.1.18 

+ 0.0.19 

( ,11, 

C 

0.198 

0.(K)5 

-0.171 


II 

+ 0 198 

+ 0.(K)5 

+ 0.171 

IRfl.i 

II 

+ 0 165 

0.017 

+ 0.1.12 


(' 

0 27.1 

-0 116 

-0.291 


f 

-0 187 

-0.248 

-0.165 


1 i 

+ 0.295 

+ 0.401 

+0.126 

MfO 

H 

+ 0.207 

+ 0.020 

+ 0.187 


t 

•0217 

+ 0.IK)2 

-0.161 


C 

+ 0.082 

-0.016 

-0.008 


I- 

-0.072 

-0.006 

-0.016 
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analysis leaves the hydrogen more positive by an average amount of 0.035 charge 
units than our method, except LiH and BH where the relative shift is 0.11 and 
0.13. The Ldwdin method yields much larger shifts towards hydrogen ranging 
from 0.17-0.28. The Mulliken analysis disqualifies itself on the basis of non- 
conservation of the dipole moment of charge distributions. Alternatively, if the 
two-center atomic dipole moments would be partitioned on the same footing 
as the charge, the Mulliken analysis would yield atomic hybrid moments on 
hydrogen, an intolerable situation since there is only a IsH-orbital in the basis 
set. The relative shift of charge towards hydrogen in our method is particularly 
important in CH^ and where the polarity is reversed compared to Mul- 
liken. Since a long time, the organic chemists considered hydrogen as slightly 
negative in CH4. Wheland [17] reasoned that the electronegativity difference 
of C and H would be overcompensated by the relative effect of size of the C and H 
atoms in covalent bonds and hybrid moments would also tend to generate a 
bond dipole moment in which the C is at the positive end. The Lowdin definition 
is apparently overshooting the corrective effect of charge transfer to hydrogen. 
It is chemically not appealing to find H to be strongly negative (0.20) in CH4, 
fairly negative (0.05) in NHj and almost neutral (0.005) in HjO. The explanation 
is that the Lowdin method corrects the Mulliken method in the right direction, 
however, its expansion of (2.5) is loo short for the stringent condition of dipole 
moment conservation. The shift of charge towards hydrogen is also strongly 
pronounced in a method by Politzer and Harris [8]. They applied their method 
to standard douhle-zeta calculations of C2H2, HCCLi and HCCF. They find a 
much stronger shift of charge compared to Mulliken for all the atoms than we 
do with optimal minimal basis set calculations. Unfortunately there is no reference 
to implications for the dipole moment in their work. 

For CO and LiF, the differences between Mulliken’s, Lowdin's and this 
work's method are not so pronounced as in most of the other molecules. How 
relevant the absolute values of these net charges are will be discussed in relation 
to dipole moments and quality of wavefunctions in one of the following para- 
graphs. 

Table 2 illustrates a breakdown of charge transfer in terms of a and n separa- 
tion. From this table it appears that the a electrons arc polarized in the nuclear 
framework and the n electrons then adjust in the field of nuclei and a electrons. 
Thus they are creating an opposite trend compared to the a electrons. The three 
types of charge definitions differ only in the magnitude of a polarization and n 
adjustment. It should also be pointed out that in minimal basis sets, ir-charges 
arc the same in Lowdin's and our method since there is only one n orbital on each 
atom available for expansion. The second n orbital on any atom cannot be coupled 
by the dipole operator to any one of the first .set. 

Table 3 contains the orbital occupation numbers. Most significant for a 
comparison is the fact that Lowdin's definition strongly depopulates the p-orbital 
in the direction of an X-H bond in compounds containing hydrogen when 
compared with the Mulliken approximation. Our definition reduces this effect 
considerably. An explanation for the huge transfer by the Lowdin method is 
given if we consider the center of charge of a Ish2px distribution. Since the p- 
orbital is directed towards atom H. the center of charge is moved towards H ; 
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Table 2. <t 

- a net charge separation 


Molecule 

Atom 


Mulliken 

LOwdin 

This work 

CO 

(■ 

(T 

+ 0.360 

+ 0.324 

+0.363 



n 

-0.140 

-0.079 

-0.079 


O 

a 

-0..360 

-0.324 

-0.363 



n 

+ 0.140 

+ 0.079 

+ 0.079 

l.il 

Li 

a 

+ 0.8.30 

+ 0.800 

+ 0.717 



n 

-0.568 

-0.460 

-0.460 


1 

fi 

-0.830 

-0.800 

-0.717 



n 

+0.568 . 

4 0.460 

+ 0.460 

IK Cl 1 

H 

a 

+ 0.165 

-0.037 

+ 0.132 



n 

0 

0 

0 


( 

a 

-0.235 

-0.066 

-0.243 



R 

-0.038 

-0.050 

-0.050 


( 

(j 

-0.379 

-0.410 

-0.327 



n 

+ 0 192 

+ 0.162 

+ 0.162 


1 1 

n 

4 0.449 

4 0.513 

+ 0.438 



n 

0 154 

- 0 1 12 

-0.112 

IK (1 

II 

a 

4 0 207 

4 0.020 

+ 0.187 



It 

0 

0 

0 


( 

n 

0 123 

+ 0.098 

0.067 



n 

0.094 

- 0.096 

- 0.096 


(■ 

ft 

+0 150 

+ 0.040 

4 0.048 



n 

-0068 

- 0.0.56 

-0.056 


1 

ft 

■0.2.34 

-0.158 

-0.168 



n 

4 0 162 

+ 0.152 

+ 0.152 


this means a distribution favoring hydrogen. The difference in populations for 
the three methods is much smaller for the 2.v-orbital. Except for the diatomic 
hydrides and lIjO both Ldwdin's and our dellnition increase the population 
of the 2.s-orbital compared to Mulliken's and thus generate an opposite effect 
to the 2p-shift. 

Table 4 shows the various parts of the dipole moment in our charge definition. 
In C'C) the total hybrid moment is slightly larger than the charge moment and of 
opposite direction. In essence the atomic moment of the C atom is responsible 
for the sign of the total dipole moment. The sign of the dipole moment of the 
wavefunction agrees with the experimental moment [18], The agreement of 
magnitude, however, is fortunate since we know that the SCF limit yields the 
wrong sign [19]. Since the Cl results are most often insufficient for good agreement 
with experiment, it appears at this point rather useless to attempt an analysis 
with an improved wavefunction. This statement does not hold for LiF. The 
optimized minimal basis function of LiF yields only 53 of the large experimental 
dipole moment. Hence, it appears to underestimate the charge moment consider- 
ably. Also the relative magnitudes of charge and hybrid moments cannot be 
considered as final. This also means that the absolute value of net charge in LiF 
is still greatly underestimated by the best minimal basis set. In all other cases 
where experimental values are known the wavefunction generates an agreeable 
dipole moment. 
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Table 3. Atomic occupation numbers 

Molecule 

Atom 

l5 

2s 

2px 

2py 

2pz 


CO 

C 

1.998 

1.671 

0.570 

0.570 

0.971 

Mulliken 



1.990 

1.714 

0.539 

0.539 

0.972 

Lowdin 



1.987 

1.706 

0.539 

0.539 

0.944 

This work 


O 

1.999 

1.857 

1.430 

1.430 

1.504 




1.995 

1.868 

1.461 

1.461 

1.461 




1.993 

1.883 

1.461 

1.461 

1.486 


l.iF 

Li 

1.991 

0.090 

0.284 

0.284 

0.089 




1.986 

0.108 

0.230 

0.230 

0.106 




1.983 

0.167 

0.230 

0.230 

0.132 



F 

1.999 

1.940 

1.716 

1.716 

1.891 




1.997 

1.972 

1.770 

1.770 

1.831 




1.998 

1.954 

1.770 

1.770 

1,765 


LiH 

Li 

1.994 

0.402 

0 

0 

0.258 




1.981 

0.293 

0 

0 

0.107 




1.976 

0.392 

0 

0 

0.173 



H 

1.347 








1.618 








1.459 






HII 

B 

1.999 

1.809 

0 

0 

1.173 




1.996 

1.811 

0 

0 

0.889 




1.995 

1.807 

0 

0 

1.045 



H 

1.019 








1.304 








1.153 






11 F 

F 

1.999 

1,946 

2 

2 

1.288 




1.999 

1.9.14 

2 

2 

1.127 




1.999 

1.918 

2 

2 

1.278 



H 

0.766 








0.940 








0.804 






M/) 

O 

1.998 

1.862 

1.108 

2 

1,4.32 




1,997 

1,855 

0.887 

2 

1,270 




1.997 

1.841 

1.063 

2 

1.399 



H 

0.800 








0.995 








0.850 






Nil, 

N 

1.997 

1.597 

1.068 

1.068 

1.762 




1.988 

1.604 

0.793 

0.793 

1.664 




1.985 

1.663 

0.990 

0,990 

1.735 



H 

0.836 








1.053 








0.879 






CM* 

C 

1.994 

1.141 

0.982 

0.982 

0.982 




1.973 

1.143 

0,699 

0.699 

0.699 




1.965 

1.294 

0.895 

0.895 

0.895 



H 

0.980 








1.197 








1.014 









70 


K.Jug 


Table 3 (continued) 


Molecule 

Atom 

l.^ 

2.S 

2px 

2py 

2pz 

C.M,. 

( 

1.994 

1 151 

0.974 

0.974 

0.953 



1.974 

1 184 

0.693 

0.693 

0.860 



1 9fi7 

1 295 

0.886 

0.886 

0.894 


H 

0.985 







1.199 







1.024 





( ,11, 

( 

1.995 

1 162 

1.015 

1 

0.989 



1.974 

1.207 

0.704 

1 

0.8.38 



1 966 

1 314 

0.905 

1 

0.893 


II 

0 920 







1 118 







0.961 





( .11, 

( 

1 997 

1 1.10 

1 

1 

1.07 1 



1 971 

1.197 

1 

1 

0.837 



1 961 

I 282 

1 

1 

0.9.30 


11 

0 802 







0‘W5 







0 827 





IK ( I 1 

II 

0 815 







1 017 







0 868 






( 

1 997 

1 161 

1.019 

1,019 

1.076 



1 972 

1 243 

1.025 

1.025 

0.852 



1 962 

1 129 

1.025 

1 025 

0,953 


< 

1 996 

1 .304 

0 904 

0.904 

1.080 



1.971 

1 534 

0919 

0.919 

0,904 



1 .965 

1.486 

0 919 

0919 

0.875 


1 1 

1.991 

0 .307 

0077 

0.077 

0,253 



1 982 

0.294 

0.056 

0.056 

0.211 



1 778 

0..361 

0.056 

0.056 

0.222 

net I- 

II 

0.79,1 







0.980 







0.813 






(■ 

1.996 

1.092 

1,047 

1.047 

1.034 



1.971 

1 141 

1.048 

1.048 

0.789 



1 960 

1.229 

1.048 

1.048 

0.877 


( 

1,997 

I.OlO 

1,0.14 

1,034 

0.844 



1.973 

1 166 

1.028 

1.028 

0.822 



1.96.1 

1.192 

1.028 

1.028 

0.797 


1 

1.999 

1,933 

1.919 

1.919 

1.302 



1.999 

1.901 

1.924 

1.924 

1 258 



1.998 

1,907 

1.924 

1.924 

1.264 


In LiH. FH. NHj, HCCLi and HCCF the charge moment dominates greatly 
over the hybrid moment, in HjO they are almost equal and in BH the hybrid 
moment is considerably larger and of opposite sign to the hybrid moment. 
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Table 4. Dipole moment partitioning (a.u.) 


Molecule 

Charge 

Hybrid 

x^ 

Xj 

Total* 

Exp." 

CO 

-0.605 

0.956 

-0.312 


0.039 

0.044 


-0.732 

-0.542 

-0.101 


-1.375 

-2.60 


- 1.382 

-0.941 



-1323 

-2.31 


-0.357 

0.984 



0.627 

— 


0.339 

0.233 



0.572 

0.715 


0.381 

0.361 



0.742 

0.706 


0.452 

0.261 



0.713 

0.578 


1.256 

0.029 

-0.469 

1.075 

1.891 



-0.471 

0.249 

0.221 

-0.261 

-0.262 

-0.279* 

* Positive entry means - + polarity for the molecule as written. 



Mct.'lellan.A.L.; Tables of experimental dipole moments. San Krancisco; W.H. Freeman and Co. 

1963. 







' Reference from Yoshimine, M.. McLean, A. D.; Intemat. J. 

Quantum Chem. IS. 313 (1967). 


Table 5. Partial ionic character of atoms in molecules {%) 

Molecule 

Electronegativity* 

Dipole moment" 

This work' 

CO 

66 

2 

28 

LiF 

89 

91 

26 

LiH 

26 

77 

46 

BH 

< 1 

45 

15 

HF 

59 

41 

20 

HjO 

39 

33 

15 

Nllj 

19 

27 

12 

CH, 

4 


1 


4 


2 

C,H, 

4 


4 

CjH, 

4 

- 

17 


■■ Pauling,!..: The nature of the chemical bond, p. 64, 70. Ithaca, N. J.: Cornell University Press 1948. 

Ibid, p. 46. 

' Charge. 


Finally Table 5 summarizes our charge results and compares them with 
popular ^finitions by Pauling based on electronegativity differences and ex- 
perimental dipole moments. We find as Bader and Hanneker [7] did qualitatively 
that electronegativity is not too reliable to assess the ionic character of an atom 
in a molecule. Total experimental dipole moments are also limited since we can 
only estimate or measure by infrared spectroscopy bond dipole moments in 
molecules with vanishing total moments. Bond dipole moments however, are 
mostly not additive. A weak point in our work is the net charge of LiF which 
we would expect to be at least as ionic as LiH. 
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4. CoocliHioD 

The method tested in this paper for atomic charges in molecules is most 
general and useful in an LCAO SCF approach. It reveals that great differences 
in charges appear between Mulliken's and Lowdin's definition. The results we 
obtain by expansions larger than in either of the above methods lie often in between 
these extremes. To assess the reliability of the suggested method more thoroughly 
we arc in the process of calculating quadrupole moments to see how well the 
charge definition conserves the quadrupole moment. In principle we know that 
our method will reproduce a multipole moment with any desired degree of 
accuracy if we enlarge the basis set for the SCF calculation. This means it is on 
the same footing as the LCAO approach itself and suffers its drawbacks. An 
imbalanced basis set might yield a poor charge if the total dipole moment is 
far off the experimental value. LiF represents such a case. We plan to investigate 
this molecule with a double /eta set. It should be mentioned also that the con- 
vergence of our iterative charge process depends on the main single-center 
terms of (2.5). Convergence was fast in the hydrides, medium in CO, HCCLi, 
H( 'CL and slow in LiF. This seems to indicate somehow the quality of the wave- 
function with respect to dipole moments. A que.stion in this context is; Would 
similar basis sets yield similar charges. This question was asked and partially 
answered by Polil/er and Mullikcn [20]. In our definition we would like to 
tentatively state this: If two wavefunctions yield similar virial quotients and dipole 
moments and their density distribution in space is similar, we expect similar 
charges. We shall investigate this point more thoroughly. Finally it should be 
mentioned that a charge definition based on a least square fit of two-center 
distributions in single-center distributions is pursued by Meyer [21]. This idea 
has been used also by Newton [22] and Billingsley and Bloor [23] for integral 
approximations rather than charges. I'he method does not conserve the total 
dipole moment and the charge has to be renormalized. It would be interesting 
to see how large the difference in charges is between the least square method and 
our method. 


.4t k.ni>wleJui'fnenl. The mum part (if this work wu-s done at the Theoretical t'hemi.stry In.'ititute 
of the University of Stuttgart I appreciuted the hospitality of Prof. H. 1’reus.s and his stafT during my 
stay Discussions about the topic of this paper with Prof. II. Prcu.ss and Dr. W. Meyer have greatly 
helped to advance the project. Computer time from the University of Stuttgart and Saint l.ouis 
University is gratefully acknowledged. Dr Meyer was helpful in furnishing his program MOLPRO 
for the SCI' calculations. 
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The ab initio molecular fragment approach is applied to a characterization study of the ground 
state of the zwitterion of glycine. Included among the properties studied are the tb-y’ conforma- 
tional energy surface, the electronic structure, and the magnitude and direction of the dipole moment 
The results of the present study are compared to the results of other theoretical and experimental 
studies. 

Key words: Zwitterion of glycine Conformational energy surface - Ab initio molecular fragment 
approach. 


1. IntriMiuctioii 

Glycine, a biologically important molecule having the distinction of being the 
smallest amino acid, exists as a zwitterion (see Fig. 1) in aqueous solution in 
the range of biological pH's [1]. In previous theoretical studies, the <^ — tp con- 
formational energy surface of the zwitterion of glycine has been studied by 
Ponnuswamy and Sasisekharan [2] using an empirical potential energy function; 
Imatnura et al. [3a] and Oegerle et al. [3b] have studied the electronic structure 
and preferred geometry of the zwitterion and neutral forms of glycine in 
CNDO studies; and the zwitterion of glycine has been characterized in the X-ray 
crystallographic geometry [4, 5] of a-glycine in an oh initio study by Ryan and 
Whitten [6]. 

In the present study, the ab initio SCF molecular fragment approach 
[7-19] is applied to a characterization study of the ground state of the 
zwitterion of glycine. These studies serve partly to provide comparisons with 
experimental and other theoretical studies, and partly to elucidate the ability 
of the molecular fragment approach to describe systems with large charge 
polarization. The entire <f) — y) conformational energy surface is studied, and a 
0 - ip conformational energy contour map is presented. The molecular orbital 
structure, as well as the magnitude and direction of the dipole moment vector are 
discussed for the conformation of lowest energy. 

* This work was supported in part by the National Science Foundation, the University of 
Kansas, and the Upjohn Company, Kalamazoo, Michigan 49001. 

** NSF Trainee ( 1969-1972), Current address — Department of Chemistry, Cornell University, 
Ithaca, New York 14850. 

*** Alfred P. Sloan Research Fellow (1971-1973). Author to whom correspondence should be 
directed. 
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ZWITTERION OF GLYCINE 



I. Nuclear numhering system and definition of i/> and v' for the zwitterion of glycine 


The nuclear geometry used in the present study is taken from the recently 
determined neutron diffraction geometry of a-glycine by Jonnsson and Kvick 
[20], This geometry is modined slightly according to several constraints, so that 
many fewer calculations arc needed to construct a grid for the entire conforma- 
tional energy surface in <)!)(•$ H3^ N-C2-CI) and N--C2-C1~01) [21]. 
The convention that (iji. v’) = (0,0) [22] is the fully eclipsed conformation is used, 
and the constraints applied are the following; 

1) A (^-rotation of 120' results in a final structure that is identical to the 
initial .structure. 

2) A (/’-rotation of 180" results in a final structure that is identical to the 
initial structure. 

3) Reflection through the Cl <r2-N plane takes H4 identically into H5, 
and vice versa. 

The imposition of these constraints results in only small deviations from the 
experimental structure (see Table i). The largest bond distance deviation is 
0.01 S A and the RMS deviation is 0.007 A, while the largest bond angle deviation 
is 1.2", and the RMS deviation is 0.6 '. With these three constraints imposed, the 
entire conformational energy surface may be studied with <f> running from 0 to 120" 
and (/) running from 0-180" and also, the surface has inversion symmetry about 
the point (60, 90). 

■The molecular fragment basis set [7-19], consisting of 30 floating spherical 
Gaussian functions (FSGO) [23] that are contracted to 25 basis functions, is 
described in Table 2. Since the methods for determining these basis orbitals and 
for forming large molecules from them have been described earlier, [7-19] they 
will not be repeated here. 

2. 0 — V’ ConfomuitioiMl Energy Surface 

A grid over the conformational energy surface [24] was calculated in IS" 
increments in <f> and ip. The absolute minimum was found at the point (60, 0). 
Using linear interpolation, a contour map was constructed (see Fig. 2) with 
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Table 1, Nudear geometry 


Bond 

Experimental* 

Constrained*’ 

Bond distances (in A) 


Cl-Ol 

1.250 

1.250 

C1-02 

1.251 

1.250 

C1-C2 

1.526 

1.526 

C2-H4 

1.090 

1.090 

C2-H5 

1.089 

1.090 

C2-N 

1.476 

1.476 

N-Hl 

1.054 

1.039 

N-H2 

1.037 

1.039 

N H3 

1.025 

1.039 

Angle 

Experimental* 

Constrained * 

Bond angles (in degrees) 


02-C1 01 

125.4 

125.4 

OI -C1-C2 

117.5 

117.3 

02 <:i-G2 

117.1 

117.3 

Cl C2-N 

111.9 

111.9 

CI-C2 H4 

108.8 

109.7 

C1-C2-H5 

110.5 

m.i 

H4-C2 H5 

108.0 

108.0 

N-C2-H4 

108.5 

108.8 

N-C2 H5 

109.0 

108.8 

C2-N-H1 

112.1 

111.4 

C2 N-H2 

111.7 

111.4 

C2--N H3 

110.4 

111.4 

HI N-H2 

108.7 

107.5 

HI N H3 

107.1 

107.5 

H2N-H3 

106.6 

107.5 


• See Ref. [20]. 

*’ The geometry ufied in the present studies. 


Table Z Molecular fragment data* 


f ragment type 

FSGO type 

FSGO Distance ■ 
from “heavy” atom 

FSGO radii (p) 

1U17,) 

C H 

1.23379402 

1.67251562 

R(C'. Hi ^ 2.05982176 

C inner shell 

0.0 

0.32784375 

111, (planar) 

C H 

1.130931.39 

1.51399487 

R(C, H)= 1.78562447 

C-TC 

±0.1 

1.80394801 


C inner shell 

0.0 

0.32682735 

OH [xp hybrid) 

a H 

0.76467773 

1.23671871 

R(0, H)= 1.54774058 

O LP((r) 

0.21614258 

1.28753780 


O LP(P) 

±0.1 

1.19741696 


O-Jt 

±0.1 

1.12242182 


O inner shell 

0.00057129*’ 

0.24028227 


N-H 

0.80547793 

1.50046875 

R(N,H)- 1.95021656 

N inner shell 

0.0 

0.27770068 


■ All distances are in Hartree atomic units, see Shull, H., Hall, G. G.: Nature 184 , 1559 (1959). 
This is the distance from the oxygen nucleus, along the O-H bond axis, toward the H nucleus. 
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ZWITTERION OF GLYCINE 



i IIS 2 (/) ■ I/' tunformalional energy surface for the /wittcrion of glycine. Contours arc given in units 
of kcal mole relative to the eiicrg) of the conformation of lowest energy 


contours in kcal/mole relative to the absolute minimum. Note that the conforma- 
tional energy surface is saddle-shaped with a saddle point at (60, 90). Also, the 
<l>- i)' map indicates that a wide range of conformations is accessible. For example, 
within a 2 kcal/mole range, any value of <j) is accessible when i/’ = 0 . For a rota- 
tion starting and terminating at the absolute minimum energy conformation, the 
lowe.st barrier for ^-rotation is 1.5 kcal/mole at (0, 0) and the lowest barrier for 
V’-rotation is 10.1 kcal/mole at (60, 90). 

Using an empirical energy function, Ponnuswamy and Sasisekharan [2] have 
also found the minimum to be at (60, 0). and 0.5 and 1 kcal/mole contours were 
plotted. It is of interest to compare the extent from the minimum of the 
1 kcal/mole contour in that study and in the present study. This contour has 
roughly the same maximum extent in the (direction in the two studies, with the 
contour of the present study having the largest extent. The greatest extent of the 
I kcal/mole contour in the ^’-direction in the study of Ponnuswamy and 
Sasisekharan is to i/' % 60", while in the present study this contour extends to 
g.’ « 20''. 

Imamura et al. [3 a], in a CNDO study, fixed (/> at 60° and found that 
y) = 0" was the energetically preferred conformation. They found a barrier for 
i/’-rotation of 5.8 kcal/mole at (60, 90). 
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There are three crystalline forms of glycine, a [4, 5, 20], P [25], and y [26], 
which differ primarily in the network of hydrogen bonds between zwitterions. 
(f> is known to be roughly 60° in a-glydne [20] but <j) has not been determined 
in P and y-glycine. yj is known to be approximately 18.6° in a-glycine, 24.8° in 
^-glycine, and 12.8° in y-glycine [26]. Note that, for a range of values of 0 (see 
Fig. 2), these i/' values correspond to conformations that are less than 2 kcal mole 
from the minimum energy conformation. In particular (58.3, 18.6), is the point in 
the constrained geometry closest to the experimental geometry of a-glycine [20], 
and this point has an energy 0.8 kcal/mole above the minimum. However, com- 
parison of the preferred conformation predicted by the present study with the 
conformation of the monomer in a-glycine from neutron diffraction must be 
made with caution. The results of the present study apply to an isolated mole- 
cule, and the effects of the crystal environment on monomer conformation 
could be considerable in the case of a-glycine. For example, Oegerle and 
Sabin [3b] have estimated that the displacement of the nitrogen atom from the 
plane of the heavy atoms in the crystal is a crystal packing effect, that can 
ixcur with only very little cost in energy of the zwitterion. Thus, the preferred 
values of <f> and ip may be determined by orientational requirements of inter- 
molecular hydrogen bonding in the crystal, since Ol, 02, HI, H2, H3, (and 
possibly H 4 and H 5) may participate in intermolecular hydrogen bonds. How- 
ever, the high monomer conformational energy associated with values of i/> near 
90 should be sufficient to make these values unfavorable in the crystal. 

3. Dipole IVfonKnt 

The dipole moment, /t, of the zwitterion of glycine has been determined in 
the present study in the minimum energy conformation, (60, 0). /i is constrained 
by symmetry to lie in the C l-<r2-N plane. fi has a magnitude of 13.33 D [27] and 
forms an angle of 29.1" with the C 1-C2 Ixtnd. This result is in excellent agree- 
ment with experimental value of 13.3 D for the zwitterion of glycine in aqueous 
solution as measured by Buckingham [28], and in moderate agreement (11%) 
with the experimental value of 15.0 D for the zwitterion of glycine in water- 
alcohol solution as measured earlier by Kirkwood [29]. Ryan and Whitten [6], 
in an ah initio study, have calculated the dipole moment of the zwitterion of 
glycine in the X-ray crystallographic geometry to be 12.17 D, while Oegerle and 
Sabin [3b] have calculated a value of 1 3.410 D for a geometry optimized using 
the CNDO procedure. 

4. Electronic Structure 

The elctronic structure of the zwitterion of glycine has been studied at the 
minimum energy conformation, (60, 0), and at the point (in the constrained geo- 
metry) closest to the neutron diffraction geometry [20], (58.3, 18.6). These results 
are presented in Table 3, along with the results from the ab initio study of Ryan 
and Whitten [6] at the X-ray crystallographic geometry [4, 5]. In the present 
study, each molecular orbital is characterized by means of a population analysis 
over the symmetric orthonormalized basis functions [18]. As has been generally 
observed in previous studies [7-19], the ordering of the valence molecular 
orbitals is identical to that observed in more extensive basis set studies. Further- 
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Table 1 Electronic structure* 


l(^. v) Energy minimum'’ 

Present calc. 

MO tyfie^ n, 

Experimental geometry* 



Present calc.* 


Ryan and Whitten' 

MO type' 

MO type** 


02 (Is) 

- I6,89.t 

02(l.s) 

- 16.893 

02 (Ls) 

-20.363 

Olds) 

- 16.865 

OKLs) 

- 16.865 

Ol(ls) 

-20.348 

Nds) 

- 1.1.219 

N(l.s) 

- 13.220 

NILS) 

-15.885 

(■2(ls) 

- 9..118 

C2(l.v) 

- 9.318 

Cl (Is) 

-11.488 

(Ids) 

- 9.126 

Cid.M 

- 9.126 

C2(l.t) 

-11.448 

N 11 

- 1.322 

N H 

- 1..323 

N-H 

- 1.500 

(■ f)(o) 

- 1.127 

C: 0(0) 

- 1.127 

C-0((T) 

- 1.344 

(' 0((7) 

1.022 

r 0 ( 0 ) 

- 1.021 

C-0((T) 

- 1.221 

( II. ( r 

- 0.894 

C H. f C 

- 0.895 

ff 

- 1.123 

N If 

- 0.664 

N H 

- 0.665 

N H 

- 0.%3 

N H 

- 0.659 

N 11 

- 0.659 

N H 

- 0.946 

( N 

0.5.39 

C N 

- 0.540 

ff 

- 0.807 

( II, t <■ 

0.477 

C fl.C c 

- 0.477 

ff 

- 0.751 

(■ If 

. 0.452 

<■ 11 

- 0.451 

ff 

- 0.736 

( )(.sp . Ip). 

0.2.V) 

Oisp - Ip). 

- 0.249 

01.02(lp) 

- 0.575 

{• 0(u) 


C Ofo) 




"s 

0217 

"s 

- 0.217 


- 0.523 

()(sp Ip) 

0 160 

Of.vp - Ip) 

- 0.159 

01,02 (Ip) 

- 0.504 

0(P Ip) 

1 0025 

0{p - Ip) 

-h 0.026 

01,02(/p) 

- 0.358 

0(P Ip) 

f 0.037 

0{P- lp> 

-f- 0.038 

01, 02 (Ip) 

- 0.339 


f (1087 


+ 0.088 


- 0.289 


( 0.680* 


f 0,654* 




' All energies are reported in llurtrec atomic units. Sec Shull, H., Hall.G.G.: Nature 184, 1559 
(1959). 

" (0. vl = «i0,0) 

' The neutron diffraction geometry (Ref. [201). X-ray crystallographic geometry (Refs. [4] and [5]), 
and constrained geometry arc quite similar. Sec the text for a discussion of the differences between the 
constrained and neutron diffraction geometry. The X-ray geometry is essentially the same as the 
neutron diffraction geometry except that the heavy atom-hydrogen bond distances are 1.T 1 7 ‘Id smaller. 

'* Where a given molecular orbital has a contribution of at least 50 '.d( 1.0 electron) of a particular 
type lax measured by a population analysis over the symmetric orthonormalized basis functions), then 
that contribution is indicated symbolically. If no single contribution comprises 50 of the molecular 
orbital, then the primary and secondary contributions are listed, separated by a comma. 

' til>. i/'l i5S 1 IS ft) 

' riic.se rcsiills arc lioni an nft SI 1 calculation of R\an .nul W bitten (Ref { ftj) at Ibe ,\-ra> 
crystallographic geomcirs. using .i basis set of I'J spherical (iaussian functions. The notation used to 
label the molecular orbitals has been changed from that found in Ref. [6J to an equivalent notation, 
in some instances 

• Lowest unoccupied molecular orbital. 


more, the detailed nature of the molecular orbitals is seen to be identical at the 
level of characterization in the Ryan and Whitten study, except that the ordering 
of the inner shell molecular orbitals involving Cl and C2 is reversed. Dis- 
appointingly, the highest three occupied molecular orbitals have p>ositive orbital 
energies in the present study. However, a plot of the valence molecular orbital 
energies, c, (R-W), for the Ryan and Whitten study vs. the corresponding orbital 
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energies, e,, for the present study at (58.3, 18.6) is approximately linear. This type 
of behavior has be«n observed in a wide variety of examples using molecular 
fragment basis sets [30], and appears to be an indication of the good balance 
of basis sets obtained using the molecular fragment procedure. A least squares fit 
of the current data to a straight line results in the following equation, 

ei(R-W) = 0.8571 £(-0.362, (1) 

where the RMS deviation from this straight line is 0.016. Thus, even though 
the molecular orbital energies have been shified upward and the spacings in- 
creased slightly, the proper ordering of valence molecular orbitals is maintained. 
Note also that the character of the various molecular orbitals is the same for the 
(60, 0) and (58.3, 18.6) conformations, and that the molecular orbital energies are 
nearly the same, with the largest change occurring for the orbital energy of the 
lowest unoccupied molecular orbital. 

5. Discussioii and Summary 

One of the more striking aspects of this study is the appearance of a rather 
wide range of conformations that are accessible to the isolated zwitterion, that 
are in the vicinity of the lowest energy conformer (60. 0). For example, the expec- 
ted ethane-type rotational barrier for rotation about ^ (for i/> = 0“) is substantially 
lower (1.5 kcal/mole) than is calculated in ethane itself (5.60 kcal/mole [8]) using 
the molecular fragment procedure. This rather flat energy surface for 4!>-rotation 
is apparently due to the presence of an additional effect in the case of the glycine 
zwitterion that is not present in ethane itself. In particular, the nuclear positions 
for an optimum intramolecular hydrogen bond tetween H3 and 0 1 are present 
at approximately (0, 0). Thus, the stabilization of the molecules by an intramole- 
cular hydrogen bond offsets the destabilization that is due to an “ethane-type" 
eclipsing at (0, 0). and results in a rather flat ((f>, 0) curve. 

Because of the low conformational energies associated with a ^-rotation and 
the fact that the intramolecular hydrogen bonded conformation, (0, 0), lies only 
1.5 kcal/mole above the lowest calculated energy conformation, the zwitterion of 
glycine probably assumes those values of tp in aqueous solution and in the 
crystalline state that facilitate intermolecular hydrogen bonding to the solvent 
water molecules in the former case and to other zwitterions in the latter case. 
Because of the higher energies associated with y’-rotations, it is anticipated that 
the values of y’ will remain in the 0 " ^ y> ^ 30" range. However, within this range, 
those values of yi which facilitate intermolecular hydrogen bonding in aqueous 
solution and in the crystalline state would be expected to be favored, as in the 
case of <f). 

The dipole moment, /t, was found to have a magnitude of 13.33 D, in good 
agreement with the experimental values, and /t was found to form an angle of 
29.1 with the C 1-C2 bond. The molecular orbital ordering obtained in the pre- 
sent study was in agreement with the ordering obtained by Ryan and Whitten 
[6], and an approximately linear relationship was found to hold between the 
valence molecular orbital energies calculated by Ryan and Whitten and those 
calculated in the present study. 
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Thus, even for molecules in whidi rather large charge polarization is en- 
countered, the molecular fragment procedure appears to provide a well 
balanced description of several molecular properties of interest, and appears to 
be appropriate for description of molecular systems of considerable size and 
variety. 

Acknowledgement. The authors would like to express their appreciation to the University of 
Kansa.s for partial support of the computing costs required for these studies. 
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Ah initio calculations have been used to examine the reaction profile for the 1 hydrolysis 
mechanism for formamide, giving a value of 67.3 kcal/mole for /iff*. Comparisons between computed 
snd experimental proton aiTinities are used to assess the reliability of the calculations. Orbital energies 
are reported for formamide. N-prolona/ai and O-protonated formamide. carbon monoxide and the 
(ormyl cation. 

Key words: Protonation of Formamide — Geometry of Formyl Cation - Reaction Profile - 
Computed Activation Energy. 


We have previously reported a theoretical study [1] on the acid catalysed 
hydrolysis of amides, esters and carboxylic adds (O*® exchange). The results of a 
small basis set ab initio calculation on the formic acid “hydrolysis" were markedly 
dilTerent from the majority of the calculations, which employed the semi-empirical 
extended Hiickel molecular orbital (EHMO) method. Recent ab initio studies 
[2, .3J have also shown that the EHMO predictions on the site of protonation of 
formamide were also incorrect. It was therefore decided to reexamine theX^.^! 
reaction profile for the decomposition of protonated formamide, this time using 
the more reliable ab initio method. 

Experimentally the reaction, which occurs in concentrated mineral acid 
solutions, is believed to proceed through a fast protonation step followed by a 
slow decomposition of the nitrogen protonated tautomer to produce the acylium 
ion and ammonia. 


o o 

R— C P— f- i!2%.RCO' + NHj 

\ 

NHj NHj 

Acylium ions are stable only as salts with SbFg ions [4-6J or in oleum solu- 
tions [7], and quickly pick up water in most acidic solutions to produce carboxylic 
acids. In the present theoretical study only formamide (R=H) was considered. 
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Computational Detaib 

The calculations were all carried out on an IBM 360-6S, using a modifled 
version of IBMOL-IV [8]. The basis set consisted of 8’ and y type Gaussian 
functions on oxygen, nitrogen and carbon, and 3' type functions on hydrogen, 
contracted to 2*, I’’ and 1' respectively [9]. 

The molecular geometries were those used in previous theoretical treatments 
[10 12]. Previous workers [13] using minimal basis set calculations found the 
carbon-oxygen bond length of HCO^ to be 0.02 a.u. shorter than in carbon 
monoxide. In the initial calculations in the present study the geometry of this ion 
was reoptimised with the larger basis set and was again found to be linear, but with 
the carbon-oxygen bond 0.075 a.u. larger than in carbon monoxide [14] (Fig. 1). 


f 0 BWiD ILNGTH <A) 



l ig. I Pint of computed total energy against carbon-oxygen bond length for the formyl ion 


Results and Discussion 

The computed total energies for all the species are recorded in Table 1 along 
with the estimated Hartree Fock limits [15, 12, 1 1]. These were used to construct 
the reaction profile shown in Fig. 2. The O-protonated formamide, although not a 
possible intermediate in this mechanism, was included to show the difference 
between the N- and O-protonated tautomers. The initial protonation reaction is 
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Table 1. Computed total energies (hartiees) 


Species 

Calculated total energy 

Hartree Fock limit 

O 

/ 

H-C 

- 168.1296 (planar) 

- 168.942’ 

\ 

NHj 

- 168.1299 (experimental geometry) 


H 

\ 

p 

H cL H 

- 168.535* 


/ 

N 

\ 

H 

O 

// 

11- C H 

- 168.5259 



\./ 

N 


O 

J 


M r H 

\ / 

o 

- 187.8161 

- 188.957“’ 

o 



// 

11 ( H 

\ 

. \ 

H 

-188.1576 


H.O 

- 75.6121 

- 76.048’ 

11,0* 

- 75.9726 

— 

NH^ 

- 55.9452 

- 56. W 

nh; 

- 56.3512 


t o 

-112.2118 

- 112.781’ 

HC'O* 

- 112.4380 

— 


• See Ref. [15]. 
" See Ref [12]. 
‘ See Ref [II]. 


predicted to be exothermic by 22.3 kcal/mole. However this energy difference, 
neglecting changes in zero point vibrational energy, is /Hig, the heat of reaction 
at O K. The equilibrium at 25° C depends on dG5,8, a thermodynamic property 
which has large contributions from enthalpies and entropies of solution. The 
hydration energy of the hydronium ion (H 30 ^) alone is estimated to be 
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I'ig. 2. Computed reaction profile for the A^l hydrolysis mechanism for formamidc 


irX) kcal/mole. [15] and this ion due to its ability to form strong hydrogen bonds 
will probably be the species most stabilised by solvation. Solvation then could 
easily reverse the relative energies of the reactants and products of the first step 
on the reaction profile. 

Fxperimentally the conversion of the hi-protonated amide to the acylium ion 
and ammonia is the slow step. Formally this requires heterolytic fission of the 
carbon-nitrogen bond and will be assisted by the partial positive charge ( + 0.67) 
on the NHj group. 

O 

* 2yf ^ 

Jj f o 070 

♦ o J7V 

' 

N 0.41.1 
j H*0 377 

H 

+ 0177 

The products of this fission reaction are computed to be 89.6 kcal/mole less 
stable than the N-protonated formamide. If these unstable products have similar 
energy to the transition state for this reaction. [17] then /iH* for the hydrolysis 
is calculated to be 67.3 kcal/mole. This compares with experimental values of 
between 27.2 and 31.8 kcal/mole for different benzamides [18], 

Decomposition of the formyl ion into carbon monoxide is computed to be 
more favourable than nucleophilic attack by water to produce formic acid. All 
these processes are predicted to be very exothermic, consistent with the experi- 
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mental observation that the formyl ion is very unstable [19]. The most stable 
products are carbon monoxide, water and the ammonium ion, the usual products 
found in the decomposition of formamide. 

The overall profile is similar to that obtained in ab initio studies on the 
decomposition of formic acid [1, 12], and is markedly different from that produced 
by the EHMO calculations. In particular, it predicts high energy intermediates 
as products of the kinetically slow step, whereas the semi-empirical calculations 
gave these to be the most stable species on the profile. 

In an attempt to assess the accuracy of calculations with this particular basis 
set, the proton affinities for the several weak bases were compared with experi- 
mental values. These are recorded in Table 2. 

Hydroxy-protonated formic acid, the only tautomer used in construction of 
this profile, was previously found to be 25 kcal/mole less stable than the cis-trans 
carbonyl protonated formic add [12]. The computed proton ailinity for formic 
acid in Table 2 will therefore be too high by this amount. All the computed proton 
affinities overestimate the experimental values, but the energy differences vary 
considerably. The largest difference is for water, for which the calculation over- 
estimates the experimental value by almost 50 %. Therefore it is safe to conclude 
that errors due to inadequacies in the basis set lead to an overestimation of energy 
differences for gas phase reactions of at most a factor of two. 

Finally, the orbital energies of protonated formamide and the formyl cation 
have never been reported. These are listed in Table 3, along with those of the 
unprotonated bases. Similarly to other species [21], protonation clearly stabilises 
all molecular orbitals, including those composed mainly of core orbitals from the 
carbon, nitrogen and oxygen atoms. This analysis of orbital energies then clearly 


Table 2. Proton aflinities (kcal/mole) 


Molecule 

Computed value 

Hxperimental value 

HjO 

226.3 

I5I' 

NH, 

254.9 

200* 

CO 

o 

y 

142.0 

131* 

H— C 
\ 

NHi 

(O-protonation) 

254.8 


H— C H 

V 

(hydroxy-protonation) 

214.4 

162^ 


• See Ref. [11], 
See Ref. [20]. 
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Table 3. Computed orbital energies 


o 

v 

H C 

NHj 

H 

O 

/V 

H--C % H 
/ 

n' 

H 

O 

/ 

H— C H 

' 

N 

I"h 

H 

CO 

HCO® 

20 

20.99.56 

- 20.9908 

- 20.8203 

-21.3169 

15.6202 

- 15.9978 

- 16.0895 

- 11.4371 

- 11.9789 

1 1 4492 

11.8096 

11.7342 

- 1.5294 

- 1.8920 

I .3719 

- 1 6755 

- 1 6428 

- 0.7529 

- 1.2155 

1 1527 

- 1.4816 

- 1.5373 

- 0.6071 

- 1.0618 

- 0K(KI6 

- 1 1419 

- 1.0949 

- 0.6071 

- 0.9721 

0.6941 

- 1.0311 

- 1.0109 (a") 

- 0..5001 

- 0.9721 

0.6165 

- 0.94.34 

1.0090 



0.5361 

0.9084 

- 0.9277 



0 5295 

0.8340 (a") 

0.8285 



0 3622 

0.754.3 

■ 0.724.3 (a") 



0.3362 

0.67(X) (a") 

- 0.6784 




shows that valence shell molecular orbital calculations (like the EHMO method), 
which assume the energies of the inner shell electrons are unchanged, cannot hope 
to successfully predict energy dilTerences for even the simplest chemical reaction, 
protonation. 
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An Application of RPA Theory 
to Conjugated Systems in the Excited States 
II. Linear Polyenes 

Kazuo Kitaura and Kichisuke Nishimoto 
Department of Chemistry, Osaka City University, Sumiyoshi-Ku, Osaka. Japan 
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In order to obtain a relationship between the molecular dimension and the correlation effect. 
RI’A method has been applied to the calculation of electronic transition energies of linear polyenes. 
It has been found that the effect of electron correlation on the excitation energy decreases with increasing 
the size of molecule. The calculated oscillator strengths are remarkably improved by RPA calculation. 

Key words: RPA calculation - Conjugated systems - Polyenes - Transition energies. 


The calculation of the electronic transition energy is usually carried out by 
considering the configuration interaction (Cl) among the excited configurations. 
It can be assumed that the configuration of very high energy would make no 
significant contribution to the lower excited states. Therefore, the Cl procedure 
is usually made among only a limited number of the lower singly excited con- 
figurations. However, in some molecules, certain lower excited states are largely 
affected by doubly excited configurations [1]. For large molecules, these effects 
are not so clear, since the number of doubly excited configurations becomes 
very large. 

The RPA method provides a tool of studying correlation effect on the lower 
excited states avoiding troublesome with large Cl calculation [2, 3], The RPA 
method does not handle doubly excited configurations explicitly, but it takes 
partly into account their effects to the lower excited states as de-excitation 
processes of doubly excited configurations included in the ground state. Previously, 
Donath [4] showed that the third excited state of benzene was strongly affected 
by the doubly excited configurations. As we have shown in the previous paper [S], 
the RPA calculation gave the same result. It is interesting to know the dependence 
of molecular size on the correlation effect to the excitation energy, because the 
electron repulsion integrals over molecular orbitals (MO's) are reduced as the 
dimensions of MO’s increase. For this purpose, the energies oin—n* transitions 
of linear polyenes are calculated by RPA method in this paper. The procedure 
of calculation and the parametrization are the same with those in our previous 
paper [5], In the calculation, all of the C-C bond lengths and the bond angles 
were set to 1.4 A and 120°, respectively. The two center core integral (^„) was 
taken to be equal to — 2.2 eV for all molecules. The electron repulsion integrals 
were calculated using Slater type AO with appropriate orbital exponent, (. 
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As we have reported in the previous paper [5], for the RPA calculation, the 
orbital exponent calculated by Slater rule gave quite good results. Therefore, the 
.same parametrization = 1.625) is used in this paper. 

The results obtained by the method of configuration interaction among all 
possible singly excited configurations (SECI) and the corresponding RPA 
calculation are shown in Tables 1, 2 and Fig. 1, together with the experimental 
values. In these tables, only the results for the lower excited states are given. 

In order to examine the influence of molecular geometry on the correlation 
effect, the singlet energy levels of cis- and truns-butadienes are calculated. The 
results are shown in Table 1. As seen from the table, the correlation effect in the 
ri.v-form seems to be rather larger than that in the trans-form. But, the difference 
is quite small. It is interesting to note that the first and third energy levels of 
/run.v-butadiene vary to a considerable extent by the RPA method, compared 
with iho.se obtained by SECI calculation. For a comparison, another value of 
, which is determined as reproduce the value of Pariser-Parr approximation [6] 
for one center electron repulsion integral, i.e., 1.045 for carbon, is examined. 
The results calculated by this parameter are given in the same table. It should 
be noted that in this case the second transition of butadiene is rather largely 
varied by the mixing of de-excitation processes. Allinger [7] has reported that this 
transition was remarkably affected by the doubly excited configurations, when he 
calculated the transition energies using semi-empirical electron repulsion integrals. 
Namely the effect of doubly excited configurations (or de-excitation processes 
in the case of RPA method) depends largely on the electron repulsion integrals 
used, which we have already pointed out in the previous paper [5]. Semi-empirical 
electron repulsion integrals might already include partly a correlation effect, 
'fherefore, when we use semi-empirical parameters, then the Cl calculation 
including the doubly excited configurations may overestimate the correlation 
effect. 


lahle I. F'xcitatiiin ener^icx (/If; in cV) and oscillalor .strengths (in puranthcnis) of cis- and trans- 

butadienes 


C'a.se f 


I'ase 2'’ 




Stfl 

Rl’A 

SWl 

RPA 

()l)S 

Ref. 

t'i.^-Butudiene 






5.99(0.503) 

7.26(0.000) 

9.71 (1.114) 

9.78 (0.006) 

.5.04 (0.288) 
7.22(0.0(X)) 
8.29(0 5.14) 

9.62 (0.015) 

.5,07(0.463) 

7.9I(0.(K») 

8.41 (0.933) 

10.41 (0.048) 

4.96 (0.366) 
7.89(0.000) 

8.07 (0.669) 
10.38 (0.036) 

4.95' 

L8] 

Ttuas-Butadiene 

6.44(1.242) 

7.50(0.000) 

9.21 (0.000) 
10.06(0.264) 

5.71(0.704) 

7.48 (0.000) 

7.98 (0.000) 

9.86 (0.130) 

5.53(1.210) 

7.93(0,000) 

8.10(0.000) 

10.64(0.164) 

5..36(0.915) 

7.68 (0.000) 

8.09 (0.000) 
10.62(0.153) 

5.71 

[9] 


• 1.625 and -2.2eV. 

*’ C,- 1.045 and /<„=-2.8eV. 
' The value of cyclohexadiene. 
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Fig. 1. Correlation diagram of excitation energies of linear polyenes 


Table 2 and Fig. 1 show the lower singlet excitation energies and the oscillator 
.strengths of linear polyenes calculated by the RPA and the SECI methods. The 
lowest excitation energies of small molecules are considerably lowered by the 
RPA treatment. However, as the size of molecule becomes larger, this effect 
becomes of little importance. This result shows that the correlation energy of 
the lowest excited state of large molecule cancels with that of the ground state 
within the RPA method. The reason for this may be due to a fact that an increase 
of the content of ionic structure (in terms of the terminology in valence bond 
ihcory) by an excitation becomes smaller as the dimension of MO becomes 
larger. It is evident that the electron correlation brings always to decrease such 
ionic structures. 

As seen from Table 2, the calculated oscillator strengths are remarkably 
improved by RPA treatment. For example. / of fran.s-butadiene decreases from 
1.242 to 0.704 which is very close to the experimental value { f =0.53). It might 
be meaningful to estimate effective interactions between n-electrons in the 
excited states. The transition energy of ethylene can be expressed as follows in 
ZDO approximation; 

d£ = -2/!l + (l/2)(y„-7,j). 

where means the electron repulsion integral associated with 2p7rAO's, <p^ 
and (p^. When we assume that the transition energy of ethylene calculated by the 
RPA method can be given by the same expression and we define the corresponding 
as "effective" electron repulsion integrals, yj” s, then we obtain 

fn - yfi =*= 6-117 eV , 

In benzene, this quantity was to be 6.040 eV. It should be noted that this value 
is almost the same as the value calculated by our semi-empirical formula [12]. 
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Table 2. Fnergiea (d£ in eV) and ofdllator strengths (in paranthesis) of the lower excited states of 

linear polyenes: H-(CH=K;H),-H 


SECl 

RPA 

Obs. 

Ref. 


n — \ 



8.52(0.730) 

7.46(0.377) 

7.47 

[10] 


« = 2 



6.44(1.242) 

5.71 (0.704) 

5.71 

[9] 

7.50(0.000) 

7.48(0.000) 



9.21 (0.000) 

7.98 (0.000) 



10.06(0.264) 

9.86(0,130) 




n = 5 



.5.27(1.706) 

4.78(1.009) 

4.71 

[11] 

6.47 (0.000) 

6.43(0.000) 



7.55 (0.000) 

6.96(0.000) 



7.95 (0.000) 

7.54(0.000) 




n ~ 4 



4.52(2.124) 

4.16(1.312) 

4.15 

[11] 

5.77 (0.000) 

5.72(0.000) 



6.93 (0.000) 

6.14(0.000) 



7.01 (0.000) 

6.90(0.000) 




rt a= 5 



4.02 (2.497) 

3.74(1.613) 

3.80 

[11] 

5,31 (0.000) 

5.24(0.000) 



6.27(0 000) 

5.S0(0.a)0) 



6.36(0000) 

6.33(0.000) 
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CNDO/2 aitd INDO calculations have been carried out in order to construct a suitable model for 
ihc activated complex during the reaction. In this reaction model the migrating hydrogen atom moves 
along an edge of the cyclopentadiene ring. An analysis of this situation suggests a partial electron 
transfer from the migrating hydrogen to the nascent cyclopentadienyl system. This charge transfer 
IS discussed in terms of aromaticity. The calculated activation enthalpies are 10 kcal/mole (CNDO/2) 
and 17 kcal/mole (INDO), whereas the experimental value is ca. 24 kcal/mole [IJ. 

Key words: Thermal sigmatropic hydrogen shifts - Transition state geometry - Aromaticity of 
iHid-mcmbered cycloradicals 


Introductioa 

Thermal [1,5] sigmatropic rearrangements have been reported in many 
linear and cyclic conjugated polyenes [2, 3, 4, 5]. The kinetic activation parameters 
of [1,5] H-shifts show large mutual differences, JH* varying between ca. 20 
and 40 kcal/mole. 

.Starting an attempt to correlate these energy differences with transition 
stale geometries, we performed CNDO/2 and INDO calculations according to 
Poplc [6. 7], 

In a similar way modified INDO calculations have been described earlier 
for the Cope rearrangement [8] and the butadiene t? cyclobutene isomerization 
[9]. Very recently the activation energy for the suprafacial and antarafacial [1,5] 
H-shift in ds-piperylene has been calculated using the MINDO/CI method [10]. 


Results 

In the transition state of the [1, 5] sigmatropic H-shift in cyclopentadiene we 
assumed a three-center bond between the migrating hydrogen atom and two 
^^rbon atoms. This presupposition was justified by the results of Shchcmbelov and 
Cstynyuk who considered also the four- and six-center bonds [1 1]. The ground 
state geometry was constructed using microwave spectroscopic data [12]. 
Concerning the bond lengths and angles which were varied in our minimization 
procedure, we used the values obtained by Shchcmbelov and Ustynyuk [11], see 

Fig. 1. 
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He 



Assuming a suprafacial sigmatropic shift of H,, from C, to Cj, the symmetric 
transition state will be as depicted in Fig. 2. In this study the reaction coordinate 
is defined by the angle (S^ PC, ). 


K 

(S.W,) 


rx 

10 

S,. 1’ and tL arc situated in u plane pcrpcndieular to the cyclopentadiene ring. 

1.4 

20 

while S, moves along (', (\. 

-',.K 

.to 


1 : 

40 



Energy minimization was carried out using the SIMPLEX method [13], with 
respect to eight geometrical parameters; 
angle s 
distance S* 

- angles (i and y (corresponding with out-of-plane movements of H, and Hj) 
angles S and i: (in the cyclopentadiene plane) 

- distance C, -Cj (two parameters). 

Other dimensions have not been optimized by CNDO/2 or INDO methods. 
They were derived from the ground state dimensions by applying simple geo- 
metric relations. See Table I. 


Table I 



R=0 

R - 1 S 

R = l'4 

R^.t 8 

R = l/2 

R = 1 

Cj C\ (A| 

1.460 

I.4.S0 

1.441 

1.41 1 

1.402 

l..t44 

C* C,(A) 

1..144 

1.366 

I..t70 

I..t8.1 

1.-399 

1.460 

( I 

I09..t 

109.1 

I0«.9 

108.4 

108.6 

109..3 




H-Shift in Cyclopentadiene 


97 


Table 2. CNDO/2 results 


R 

Cj-Cj 

S,-H.(A) 

«n 

ftn 

yn 

in 


CiCjCjl”) 

-IE cHs 

(kcal/mole) 

U 

1.470 

1.090 

53.0 

-53.0 

0.0 

127.3 

124.4 

108.3 

0.0 

0.97 

1 K 

1.46S 

1.138 

63.3 

-36.2 

-1.9 

127.7 

122.7 

109.8 

6.0 

0.95 

1 4 

1.460 

1.119 

71.0 

-25.9 

-2.2 

129.4 

123.5 

109.6 

10.0 

0.90 

K 

1.460 

1.075 

76.1 

-13.4 

-3.2 

127.6 

123J 

108.4 

10.4 

0.85 

1 2 

1.470 

1.050 

76.6 

- 6.3 

-6.9 

126.7 

125.5 

107.6 

10.0 

0.83 


Table 3. INDO results 


R 

c.-Cj(A) s»-h*(A) 

a(°l 

pn 

rO 

SC) 

c(') 

C.CiCjO 

4E 

(kcal/mole) 

CH» 

0 

1.470 1.090 

53.0 

-53.0 

0.0 

127.3 

124.4 

108.3 


1.00 

1 X 

1.470 1.146 

62.9 

-36.8 

1.8 

127.6 

122.7 

109.7 

6.7 

0.98 

1 4 

1.463 1.130 

69.6 

-26.6 

-1.4 

128.6 

123.6 

109.5 


0.93 

.t 8 

1468 1.079 

74.4 

-13.8 

-17 

126.4 

124.5 

108.2 



1 2 

1471 1.058 

76.0 

- 8.8 

-5.8 

125.9 

125.3 

107.0 




A E kca/mole □ INDO 



In fact, variation of these dimensions is bound to have some influence on the 
total energy. However, a very similar influence is to be expected in the total 
mergy of the ground state molecule, thus the energy difference is not affected. 

The resulting energies, geometries and electron densities on the migrating 
lydrogen atom are shown in Tables 2 and 3 and Fig. 3, 
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Discussion 

The results of the CNDO/2 and INDO calculations for the reaction pathway 
indicate that the electron density on the migrating hydrogen varies between I.O 
and O.X. This is immediately reminiscent of one of Woodward and Hoffmann's 
early remarks: “In the [1,7] sigmatropic migration of hydrogen within an all-ds- 
polycnc framework, /?;jC'^=CH — (CH^=CH)t — C^HRj, one may envisage the 
transition state as made up by the combination of the orbital of a hydrogen atom 
with those of a radical containing 2k + 3jr-elcctrons". 

(icnerally, at each point of the reaction coordinate a charge transfer process 
takes place which can be described as a “hybrid" of two configurations. The 
intermediate position (R = 1/2) can be indicated as follows: 



In this situation all carbon atoms are .vp^-hybridized, thus creating optimal 
conditions for charge delocalization. In the CNDO/2 approximation this situation 
is calculated to be an intermediate. This intermediate is probably inherent to 
the CND()/2 methtxl, it docs not appear in the INDO-calculations. The weights 
for the “no-bond" configuration and the “dative" configuration are approximately 
in the ratio 6 : 1. The relatively small contribution of the latter “aromatic" configu- 
ration is due to the high ionization potential of hydrogen and its small penetration 
magnitude. If one uses aromaticity as a criterion for predicting the course of the 
reaction, the question whether radicals containing 2« + 3 conjugated carbon 
atoms and 2 h-i- .l/r-clectrons are aromatic, should be solved first. Dewar suggests 
that Hiickel 4/i (-3-radicals are probably aromatic although there might be 
some doubt about the cyclopropcnyl radical [14]'. 

Simple Pf’P calculations indeed predict aromaticity for the cyclopropcnyl 
and cyelopentadicnyl radicals, compared with the open structure radicals. The 
aromaticity of the cycloheptatrienyl radical has been concluded after resonance 
energy determining experiments L15j. 

We might conclude that in our picture a suprafacial hydrogen shift is only 
thermally allowed when both the "dative” and the “no-bond" configurations are 
aromatic. 

The rea,son why “4« 4 2” aromaticity may be used as a criterion for an allowed 
sigmatropic process in cyclic systems, seems to be that cycloradicals containing 
2/1 4 3 carbon atoms and 2/i 4 37r-electrons are aromatic. 

The reaction pathway borne out by our calculations may be visualized as 
follows: between R = 0 and R = 1/2 the atom H, shifts gradually towards the 
plane of the cyclopentadiene ring, while Hj will stay in or close to that plane 
(Cj.sp'-hybridized). This leads to a symmetrical state with both H, and Hj 
close to (within 0. 1 A) the plane of the ring when R = 1/2 (C, and Cj sp^-hybridized). 
The angle a increases gradually from 53 to IT. 

' In this respect it may be of interest to note that ( + )-l-bromo-2-methylbutane reacts with Br' 
and DBr under formation of ( 4 )-l-bromo-2-mcihyl-2-D-butane with retention of configuration [I6J. 
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This discussion is substantiated by preliminary calculations on the 1,3- 
cyclohexadiene system. We find analogous parameters with ringbending as an 
extra feature. The electron density on the migrating hydrogen ranges between 
0.8 and 0.9 in the transition state. Mechanistic implications of the shifts in the 
cyclohexadiene ring are apparently very similar to those described for the cyclo- 
pentadiene system. A detailed description and kinetic parameters of the 1.3- 
cyclohexadiene system will be published in due course. 


References 

1. Roth.W.R.: Tetrahedron Letters 1964, 1009 

2 . Mironov.V.A., Sobolev.E.B., Elizarova.A.N.: Tetrahedron 19, 1939 (196.3) 

3. Roth.W.R.. Kdnig,J.; Liebigs Ann. Chem. 699, 24(1966) 

4 ter Borg.A. P., Razenbcrg,E., KloosterzielH.: Rec. Trav. Chim. 84, 1230 (1%5) 

.*!. dc Haan.J.W., Kloosterziel, H. ; Rec. Trav. Chim. 87, 298 (1968) 

6 Poplc,J.A., Santry.D.P., Segal.G.A.; J. Chem. Phys. Suppl. 43. S 129 (1965) 

SegaLG.A. : J. Chem. Phys. Suppl. 43, S 136 (1965) 

7, PopIe.J.A., Beveridge, D. L., Dobosch, P.A.; J. Chem. Phys. 47. 2026 (1967) 

5 Dewar, M.J.S., Lo.D.H.; J. Am. Chem.Soc.93. 7201 (1971) 

9. Mclvcr Jr.,J.W., Komomicki.A.: J. Am. Chem. Soc. 94, 2625 (1972) 

10. Bingham, R.C., Dewar, M.J.S. ; J. Am. Chem. Soc. 94,9107 (1972) 

11. Shchembelov.G.A., Ustynyuk. Yu.: Theoret. Chim. Acta (Berl.) 24, .389 (1972) 

12. Sharpe.L.H., Laurie, V.H.:J. Chem. Phys. 43, 2760(1965) 

13. Nelder.J. A., Mead.R.: Computer J. 7, 308 (1964) 

14 (X-war.M.J.S., Karschner,S.;J. Am. Chem. Soc. 93, 4290(1971) 

15 Vincow.G., Dauben.H.J., Hunter.F.R.. Volland.W.V.; J. Am. Chem. .Soc. 91, 2823 (1969) 
16. .Shca.K.J.,Skell,P.S.: J. Am. Chem, Soc. 95, 283 (1973) 

J. R. de Dobbelaere 
Laboratory of Organic Chemistry 
University of Technology 
Eindhoven, The Netherlands 




Xheoret chim. Acu (Berl.) 31, 101—102 (1973) 
(£-) by Springer-Vertag 1973 


Oscillations in the Thomas-Fermi-Dirac Electron Density 

Jerry Goodisman 
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It is shown that there can be no local maxima (except at nuclei) in the electron density predicted 
by models, such as the Thomas-Fermi-Dirac theory, which make the electron density a monotonic 
function of the electrostatic potential. 

Key words: Density oszillations - Thomas-Fermi-Dirac model. 


It is well known [1] that the Thomas-Fermi and Thomas-Fermi-Dirac 
models predict, for atoms, an electron density lacking the oscillations associated 
with shell structure. We have been interested in assessing the utility of these models 
for calculation of molecular electron densities. In this note, we show that, for a 
molecule, these models cannot give rise to local maxima in the electron density, 
or to points in space at which the electron density is constant along one or two 
perpendicular spatial directions and a maximum in those remaining, except at 
a nucleus (where the Thomas-Fermi-Dirac electron density is infinite). Hohenberg 
and Kohn [2] have discussed the impossibility of density fluctuations by con- 
sidering properties of the polarizability in momentum space. 

Here, we prove the impossibility of local maxima from the condition that 
the electron density p be a monotonic function of the electrostatic potential #. 
In the Thomas-Fermi-Dirac theory 






/ -3ed> 
I 5ict 


+ 


16 >ci VV 
100x1) 


where /c, and fCjt are constants. It is easily seen that /(^) is monotonic. 
Suppose that, at some point where e is finite, one has 


dQ/dx = dQ/dy = dqfdz = 0 
and 

d^ddx^ ^0; d^c/dy^ ^0', d^q/dz^^O. 


(a) 

(b) 


Since dgjdx = (df /d(P) (d^jdx), we have 


d^/dx = d^jdy = d^ldz — 0 . 


dx^ I / d4>\ dx^ ) 


Since 
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and the first term vanishes, the conditions (b) imply 
df 

d>P \ Px^ ^ cy^ ^ dz^ ) ~ 

But dj /dip is positive, and is positive since the potential satisfies the Poisson 
equation. 

Therefore, (a) and (b) cannot hold. Thus, local maxima in q are impossible 
(except at the nuclei), and there can be no density fluctuations. 
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Three-Dimensional Bond-Charge Models 
for Potential Curves of Diatomic Molecules* 
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Several simple three-dimensional Fermi-gas models for potential energy curves of diatomic 
molecules are suggested. Bond-charge parameters close to those predicted by the earlier point bond- 
charge model ofBorkman, Simons and Parr [J. Chem. Phys,49, 1055 (1968); 50, 58 (1969'] are obtained 
lor models assuming uniform spherical or elliptical electron distributions in the bond region. 

Ki'v words: Potential curves Bond-charge- Fermi-gas 


I. Introduction 

The point of departure for this work is the simple bond-charge model for 
potential curves of diatomic molecules described by Borkman, Simons and Parr 
[1]. They considered a point charge of magnitude —qe restricted to motion in 
one dimension over a length vR, where R is the internuclear .separation. The 
kinetic energy of such a charge varies as i/R^ and the electrostatic interaction 
with two point-charge atoms of charge Ze=][qe gives a potential energy varying 
as {/R. This startlingly simple model gives rise to a total electronic energy of the 
form: 

W{R) = T{R) + K(R)= Wo + WJR -1- , (1) 

which reasonably well represents experimental diatomic potential curves near 
equilibrium. Further, the values of q which result from Fitting the model to ex- 
periment can be interpreted as bond orders. 

Here, we investigate three other simple models, two of which also yield the 
form F.q. (1). The new models all involve three-dimensional charge distributions. 
They also employ the assumption that the electronic kinetic energy depends upon 
ihe electron density in the same way as in a statistical or Thomas-Fermi theory. 
That is, a kinetic energy density proportional to the 5/3 power of the density is 
assumed. 

We consider that at every point in coordinate space, momentum states are 
fully occupied up to the Fermi momentum Pf = h kf, as in a degenerate Fermi 

* Aided by a research grant to The Johns Hopkins University from the National Science Founda- 
tion. 

** Present address: Department of Physics, Southern Illinois University, Edwardsville, Illinois 
'>2025. 
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gas [2]. This gives the fundamental density-momentum relation 

eir) = z f (^ s) <Pk(r s) 


*r<r) 




(?(•■) = fefW . 


( 2 ) 


The average (kinetie) energy at a point in space is given by 


jdEN(Ef 


(3) 


where N(h) is the energy distribution function for a non-interacting Fermi gas 
confined to a volume F and equals 

N(E)dE= -^. EUE. (4) 

where »i is the particle mass. Carrying out the integrations and expressing the 
result in terms of the Fermi momentum, one obtains 


T(r) = 


3 kl(r) 
5 2m 


(51 


I hus the total kinetic energy is given by 

T^jdrair) T(r) 
3/j^ 
iOm 




( 6 ) 


where Fq. (2) has been ii.sed. This relation is assumed for all the models discussed 
here. 


2. Spherical Charge Density Model 

The first model assumes that the bond charge - ey in a homonuclear diatomic 
molecule is uniformly distributed in a sphere of radius (xR/2 located at the center 
of the bond, while point charges Ze = are located at each of the atoms. Thus 
for the electron density we have 

0(r) = Po^(a^/2-»'). (7) 


where tPo ^ constant, r Is the radial variable in a spherical coordinate system 
located at the bond center and 


©(x) = 


i; 


for 

for 


x>0, 

x<0. 


( 8 ) 


The constant Po ** determined by normalization: 




j£/re(r) = 


(loTtOC^ 


6 


(9) 
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Computing the kinetic energy via Eq. (6X we obtain 


7 = 


W 2 _ 


(ir 


<x^R^ 


For the electronic potential energy we obtain 


K = 




-(Z^-4Z9) 


[3a^-l] 


for a < 1 , 
for ot > 1 . 


( 10 ) 


( 11 ) 


The case a < 1 is equivalent from the point of view of potential energy to the 
point-charge Borkman-Simons-Parr model. When a exceeds 1, the bond charge 
density extends beyond the positions of the two atoms and different values of q 
result. The two parameters q and a arc determined from the experimental 
equilibrium distance and the quadratic force constant: 




( 12 ) 


Values of q and a for the ground states of 17 homonuclear diatomic molecules 
are presented in Table 1. Figure I permits a comparison of these values of q to 
tho.se obtained from the Borkman-Simons-Parr one-dimensional model and to 
the simple bond order. It will be seen that the bond charges from the spherical 
Fermi-gas model are in qualitative agreement with the one-dimensional values 
but tend to be a bit higher throughout, especially in the neighborhood of N^- Note 
also that ail values of a exceed 1. 


Table 1. Bond charge and size parameters for spherical hermi-gas model* 


Molecule 

V 

a 

H, 

1.78 

5.24 

Li, 

1.15 

l..t3 

B, 

2.16 

1.70 

C’r 

2.79 

1.88 

N2 

3.49 

2.08 

Cj 

2.84 

2.03 

1-2 

2.17 

1.87 

Naj 

1.14 

1.21 

Si2 

2.52 

1.24 

Pz 

3.21 

1..33 

Sz 

3.04 

1.35 

Clj 

2.68 

1.34 

Kz 

1.21 

1.03 

Scj 

3.06 

1.23 

Br, 

2.76 

1.21 

Tcz 

3.20 

1.06 

Iz 

2.85 

1.09 


Model of F.qs. ( 1 0) and ( 1 1 ) of text. Bond-charge parameter q and sphere-size parameter a determined 
from Eq.( 12) of text. 
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3. Elliptical Charge Density Model 

A potential energy W{R) of the form Hq. (1) also results when one assumes 
a uniform charge distribution within an ellipsoidal volume. This more nearly 
represents the shape of a molecular electronic charge distribution. We employ 

elliptical [prolate spheroidal] coordinates s = p ~ . >/ = . and </>, where 

A K 

and are distances from nuclei A and B, respectively, to an arbitrary point in 
space and tp is an angle of rotation about the bond axis. Since curves of constant g 
are ellipses with foci at atoms A and B, we can employ the step function to cut off 
the density at a value i = Thus we have 

= (13) 

and the charge normalization condition takes the form 

0 - 1 I 

which determines Qq. Proceeding as before, we obtain the electronic kinetic energy 
expression via Eq. (4), yielding 


^2 

3h^ 

9 

2/3 ^ 5/3 


lO'm 

47tHP^-P)\ 

R^ 



( 15 ) 
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Table 2. Bond charge and size parameters for elliptical Fenni-gas model* 


Molecule 

4 


H, 

1.13 

2.9 

Li, 

0.99 

1.26 

B, 

1.82 

1.43 

c, 

2.31 

1.51 

N, 

2.85 

1.61 

0 , 

2.33 

1.58 

F, 

1.80 

1.50 

Naj 

0.99 

1.21 

Si, 

2.19 

1.23 

P, 

2.77 

1.26 

s, 

2.62 

1.27 

Cl, 

2.31 

1.27 

K, 

1.04 

1.14 

Se, 

2.65 

1.22 

Br, 

2.39 

1.21 

Te, 

2.76 

1.16 

1, 

2.46 

1.17 


' Model of Eqs. (tS) and (16) of text. Bond-charge parameter q and ellipsoid-size parameter p deter- 
mined from Eq, (12) of text 


The potential energy due to the interaction of the negative charge distribution 
with the atomic charge at A is 

-ZeJdr-^= -Ze^Co? d<p } 

f-A 0 -1 1 \ / 

_ -Ze^QpnR^ ^^2 

Atom B experiences the same potential. When one adds the atomic repulsion term, 
the resulting expression for the potential energy in this model is 



The values of ^ and fi obtained by fitting the experimental and are displayed 
in Table 2. Note that the values of p are small enough that (except for H 2 ) the 
charge is held rather close to the bond axis. Reference to Fig. 1 shows that the 
elliptical model gives values of q very close to those obtained by Borkman, Simons 
and Parr. 


4. Elliptical Charge Density Model with Ion Core 

As an elaboration of the foregoing two-parameter models, one may consider 
a three-parameter model which accounts for the finite size of the ion cores by 
excluding a spherical volume about each atom center from an ellipsoidal charge 
density allotted to the electrons. Thus the bond charge distribution is constant 
in an ellipsoidal volume except for two spherical “bubbles” of radius C within 
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which it vanishes and it also vanishes outside the ellipsoidal boundary defined by 
In terms of step functions, the density for this model is 


fi) = tfo ^iP - 'fl - C) ©(j-B - C) 

- eo e(p - i) +n^-0 &(iR 

I'hc step functions give integration limits such that 

h=2UR. 


I he bi>nd-chiirge normalization condition is then 
/ R * 1 

ftrdr=.(/^i)„27r| j dc j -r/’) ©(/? - ©(r^ - C) ©(re - C) 

--L>n27r(^) I f d.," j dtlU^-r}^)+ f - f;^)l , (20) 


l‘roceeding as before, the following expression for the electronic kinetic energy is 
obtained. 


7 - 






( 21 ) 


When the electronic-nuclear attraction potential is evaluated and the ion-core 
repulsion term is added, one obtains 

i'^/J 6Zye^ 

~ R ' R 

The denominators in the T and V expressions can be expanded in binomial series 
to give 




( 22 ) 


3 / 1 ^ 

d 

- ' c/’ ■’ 

32 /Cy 640 / 

C \*’ 

lOw 

471-(/1’ -If) 

R‘ 

' '^3(^-’-/0U/ XP^-P)'[‘ 

r) +■■■ 


f)Zqi-‘ 


cy (6-^) 8/cy 

R ~(fR~ 


Rj {fi^-p)3\Rj 


(23) 


Thus this model includes higher powers of (l/7t) than occur in the earlier models. 
In particular, the presence of a (1/7?)^ term represents a more realistic description 
of the potential than does the form Eq. (1). One could now proceed to determine 
p, q, and C by fitting to the experimental equilibrium distance, R^ and the quadratic 
and cubic force constants k, and I,. However, any physically intuitive interpreta- 
tion of their significance would be piartially vitiated by the fact that this model 
involves a partial contradiction to the virial theorem. If one postulates the general 
form T 

W{R)= Y. WnR ", 

H=0 


( 24 ) 
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the virial theorem predicts that 


-r= W + R 


dR " ° R^ 
dW 


2W. 


V^2W + R—=2W,+ „ 


R^ 

R R^ 


{n-i)W, 

R- 

(n-2)W, 


(25) 


Thus while the present three-parameter model gives a correctly behaving energy 
insofar as V has no i/R^ term and T has no i/R term, it falls short in that T has 
no \/R^ term. 


5. CoodusHMis 

A point of diminishing returns generally is reached when one complicates a 
simple model too much. Of the models we have here considered we prefer the two- 
parameter elliptical model of Section 3. Results with it demonstrate that the 
Borkman-Simons-Parr model can successfully be extended to three dimensions 
without significant change in the values of (or the interpretation oO the bond 
charge parameter. 

In this work, in order to retain maximum simplicity in extending the point 
bond-charge model to three dimensions, a uniform density distribution has been 
assumed. Exploring a more realistic distribution, perhaps closer to a molecular 
Thomas-Fermi density, could be profitable. Further, the success of Simons [3] 
in predicting force constants for triatomic molecules using a point charge-point 
dipole model suggests that suitably simple three-dimensional Fermi-gas models 
for vibrating polyatomic molecules would be worth examining. 
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and to the Internal Rotation in C2H6 
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A theory of molecules in molecules is presented, which permits the computation of the wave 
function of a molecule from the wave functions of fragment molecules by transferring some of the 
localized molecular orbitals of the fragments and recalculating the orbitals in the region of interaction. 
A projection operator is used to obtain orthogonality of the orbitals to be determined to the 
transferred and fixed orbitals. Additional approximations allow the reduction of the dimension of the 
matrices to be diagonalized and the neglect of a part of the basic integrals, which can lead to a 
considerable saving in the computation time. The justification of these approximations will be 
investigated for the case of the molecules Be — Be, Li] — Lij, and for the calculation of the rotational 
barrier in CjH*. 

Key wirds: Localized orbitals, transferability of - BC] - Lu - - Molecules in molecules 


1. Introdnctiaa 

The Schrodinger equation is the fundamental equation of molecular 
quantum mechanics; it is an exact equation, if relativistic effects are neglected. 
The equation itself as well as its solutions describe nature in a very abstract 
way and the connection to the terms used to describe molecular structure as 
there are atoms, bonds, inner shells or lone pairs electrons etc. can only 
indirectly be established. A similar statement can be made of the most 
frequently used approximation to the solution of the Schrodinger equation, the 
Hartree-Fock (HF^ approximation. The HF equation and its solutions are 
abstract and lack the direct interpretability in the terms mentioned above. 
But it is possible to reformulate the Schrodinger equation and the HF equation 
so that their solutions can be interpreted more directly in familiar terms and 
thus appeal stronger to physical and chemical intuition. It is possible to make 
this reformulation in such a way that the solutions to the new equations are 
equivalent to the solutions of the original ones. Solving the new equations - 
which depend on the introduction a modd - does consequently not 
necessarily involve a loss in rigour. In most cases the reformulated equations 
are more difficult to solve than the original ones. From a mathematical point 
of view it is only in the cases where convergence difficulties arise that the 
new equations can be preferable, because the starting point is known. The 
main advantage of the reformulation is that physical and chemical intuition can 
be used to find solutions to the equations and to establish approximations to 
them. These approximations should be physically appealing and intelligible, be 
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Justifiable in a precise manner, and the approximated equations should be easie 
to solve than the equations which formed the starting point. Quite a significan 
amount of work has been done in this direction. A number of approaches, whici 
arc of concern to the present work, will be shortly mentioned. 

Pseudopotential theory [1-4] has been developed to remove orthogonalit, 
constraints in the calculation of wave functions for some subsystem of thi 
electrons (e.g. the calculation of the valence electron wave function which mus 
be orthogonal to the core electron wave function). It gives ample opportunit 
to introduce model potentials which simplify the calculations. The theory c 
atoms in molecules [5] Ls based on the idea that the relative ease with whici 
atomic wave functions can be calculated can be used to construct molecula 
wave functions from these fragments. Related is the semiempirical method c 
diatomics in molecules [6] and the work of Adams on the solution of thi 
Schrbdinger and the HP equation in terms of wave functions which are leas 
distorted from products of atomic wave functions [7-9]. The recent articli 
of Ohno [10] el at. should also be mentioned in this context. The theory of thi 
separability of many-eicctron systems in the case of the pi-electron approximatior 
has been examined among others by McWeeny [11] and by Lykos and Parr [12] 
This problem has been in general treated by Huzinaga and Cantu [13]. Thi 
author has in a previous article presented a method which allows the construe 
tion of a wave function of a molecule starting from the wave functions o 
fragment molecules [14]. 

One of the most important concepts in the context of the present work is thi 
concept of the localized molecular orbitals (LMO's) and their transferability 
property. I.MO's closely correspond to the classical chemical concepts of innei 
shells and lone pairs of electrons and bonds linking the atoms in a molecule 
They bridge the gap between these concepts and the rigorous description o 
molecules by wave functions. A wave function constructed from LMO's is 
equivalent to a wave function constructed from the delocalized canonica 
molecular orbitals, i.e. all expectation values of totally symmetric operator: 
calculated with these wave functions are identical. LMO’s can be obtainec 
directly as solutions of the HF or multiconfiguration equations using i 
pseudopotcntial method [7, 15 — 19]. Peters has developed a different approach 
for the direct calculation of LMO’s [20,21]. These methods correspond to i 
reformulation of the HF equation, which can then be used to introduci 
approximations. (See e.g. Ref. [20]). But in most cases LMO's are obtained by £ 
unitary transformation of the molecular orbitals (MO's) resulting as solutions o 
the HF equation in their standard form. LMO's have been introduced an 
examined mainly by Lennard-Jones and coworkers, by Boys, and by Edmistor 
and Ruedenberg and they have proved to be extremely useful [22 — 29]. Tht 
aspect of the LMO’s which is of greatest concern to the present work is theii 
approximate transferability property. LMO’s can be expected to be transferable 
among molecules having chemically related structures because they are maximall) 
separated from each other and because they are themselves restricted to £ 
minimal spatial region (for a discussion see Ref [25]). Transferable orbitals hav: 
been the subject of a number of investigations [14, 24, 25, 29 — 37], although few 
calculations have been performed which calculate an atomic or molecular wav: 
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function by an actual transfer of LMO's [14. 33, 34], Shull et al. were to the 
knowledge of the author the first ones to report such a transfer of LMO’s (in their 
case geminals) [33]. The detailed examination of the structure of the LMO's 
and an energy analysis based on them has also contributed to an understanding 
in this respect [24, 36]. The study of molecular momentum distributions and 
Compton profiles both by experimental and theoretical methods yields informa- 
tion on the transferability of LMO’s and deserves notice in this context [37]. 

The transfer of LMO’s or geminals and the transfer of parameters associated 
with them is only one aspect of the problem, although it constitutes the most 
frequently used path. Different approaches are possible. Lipscomb and coworkers 
made investigations in which they transferred matrix elements of the HF 
operator from smaller molecules to larges ones in order to calculate the wave 
function of the larger molecule [38]. Bader et al. defined a spatial partitioning of 
total molecular charge distributions independent of an orbital concept and 
discussed the transferability of molecular energies [39]. Christoffersen and 
coworkers transfer elements of the one-particle reduced density matrix between 
structurally related molecules, but use it only as a starting point for a SCF 
calculation [40]. Nelander discusses the partitioning of the first order density 
matrix and its use for bond energy schemes [41]. 

There are other constructive ways to generate molecular wave functions, 
which do not or which do not necessarily involve the variation principle. 
These methods start in general from the hybridization concept. The first step 
is the construction of hybrids which are combined to form one- or two-center 
localized bond orbitals using polarity parameters. These bond orbitals are then 
used to build the molecular wave function. Chemical experience and experimental 
data on the one hand or the variation principle on the other hand determine 
the necessary parameters. There are many variants of this method [42 — 44]. The 
wave function can surpass HF wave functions in quality, if the correlation energy 
is taken into account by perturbation theory [45]. The fundamental concept in 
these approaches is besides the concept of hybrids again the one of localized 
orbitals. 

As mentioned above a method has been introduced which permits the 
computation of the wave function of a molecule from the wave functions of 
fragment molecules by transferring some of the LMO’s of the fragments and 
recalculating the orbitals in the region of interaction [14]. In the present 
article this topic will be pursued and the method generalized. The formal 
theory will be presented in Sect. 2 together with a brief outline of the physical 
background. The application of the method to study the interaction of two Be 
atoms, the interaction of two Lij molecules and to calculate the barrier to 
internal rotation in ethane is discussed in Sect. 3. 


2. Theory 

If one introduces a change in some part of any “large” molecule by a 
substitution or an isomerization, the effects of this change on the electronic 
distribution will be important mainly in its immediate neighbourhood. By 
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allowing for the electronic rearrangement in this immediate neighbourhood, 
which will be called the region of interaction, it should be possible to obtain a 
good approximation to the actual process in many cases. There will certainly be 
an electronic rearrangement in the far distant parts the molecule too, but this 
should be only of minor importance for many practical questions. To take 
advantage of this one has to look for molecular fragments which allow to 
construct new molecules from these fragments sudi that the wave function of 
this new molecule constructed from the fragment wave functions is a good 
approximation to the wave function calculated by an ab initio method. For the 
general case of a molecule A-B being formed from two molecules A— X and 
B-Y (where A, X, B, and Y are any molecular fragments); 

A-X + B- Y = A- B + remainder 

one would distinguish three different spatial regions in each of the molecules 
A - X and B — Y : a region which will be discarded, a region of interaction, and a 
fixed core which will be transferred unaltered. This approach should open a 
general path to the calculation of approximate wave functions of molecules 
from molecular fragments. 

The considerations will be restricted to the closed shell case of the wave 
functions constructed from real orbitals for all of the molecules A-X, B-Y, 
and A-B [46]. Let 

= (2n^ !)i {<r , , .s, 1 1 + > <rj. 1 1 - > ■ • • .S 2 „ Jn^ - >} 

in short 

|'F*>=(2nA!)M^|nji + >|i->| (1) 

be the wave function for molecule A— X with 2n^ electrons. is the anti- 
symmetric projection operator for this case. The MO’s |i> are determined from 
the HF equations for A — X 


F*li>=Ie„.|/'>, (2) 

r 

where 


F^ = h'^ + Y.2Ji‘-K^. (3) 

I 

h‘'(I)= -i and and are Roothaan's Coulomb and ex- 

change operators [46] 

=<ik,Vlf> 
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\ + } and |-> denote the two possibk spin states of a spin 1/2 system. The 
product is over all occupied MO’s of molecule A - X. In the same way let 

|lP»>=(2n,!)*/l»|^^U + >ll->| (5) 

be the wave function of molecule B - Y with similar definitions fw the operator 
and quantities appearing in (5). The letter i will be used for the MO’s of molecule 
A-X and the letter J for the MO’s of molecule B-Y. The MO’s |/> are 
solutions of the HF equations for molecule B — Y : 

F^\j> = , ( 6 ) 

where 

F'' = h^ + ^2Jj-Kj. (7) 

For a proper description of the different regions in the molecules it is necessary 
to construct the wave functions from LMO’s. The orbitals |i> and |y> are thus 
the LMO’s describing inner shells and lone pairs of electrons and bonds in the 
two molecules. LMO’s can be defined as solutions of the HF equations 
corresponding to a non-diagonal matrix of Lagrangian multipliers [24]. This is 
why this form of the equations has been given in (2) and (6). 

The following ansatz is made for the wave function of molecule A - B in this 
theory of molecules in molecules (MIM): 

i'F>=(2«!)M{n'ii+>i/->n'i/+>iy->nN+>i'”->} 

i j m ( 8 ) 

= (2n!)M{ni*: + >l*->ni'« + >l'n->} 

k IN 

A is the antisymmetric projection operator for the entire molecule containing 
2/1 electrons. Note that In + ln^ + Iria in general! The prime on the product 
sign indicates that a number of LMO’s is left out to be deleted completely or 
to be recalculated in the region of interaction. The remaining LMO’s (for which 
the letters k and I will be used) are transferred unaltered. They form the fixed 
core. These orbitals arc nonorthogonal because they result from calculations on 
different molecules. The MO’s |/m> are to be determined for the description of the 
new bonds formed and of their neighbourhood. They will be required to be 
orthogonal to the fixed orbitals |Ic>. This can be done by using the projection 
operator for orthogonality 

= = (9) 

where S~' is the inverse matrix of the overlap matrix S = {<fc|/>} [47], An 
outer projection by P of the operator determining the MO’s |/n> gives orbitals 
exactly orthogonal to the MO’s jfc) [47]. If the MO’s |k> can be regarded as 
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approximately orthogonal (e.g. because of spatial separation) this projection 
operator simplifies to 




( 10 ) 


The approach suggested by Huzinaga and Cantu [13] is identical in the ansatz. 
and diflers only by the use of the coupling operator technique [48, 49] instead 
of the present method of outer projections, if no further approximations are 
introduced. 

ITic MO's |m> are to be determined such that the total energy of the system 
is minimized. The total energy is calculated as the expectation value of the 
Hamiltonian operator H of the entire mdlecule A - B with the wave function 
of equation (8). The expression for the total energy in the case of nonorthogonal 
orbitals is given by 


£ <n,|h|n2>D(«,ln2) 

ni.«i 


( 11 ) 


where the |/i,) are any MO's, 


( '/ \kl]- .fj' <1 1 r , ><r , l/> r , 2* </c I rjXrj I /> dV, dVz , (12) 

and /)(/[/) and D{ij\kl) are minors of the determinant 


D = det{</[ 7 >|. 


(13) 


A clear discu.ssion of MO theory for nonorthogonal orbitals can be found in a 
scries of papers by Lowdin [50]. Variation of the orbitals |m> to get the minimum 
energy in the restricted subspace created by the projection operator P leads to 
the equations 

PFP\my^r.Jmy, (14) 

where the matrix of Lagrangian multipliers is diagonal, because the MO’s |m> 
are not required to be LMO’s. Note that the operators P and F in (14) do not 
commute because the MO's \ky are not eigenfunctions of the operator F! 
The H F operator F in ( 1 4) is given by 


m 

(15) 

= /i + Z(2<A1r,2'|/>-air,2'|>|/»S«'. 

(16) 


If the MO's are orthogonal or if their nonorthogonality is neglected, 
(16) simplifies to 




( 17 ) 
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where the familiar Coulomb and exchange operators appear. Since the projec- 
ti(Hi is done prior to diagonalization optimal orthogonal MO's |m> are 
tbtained - optimal with respect to the fixed core. 

The ansatz (8) and (14) represents an approximation to the exact HF wave 
function and HF equation. But the theory can be made exact by extending the 
woiic of Lykos and Pan [12] on the pi-electron approximation to the present 
case, where the orthogonality of the orbitals is not garanteed by symmetry. 
(See also Ref. [13]). Above, the |»i>-elcctron approximation has b^ taken. If 
the MO’s \ky are now determined with the MO's lm> held fixed, the |/c>-electron 
approximation is takea This process can be continued until self-consistency is 
reached. The procedure is a generalization of the usual SCF procedure. The 
orthogonality of the orbitals is garanteed by employing the method of outer 
projections, which corresponds to making the variations in a restricted subspace 
[47]. The MIM method can be made “exact” still in another way. If the region 
of interaction is the entire molecule, the wave function calculated is identical 
with the SCF wave function. This is again not the aim of the present approach, 
but it offers the possibility of obtaining wave functions differing in quality from 
the SCF wave function to more approximate ones. This method is thus capable 
of providing in a relatively nonarbitrary way an information on which MO’s can 
be transferred, i.e. which MO’s are not appreciably affected by the formation of 
the new bonds. Simultaneously it can give information on the energy contribu- 
tions of the individual inner shells and lone pairs of electrons and bonds to the 
total energy change of a process. 

The total SCF energy is always a lower limit to the energy expectation value 
in the MIM approximation, if the nonorthogonality of the MO’s is properly 
taken into account. No general statement can be made if this nonorthogonality 
is neglected. But because the sets of transferred orbitals {|/)} and {|/)} are 
spatially well separated such an approximation should frequently be justified and 
give reliable answers. 

The method discussed so far appears to be a reasonable approach which can 
be expected to give reliable answers. Applications made so far justify it [14, 51]. 
But it must be mentioned that the transfer of LMO’s for some part of the 
molecule together with the redetermination of the MO’s in the region of 
interaction does not lead to a considerable saving in the computation time. 
All integrals over the basis functions have to be evaluated, only the iteration 
part of the calculation might be shortened. This is not the final aim. A theory of 
molecules in molecules is desired which permits a significant saving in the 
computation time, i.e. gives the possibility to circumvent the “Af^law” of the 
computational expense (where N is the number of particles or basis functions) 
at least in some part of the integral calculation. It is consequently necessary to 
proceed from the above ansatz and introduce further approximations. 

Since only the MO’s in the region of interaction are going to be redetermined 
and since the interest is in “larger" molecules, it might be acceptable to restrict 
the expansion of the MO’s |m> to a subset F of the total set of basis functions 
la LCAO expansion form for the MO’s is assumed from now on): 

N>=5^lp>Cp,. 


(18) 
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In mathematical terms this is an outer projection of the operator PFP of 
equation (14) by the projector on the manifold spanned by the basis functions 
in the set F according to 

OrPFPOr, (19) 

where the projection operator Of is given by 

Or = I \P> S- ' <g\; Of = Of, O; = Of . (20) 

p.qtr 

S ' is the inverse matrix of the overlap matrix S={<pl9>}, p, qeF. Such an 
approach reduces the dimension of the matrices to be diagonalized, but it does 
not uflcct the number of integrals which have to be evaluated. If this number is 
to be reduced as well, still another approximation must be made. 

The basis functions whose centers are distant from the region of interaction 
should play only a minor role for the orthogonality of the MO’s |m) to the 
transferred LMO’s |fe>. The LMO’s lk> to which orthogonality can be expected 
on spatial ground could be left out from the projection operator P and the basis 
functions which mainly contribute to these LMO's could be taken out from the 
entire set of basis functions for the expansion of the orbitals in the projection 
operator. This means the operator P in equation (9) is replaced by 

= ( 21 ) 

where the prime on the summation .sign indicates the deletion of some of the 
orbitals. Then an outer projection of the operator P' is made according to 

O^P’O,, (22) 

where 

0., = Z |r> • <.v| ; 01 = O^ = O^ (23) 

r,afA 

is the projection operator on the manifold of the basis functions in the set A, 
which are to be included in the operator P'. This approximation results in a 
reduction of the number of integrals which have to be evaluated. For the 
success of the method it is es.sential that this approximation works. The final 
operator determining the MO’s |m> is given by 

0f0jP'0^F0^P'0,^0r (24a) 

Note: F must always be a subset of A:FQA\ The other ca.se is physically 

mcaningle.ss. The operator therefore simplifies to 

OfFOjFO^POf (24b) 

becau.se 

OfOj = OjfOf = Of . (25) 

This operator permits to save computational time, but it has acquired a relatively 
complicated structure. One main disadvantage is that the additional approxima- 
tions introduced by the projections result in a nonorthogonality of the MO's 
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|m> to the transferred LMO's |fc>. The final justification of the approadi can 
only be done by calculations. 

Although these equations have been derived for the case of two fragments 
joined together, it is easily extended to any number of fragments. In fact the 
final equations are valid for the general case. 

A few more points have to be discussed in this, context. If one wants to avoid 
the calculation of all integrals, which is one intention of the theory of molecules 
in molecules, the nonorthogonality of the MO's has to be neglect^ - otherwise 
all integrals will appear again. The expression for the electronic energy then 
takes the well-known form 


£*. = 2l<«|/it«>-H I (26) 

M Ri.nj 

where 7,,,^ and K,,,, are the Coulomb and exchange integrals between any 
orbitals |«,> and |« 2 >- In this expression the interaction terms J,j and 
between an orbital transferred from molecule A — X and another orbital 
transferred from molecule B — Y appear. These terms necessitate the calculation 
of the integrals over all basis functions, if one is not willing to approximate some of 
these integrals or to approximate the energy terms Jy and Ky directly. The 
.simplest method would be to make a point charge approximation for every 
orbital, which would be justified for large distances: 


Ky = 0 


(27) 


where r^ = <i|#?li> is the charge centroid of LMO |/>. 

This particular approximation is not necessary and more refined procedures can 
be used. All two-electron integrals have then to be evaluated exactly except the 
integrals between the basis functions in the two fixed cores; this will be an 
appreciable part for larger molecules. 

Equation (24) for the operator defining the MO's |m) is complicated and 
because of the multiple projection the question arises, whether it Ls still possible 
to give bounds to the eigenvalues and energy expectation values as in the case 
of a simple projection. The HF operator is projected according to Q^FQ by an 
operator Q = O^P' 0 , • Q is a product of projection operators, but itself is not a 
projection operator due to the fact that the projection operators Or and Oj do 
not commute with P' (i.e. =¥Q and Q* + Q). However, it is still possible to 

derive bounds. Lowdin [47] has shown that for an outer projection of a self- 
adjoint operator A, which is bounded from below, by an arbitrary projection 
operator 0 


OAO = A with 0^ = 0, 0^=0 


(28) 


the eigenvalues of /t are upper bounds to the eigenvalues of /I in order 




(29) 


where 


/4|k> = at|/c> and /4|f>=aj|f>. 


(30) 
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|fc> and |J> are normalized eigenfunctions. (See also Ref. [52]). Let P be 
another projection operator 

P2 = P.P-=P (31) 

which docs not commute with 0 

[P,O] + 0. (32) 

According to the definition the operator 

PAP=A (33) 

is an outer projection of A with respect to P. The eigenvalue equation for A is 

A\h==a,\h (34) 

and applying I.dwdin’s theorem again the eigenvalues are upper bounds 

to the eigenvalues of A in order. Using equation (29) one obtains 

(35) 


This result applies in the following form to the projected HF operator of the 
theory of molecules in molecules: 

vjF) $ cJO.FO,) g >.JP'O^FO^P') g r.J0^P'0,F0^F0,) 

%i.„{0,0,P'0,F0,P'0,0r). 

where the i:„ arc the eigenvalues of the operators given in brackets. The same 
series of inequalities can be written down for the energy expectation value. 
( The operators are given in brackets.) 


/■(/•) ^ ElO.FO^) ^ FAFO^FO^P) S E(O^FO,,FO^FO^) 

^E{0,0^F0^F0^F0^0,). 

This result will be taken up again in the applications. 

Another important bound can be derived in a similar way as above. Let the 
sets F' and/or A' be obtained from F and/or A by subtracting some functions 
(subject to the restriction that F'QA' whatever members the two sets have). 
For the projection operators O, and the following relatioas hold 


and 


Or 0, =0, 0r = 0r 
EFa — ^,1 Oj’ = ^A' ■ 


(38) 

(39) 


The reduction of the number of basis functions can thus be written as 
another outer projection 

Or O, F O^FO^F Or Or = <V FO^FO^FOr (40) 

and 

OrFO^.O^FO^O^FOr^OrFO^FO^FOr. ( 41 ) 
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Because of this fact one can immediately write down the following in- 
equalities: 

E^iOrFO^FO^FOr) ^ ^^(OrFO^FO,FOr) (42) 

eJOrFO^FO^FOr)^eJOrFO^.FO^.FOr) (43) 

and for the energy expectation value 

E(Or FO^FO^F Or) g £(0^. FO^FO^F Or) (44) 

E(0rF0^F0^F0r)^E{0rF0^.F0^F O^) . (45) 

This supplies the rigorous basis for the statement made before concerning 
the quality of the approximated wave functions. The physical argument is that 
one is working in more and more restricted subspaces which consequently raises 
the energy. 

In the applications the justiflcation of the four approxintations introduced 
by I) Or, 2) O^ together with the approximation of P by F, 3) the neglect of 
the nonorthogonality of the MO's, and 4) the point charge approximation in 
the calculation of the total energy will be examined. 


3. Af^ications 

3.A. Be Be 

Wave functions have been calculated for the Be 2 molecule for various 
distances in the range from 2 to 12a.u. On each atom a basis set of 9 .v-type 
Gaussian functions [53], which are left completely uncontracted, is used to 
expand the MO's. For the Be atom the resulting total SCF energy is 
= - 14.572068 a.u. This compares with the value calculated by dementi 
using a Slater-type basis: = — 14.573020 a.u. [54]. The energy values cal- 

culated for the Be 2 molecule by the ah initio method are given in Table 1, the 
{potential curve is a repulsive curve. The calculated wave functions serve as a 
simple laboratory to test the approximations introduced in Sect. 2. The canonical 
MO’s are transformed to LMO’s by the method of Edmiston and Rueden- 


Table t. Total SCF energies for the Bcj molecule (all values in atomic units) 


R 


2.0 

- 28.457626 

.TO 

-28.937517 

4.0 

- 29.072896 

6.0 

-29.134913 

8.0 

-29.143207 

12.0 

-29.144131 


-29.144137 
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Tabic 1 Total cnergio Tor the Be 2 molecule calculated in the MIM approaimation (all values in 

atomic units, for notation see text) 


K 


£*""6 

£*n"a 

£*"“6 

2(1 

Approximation £18/118 

2S,4.‘i0985 -28.451053 

Approximation/’ 16 d 18 

-28,450818 -28.453928 


28.<J32477 

28.934408 

- 28.932356 

- 28.937243 

4 0 

29.070W4 

29.071620 

- 29.070897 

- 29.074349 

6,0 

29 1 .34804 

29.134818 

-29.134730 

-29.1.37385 

K.O 

29 14.3202 

-29.143195 

- 29.143135 

-29.1457.32 

I.MI 

2*) 144131 

29.144131 

- 29 144066 

-29.146664 

?0 

Approximation / 14 .4 18 

2X449401 2K.48017K 

Approximation £12^18 

- 28.446801 - 28.577635 

M) 

2S.9.3I497 

- 28.960672 

- 28,929688 

- 29.050076 

40 

29.070222 

29.096477 

- 29.068847 

-29.179064 

6 0 

29 1.34170 

-29.1.58525 

- 29.13.3064 

- 29.232825 

SO 

29.14262.3 

-29.166.574 

-29.141584 

- 29.238986 

i:o 

29 143,56.5 

29.167444 

29 1425.38 

- 29.2.395.56 

20 

Appioxiinalioii / 16 1 16 

28 450814 - 28 4508.5.3 

Approximation /' 14 J 16 

• 28.449.345 - 28.473M).3 

\0 

28 932.354 

28.9.34262 

28.9314.57 

- 28 954868 

4 0 

29.070895 

29 071.501 

- 29.070189 

29.(W1()52 

6 0 

.■’9 1 34728 

- 29. 1 34723 

- 29.1.34145 

-29.15.34.59 

SO 

29 1411.33 

29.14.3108 

- 29.142602 

29.161601 

120 

29 I44(K)4 

29 144045 

- 29,143544 

29.162488 

2 0 

Approxinialion /' 1 2 4 16 

28 443.708 28.57.3.309 

Approximation £ 14 ,1 14 

-28.44‘8)9I -28.448388 

1,0 

28.929626 

29.046714 

28 931284 

- 28.932593 

40 

29 068796 

29 176071 

- 29.07(8)45 

- 29.070129 

6,0 

29 1 .3.3022 

- 29.2,3(X)20 

- 29.1.340.37 

- 29,1335.34 

S,0 

29 141545 

29.2.362.34 

-29.142.508 

29.141982 

12,0 

29,142.5(8) 

-29.236815 

•• 29,14.345.3 

-29.1429.33 

2,0 

Approximation i 12 .1 14 

- 28 445775 - 28.534407 

Approximation /' 12 

- 28.441889 

^ 12 

28.4340.50 

2 0 

28.928968 

- 29.014654 

-28,925911 

-- 28.921521 

4,0 

- 29.068250 

-29 147044 

- 29.06.5682 

- 29.060888 

60 

29.1.32577 

29.20317.3 

-29.1.306.56 

- 29.125515 

SO 

29,141140 

- 29.209981 

- 29.1.39443 

-29.1.34258 

120 

29 142104 

29.210677 

- 29.14045.3 

-29.135264 


u noiuirthogonulity of the MO's taken into account 
b noiiorthogonalil) neglected 


berg [24], The approximations are applied in the following way. The inner 
shell LMO's will be transferred and the outer shell orbitals recalculated. A 
series of calculations has been made with different numbers of basis functions in 
the sets F and J. The following notation will be used to define the individual 
calculations. For both sets F and J the total number of functions which they 
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AE(Be,.n0A18) Cq.u.] 





I ig. 1. Energy dilTerenee between MIM and SCF result for BczrdE = E**®* - E®*''; approximations 
/ 18 .1 18, r 16 d 18, r 14d 18 (for notation see text), a: nonorthogonality of the MO’s taken into 
account, b: nonorthogonality neglected 


contain is written behind the respective symbol. ri8 /d 18 e.g. means that all basis 
functions are included. For the other approximations functions are excluded 
stepwise from the two sets, where the deletion is done in the sequence of de- 
creasing exponential parameter of the functions. The calculations performed are 
defined by the symbols ri8 J 18, ri6A 18, ri4d 18, ri2<d 18, ri6 J 16, ... and 
finally ri2J12. In addition the letter a denotes that the energy expectation 
value is calculated taking the nonorthogonality of the MO’s into account, the 
letter b denotes the neglect of this nonorthogonality. For the orthogonalization 
the method of Lowdin has been used [55]. The total energies, which have 
been computed for all the approximations, are given in Table 2 In Fig. 1 the 
energy differences are plotted for some examples which are 

representative for the whole set of calculations; the curve for T 12 d 18 is similar 
to the one for T 14 d 18; T 16 d 16 corresponds to T 18 d 18, from which it differs 
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Table 3. Interaction energy between the two sets of transferred LMO's for Be 2 calculated exactly 
(X,,) and by a point charge approximation The nonorthogonality of the MO's is neglected. 

(All values in atomic units) 


R 

X.. 


AX = X^-X„ 

2 0 

1 989410 

2.0 

0.010590 

.10 

1.3.30469 

1.333333 

0.002864 

4.0 

0.999347 

1.0 

0.000653 

h.O 

0.666638 

0.666667 

0.000029 

8.0 

0.499999 

0.5 

0.000001 

120 

0.333333 

0.333333 

0.0 


very little; ri4/116 is similar to ri4/jl8 etc. Considering the figure the 
following statements can be made. The curves a and b do not meet in general for 
R-* / and do in general not approach the limiting value zero, but they run 
parallel to the abscissa for interatomic distances larger than approximately 6 a.u. 
(for some cases the poorer approximations 8 a.u.). This then corresponds to 
a parallel shift of the potential curves, which is the result one would like to obtain. 
If a number of basis functions is completely excluded from the expansion of the 
outer shell MO's which is the case for most of the approximations — the 
limiting value zero for the energy difference AE can no longer be reached and 
further on the curves a and h can no longer meet. It is the nonorthogonality of 
the outer shell MO on any Be atom to the inner shell MO on the same atom 
which causes this. The first conclusion to be drawn is that it is advisable to 
keep the sets /' and A identical, which will be done in the subsequent investigations. 
The difference between curves a and h, which determines the reliability of the 
calculations where the nonorthogonality is neglected in the computation of the 
energy expectation value, is minimal for this case. There is in fact little com- 
putational advantage in allowing the sets /’ and A to differ. The operator defining 
the MO's tm) thus simplifies to {Or -0^=0): 

OFOFOP'O. (46) 

In Table 3 the energy values for the exactly calculated interaction energy of 
the transferred LMO’s, for the point charge approximation to it, and their 
difference AX = X^ — X^^ is given. This approximation seems to be justified for 
distances greater than about 6 a.u. 


3.B. Li2 - Li 2 

The interaction of two Li 2 molecules is more interesting than the interaction 
of two Be atoms. 9 .s-type functions contracted to 6 s-type functions [53] aug- 
mented by 2 /XT-type Gaussian lobe functions were used on every Li atom. The 
parameters for the p-type functions are: i;, =0.5, R^ = ±0.075 a.u. and 1/2 = 2.0, 
R2 = ± 0.065 a.u. For the experimental bond length R = 5.0504 a.u. the calculated 
total SCF energy is E*”" = - 14.862665 a.u. This compares with the result of 
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Table 4. Total SCF energies for the linear geometry of the Li^ molecule (the bond distance of the 
two Li] molecules is kept fixed at its experimental value of 5.0504 a.u.; all values in atomic units) 


R 


3.0 

-29.645618 

4.0 

-29.699425 

5.0504 

-29.720226 

6.0 

-29.725574 

8.0 

-29.726184 

12.0 

-29.725281 

20.0 

-29.725316 

00 

-29.725330 



I 1 1 I 0 . 

5.0 K)0 6X) R[ari.] 

t-ig. 2. Potential energy curve for Li] - Lij; approximation 1, 1. 4 /' 32 (for notation and definition 

of a, b. r see text) 


Ransil and Sinai; - — 14.87152 a.u. [56]. The bond distance of the two Li 2 
molecules is held fixed ai R = 5.0504 a.u., only the distance between the two 
molecules is varied for the linear configuration in the range from Rlili' = 3 0 n-u. 
to Rlili' = 20.0 a.u. The energy values are given in Table 4 and the potential curve 
Ls plotted in Fig. 2, curve a. It is interesting to observe that the Li^ molecule is 
bound relative to two Li 2 molecules with a binding energy of approximately 
0.54 kcal/mole at a distance of about 7.5 a.u. At a distance of about 12 a.u. there 
is an extremely small maximum of approximately 0.03 kcal/mole in the potential 
curve, but this value is too small to be interpretable. The MO's have been 
localized by the method of Edmiston and Ruedenberg [24]. 
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Tabk 5. Total Energiet; Tor the linear geometry of the Li^ molecule calculated in the MIM 
approximation. The energy values arc given for the exact calculation (£^) and for the calculation 
involving the point charge approximation both for the neglect of the nonorthogonality (h) 

and taking it into account (a). (All values in atomic units, for notation see text)* 


R 






Approximation 1. 

1.4 1 32 



to 

29.644888 

- 29.644876 

-29.6451.50 

-29.645136 

4 0 

- 29.698830 

- 29.698818 

- 29.6990.34 

-29.699021 

5 0504 

29.7198.14 

- 29.719825 

-29.719994 

- 29.719984 

0 0 

29 725t.t4 

- 29.725328 

- 29.725464 

- 29.725457 

ko 

2*1726116 

- 29.7261 J4 

- 29.726203 

-29.726201 

i.ro 

29.725278 

29.725278 

- 29.725323 

-29.725124 

200 

29 725116 

- 29.725316 

- 29.725333 

- 29.725.333 


Approximatiiin 1. 1. 4 /' 30 



to 

29 618801 

29 6.15818 

- 29.639110 

- 29.636078 

40 

29 69.1411 

29.690324 

- 29.693644 

-29.690526 

5 0504 

29 714921 

- 29.711548 

- 29.71.5098 

-29.711706 

(yU 

29 720727 

- 29.717065 

- 29.720863 

-29.717194 

K.O 

29 721801 

29.7177.12 

- 29.721888 

- 29.717819 

120 

29 721022 

29.716755 

- 29.721064 

- 29.716800 

20 0 

29.721017 

- 29.716749 

-29.721053 

-29.716766 


ApproxiiiiaOon 2, 

2, 2 / .30 



t.O 

29.6169*81 

29.634.195 

■ 29.643269 

- 29.640672 

40 

29.692911 

29.689996 

29 696687 

- 29.69.37.35 

5 05<»4 

29 714641 

2*1.711.127 

- 29.717108 

- 29.713778 

6 0 

29.720555 

2*1.716899 

-29.722317 

-29.718656 

KO 

29 721774 

29.717687 

-29.722721 

-29.718642 

12.0 

29.7210.59 

29 716779 

29.721426 

-29.717153 

20.0 

-29 721078 

- 29.716778 

-29 721182 

- 29.716884 


Approximation 2, 

2. 2 / 28 



.t.O 

29.629011 

29.619012 

- 29.6.14952 

-29.625109 

4.0 

- 29.686021 

29.676296 

-29.689619 

- 29 680015 

5.0.504 

- 2*1.709180 

29.7188)51 

29.711548 

- 29.702504 

6.0 

29.715760 

29.706846 

- 29.717455 

- 29,708603 

K.O 

29 717176 

- 29.708449 

- 29.718291 

- 29.709404 

120 

29.716747 

- 29.707682 

29.717102 

- 29.7080.56 

200 

29 716796 

-29.707719 

- 29.7168% 

-29,707826 


Approximation 1, 

1. 0 r 12 



t.O 

- 29.62.1096 

- 29.800562 

- 29.629170 

- 29.797858 

4.0 

- 29.687252 

- 29.787452 

-29.7.39871 

- 29.847213 

5 0504 

- 29.71.1.562 

- 2*1.762680 

- 29.778986 

- 29.835688 

6.0 

29 721609 

- 29.746389 

- 29.784926 

- 29.814538 

K.O 

- 29.724955 

29.730399 

- 29.772598 

- 29.778947 

12.0 

- 29.725239 

- 29.725417 

-29.747492 

- 29.747632 

20.0 

-29.725316 

-29.72.5316 

-29.731914 

-29.731914 


‘The bond distance of the two L 12 molecules is kept fixed at its experimental value of 
R = 5.0504 a.u. 
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A number of calculations have been made applying the method of molecules 
in molecules in various approximations. They will be described in the sequence of 
decreasing accuracy. The inner shell MO's on the two outer Li atoms are 
transferred and the set T includes all basis functions (i.e. altogether 32) in the 
first application. This approximation is denoted as 1. 1,4r32; the notation gives 
the number of LMO’s transferred for the first and the second Li 2 molecule and 
the number of MO's redetermined in the region of interaction (4). By excluding 
the contracted s-type function on both outer Li atoms approximation 1, 1, 4 r30 
results. If the inner shell MO’s on the two inner Li atoms are transferred as well, 
the approximations 2, 2,2 T 30 and Z2,2r28 are obtained, where r28 means 
that the contracted s-type function is excluded on all four Li atoms from the 
expansion of the bonding orbitals. In the crudest approximation all LMO's 
arc transferred (3, 3, 0 T 32). The energy values for all approximations are listed 
in Table 5. The potential curves for approximation l,l,4r32 are plotted in 
Fig. 2, curves b and c (b: interaction energy between the transferr^ LMO's 
calculated exactly, c: interaction energy calculated by the point charge approxi- 
mation). Both curves b and c are in excellent agreement with the potential curve a 
calculated by the oh initio SCF method. The nonorthogonality of the MO’s 
causes nearly no error in this case as can be seen from Table 5. The correspon- 
ding potential curves coincide with curves b and c, respectively. The difference 


EILit)[au] 


-21710)- 


-21715^ 


-29720 


-29.725F 



I I I j 

50 00 150 R[ou) 

Fig. 3. Potential energy curve for Lij-Li^; approximation 1. 1, 4 /'SO (for notation and 

definition of a, b, c, J, e see text) 
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Eill^)[Qu] 


-29 7K) 


-29 715 


-29.720^- 


29725 ^ 



5*0 ■ “ too '“iso R[au] 

lid. 4 I’otcniial cncigy curve for l.ij ■ l.ij; approximation 2,2,2 I'M) (for notation and definition 

of «, h, f, il, 1 ' sec text) 


/I /i = Ls nearly zero for all R. For approximation 1, l,4r30 the 

potential curves are plotted in Fig. 3 (curve u: SCF result, b: energy value cal- 
culated exactly, nonorthogonality of the MO’s taken into account [55], c: as b 
but nonorthogonality neglected, d: energy value calculated including point charge 
approximation, nonorthogonality taken into account [55], e.asd only with non- 
orthogonality neglected). Curves b and c are nearly parallelly shifted from the 
exact SCF' curve and curves d and e are good approximations to them. 

The agreement deteriorates slightly for approximation 2, 2, 2 /'30 (Table 5 and 
Fig. 4, the letters a, b, c, d and e have the same meaning as above). Curves b and c 
are still fairly parallel to a. But the point charge approximation in the calculation 
of the energy leads to a small shifting of the minimum to smaller R values and 
to a deeper minimum. This tendency is found as well for approximation 
2, 2,2 r 28 (Table 5 and Fig. 5 with a,h,c,d,e as defined above). For a good 
agreement with the SCF result (parallel shift of the potential curve) R must be 
larger than about 6-8 a.u. 

The approximation 3, 3, OF 32, in which all MO’s have been transferred, is 
unreasonable because the minimum in the potential curve is not reproduced 
(Table 5). It is concluded that it is the modification of the bonding orbitals in the 
two Li 2 molecules which leads to bonding in Li 4 . 

Table 6 summarizes the effect of the point charge approximation on the inter- 
action energy between the nonorthogonal transferred MO's: n is a very good 
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Fig. 5. Polcntial energy curve for Lij - Li^: approximation 2, 2, 2 T 28 (for notation and definition 

of a, b, c. d, e see text) 


I'abic 6. Difference between the exactly calculated interaction energy between the two sets of 
transferred LMO's and the result of the point charge approximation for Li* {AX - X^^- X„). 
fhe nonorthogonality of the MO's is neglected. (All values in atomic units; for notation see text) 


R 

a 

AX(U I,4r32 
and 1, 1,4 r 30) 

b 

JX(2,2.2r30 
and 2.2.2 r 28) 

C 

AX {3. 3,0 r 32) 

3.0 

-0.000260 

-0.006277 

0.002704 

4.0 

-0.000202 

-0.003739 

-0.059761 

5.0504 

-0.000158 

-0.002451 

-0.073009 

6.0 

- 0.000129 

-0.001757 

-0,068149 

8.0 

-0.000087 

-0.000955 

-0.048548 

12.0 

-0.000045 

-0.000374 

-0.022214 

20.0 

-0.000017 

-0.000106 

-0.006599 
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Table 7 Approximate bond distance and binding energy S of the Lu molecule relative to two Lij 
molecules (kept at their experimental bond length of R = S.0SO4 a.u.). (For an explanation of the 

notation see the text) 

Method RuLitau] B[kcal/mole] 


:t 

7.5 


0.54 

1.4/ 12 b 

7.5 


0.5 

1.4/ 12 L- 

7.5 


0.55 

1.4/ ,H)b 

7.5 


0.49 

1.4/ IOl 

7.5 


0.62 

1.4/ Kill 

7 5 


0.52 

1.4/ 10c 

7.5 


0.66 

2 2 / .10 h 

7.5- 

8.0 

0.44 

2.2/ 10 c 

7 5 - 

8.0 

0.57 

2 2 / 10 il 

7 0 


1.0 

2.2/ 10 c 

7.0 


1.1 

2.2/ 2«b 

8.0 


0.36 

2.2/ 2Sc 

8 0 


0.46 

2.2/ 2Sil 

7.0 

7.5 

0.88 

2.2/ 2Xc 

7.0 

7.5 

0.99 

.1.0/ 12 

/. 


0.0 


result, h is satisfactory for R > 8.0 a.u. and c is completely useless, but this is not 
surprising. 

In Table 7 the approximate bond distance KLii,c and binding energy of the 
l,i4 molecule with respect to two Li^ molecules are given as a summary on the 
quality of the various approximations investigated. 


.f.C. Barrier to Internal Rotation in Ethane 

I'he basis set used in the calculation of the barrier to internal rotation in 
ethane consists of 7 .v-type functions and 3 p-type Gaussian lobe functions on 
every C atom [57] contracted to 5 s-type and 2 p-type functions and of 3 s-type 
functions on every H atom contracted to 2 .v-type functions [53]. For the p-type 
functions the distances from the center have been chosen to be /?, = + 0.1 a.u. 
for r7,=0.199Z = ± 0.08 a.u. for r/2 = f^-8516 and = j; 0.05 a.u. for tjj 

= 4.1829. The experimental geometry has been used for both the staggered and 
the eclipsed conformation of the ethane molecule. The total energy calculated 
for the staggered form is — 79.090587 a.u. and for the eclipsed form 

^-srr _ _ 79.085792 a.u.. which results in a rotational barrier of 3.01 kcal/mole. 
The best wave function for C2H6 has been calculated by Veillard, who obtained 
*■ = - 79.2377 a.u. for the staggered form and a rotational barrier of 
3.07 kcal/mole [58]. The experimental value is 2.928 kcal/mole [59]. 

The theory of molecules in molecules is applied in the following way. Two 
CH4 molecules in the appropriate geometry serve as fragments for the C2H6 
molecule. One of the H atoms and its associated C-H bond orbital is taken 
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out from each of the two CH* molecules. The inner shell MO’s and the re- 
maining 6 C-H bond orbitals are transferred. Thus only the C-C bond orbital 
has to be determined. The different approximations, whi(^ have been investigated, 
are described as follows: 1) r34: all basis functions are included in F, 2) r28: 
the contracted s-type function on all of the H atoms is taken out, 3) Fll: all 
basis functions on the H atoms are taken out, 4) T 20: in addition to 3) the con- 
tracted s-type functions used mainly to describe the inner shell MO’s on the C 
atoms are taken out. The exact calculation of tte energy with the nonortho- 
gonality of the MO's taken into account is denoted by a [55], if the nonortho- 
gonality is neglected, b is obtained; c and d are the corresponding results when the 
interaction energy between the two sets of LMO’s transferred from the fragments 
is calculated by the point charge approximation. The transfer has been done for 
the energy localized MO’s of Edmiston and Ruedenberg [24] (ELMO), the 
LMO’s of Boys [23], the LMO’s of Magnasco and Perico [26] and the density 
localized MO’s of the author [29]. It turns out that the results for the different 
LMO’s are nearly the same throughout in agreement with the fact that the LMO’s 
themselves do not differ significantly [29]. Only the data for the ELMO’s will 
be given. It further on turns out that tte approximations denoted by r34, r28, 
r2Z and r20 all give nearly the same value for the rotational barrier and it is 
only of importance whether one is dealing with case a, h, c or d of the calculations. 
The results for the rotational barrier are (in kcal/mole): /l£(a) = 2.38, dE{h) = 
- 2.06, A E (c) = 3.34, and d £(</)= 1 .51 (The values are given for approximation 
/'34. the values for the other cases differ by less than 0.1 kcal/mole). It is seen 
that the nonorthogonality of the MO’s is important causing result b to have the 
incorrect sign. If the nonorthogonality is properly taken into account, the ro- 
tational barrier is about 20% smaller than the ab initio value, which is satis- 
factory. The point charge approximation gives an acceptable result in both cases 
and result c is quite a good approximation to a, which is surprising if one con- 
siders how unjustified this point charge approximation in the energy evaluation 
looks for such a small molecule as ethane. The fact that the other approximations 
(indicated by the notation £28, £21 £20) do not remarkably affect the value of 
the rotational barrier is somewhat surprising in view of the crudeness of some of 
the approximations made. Karplus and coworkers [60] have analyzed the ro- 
tational barrier in ethane. They were able to show that nearly any wave function 
gives an acceptable value for the barrier, if it is only antisymmetric. From the 
present investigation one can in addition conclude that the antisymmetry with 
respect to the two CHj fragments does not play a crucial role, because this has 
be^ neglected in the calculation of by the point charge approximation, but 
only the antisymmetry within each CHj group taken together with the C-C 
bond orbital. 

The approximations made for CjH^ can lead to a considerable saving in the 
computation time. For the approximation denoted by £28 a saving of about 47 /u 
in the integral computation could be achieved, for £22 and £20 a saving of about 
59% and 60%, respectively, would be possible. These numbers are given only as 
an orientation. They have to be taken with great care, because many integrals 
would anyway be zero or negligible and secondly the necessity of taking the non- 
orthogonality of the MO’s into account modifies this result. 
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4. Coacluioiis 

The following conclusions can be drawn from these applications. The con- 
struction of the wave function of a molecule from the wave functions of fragment 
molecules by transferring some of the LMO’s and redetermining the MO's in 
the region of interaction is a Justified approach which gives results in close 
agreement with those obtained by the ab initio method In particular it has been 
shown for the cases considered to what extent LMO's are transferable between 
structurally related molecules, if the total energy is taken as the measure of 
transferability. Additional approximations have been suggested: a) the truncation 
of the basis set for the expansion of the MO’s in the region of interaction, b) the 
similar approximation for the projection operator for orthogonality, c) the neglect 
of the nonorthogonality of the MO’s in the calculation of the energy expectation 
value, and d) the point charge approximation for the calculation of the interaction 
energy between the two sets of transferred LMO’s. These additional approxima- 
tions can be Justined too. 

Ikcausc these approximations acquire validity for distances between the 
atomic centers involved of the order of two normal bond lengths, the sets F and A 
must be chosen with care. F.xcept for the molecule C 2 Hb the approximation of 
truncating the basis set has been examined for the case of the basis functions 
which have large exponential parameters and are mainly used to construct 
the inner shell MO's. In this case the distance between the centers must be about 
6 a.u. for the Li and Be atoms in order to obtain a parallel shill of the potential 
curves relative to the exact SCF result to within 10 ’ to 10 * a.u. or 0.6 to 
0.06 kcal/mole. (It has been stated at which distances agreement with the SCF 
result is obtained; in many practical questions, however, such stringent con- 
ditions might be unnecessary.) The same approximation can certainly be made for 
any type of basis function and any type of LMO, only the distance between 
the centers or centroid.s. respectively, must be greater to obtain equally good 
rcsult.s. It is possible that in larger molecules this situation might improve, because 
the MO’s in the region of interaction can serve as a kind of buffer. 

it has been found that the sets /' and A are best chosen to be identical. It 
proves to be disadvantageous to allow in the set A degrees of freedom which are 
not allowed in the set F. In other words the projection operators Or and Q, should 
project into the same subspace. This result could have been anticipated from 
the bounds in Eq. (37). The operator determining the MO's in the region of 
interaction is consequently given by Eq. (46). 

Two different sources exist for the nonorthogonality of the MO's. The trans- 
ferred LMO's of the two fragments are nonorthogonal because they result from 
calculations on different molecules and because their expansion might have been 
truncated due to the deletion of some basis functions in each of the two fragments. 
The MO’s in the region of interaction are nonorthogonal to the transferred LMO’s 
due to the projection effected by the operator 0. The neglect of the non- 
orthogonality in the calculation of the total energy seems to be valid for the 
same distances between the atomic centers as the truncation of the basis set 
becomes valid. That this approximation works reliably, i.e. introduces essentially 
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only a parallel shift of the potential curves is vital for the aim of saving 
computational time. 

The point charge approximation for the calculation of the interaction energy 
between the two sets transferred LMO's in the two fragments can only be 
valid for large distances where quantum mechanical effects of bonding play 
no role. It seems to be valid for distances equal to or larger than the ones 
necessary for the validity of the other approximations discussed above. It should 
be mentioned that this approximation can easily and in various ways be refined. 
A rather crude but extremely simple version has been examined in this work, 
which allows to reduce the computational expense to a law”, where N is the 
number of basis functions, for a significant part of the calculation leaving the 
"N* law” only in the region of interaction. The present version of the approxima- 
tion has given reasonable results in most cases considered, but its reliability in 
more complicated cases still remains to be demonstrated [51]. 

The theory of molecules in molecules discussed in the present article appears 
to be a promising starting point for reliable and time saving computations on 
larger molecules, but more experience is necessary with the approximations in- 
volved. This will supply the information where the method has to be ameliora- 
ted. 
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Binding energies calculated by DHF method were compared with modirted DPS method 
calculations and experimental values. First ionization potentials of all elements from Z = I to 
Z ^ 120 (excluding the lanthanide and actinide series) were obtained from DHF values. These 
calculated values were compared with spectroscopically determined first ionization potentials for the 
region Z = 1 to Z = 88. The obtained ratios of DHF calculated and experimental values in the 
Zg88 region (correlation ratios) were extrapolated for 104-120 elements and used in correcting 
calculated DHF eigenvalues to obtain expected values for the first ionization potential in this 
region. 

Key words: Ionization potentials of atoms 


1. Introduction 

Calculations have recently been published to the first ionization potentials 
of 104- 120 element and 156- 172 element [1, 2] (together with data for Ir, Os, 
Au and Hg), derived from the values of Dirac-Fock-Slater (DFS) calculations. 

In our previous work we published calculations of all elements from Z = 1 
to Z=120, using the more complex Dirac-Hartree-Fock method (DHF) [3]. 

The accuracy of the DHF method is generally greater than that of the DFS 
method used in [1] and [2], therefore, the comparison of the first ionization 
potentials from both methods is valuable. Having eigenvalues for all elements 
from H to 120 element from our DHF calculations, we also performed a number 
of additional calculations in the known regions, checking the accuracy of our 
calculation of binding energies from different subshells by two usual methods; 
as eigenvalues (method A) and as the difference between total energies of the 1 * 
ion and atom (method B). Comparison of our values with those from modified 
DFS method [4] is also of interest. 

This work, as part of our study of the periodic system by the DHF method, 
is based on the idea that any valuable extrapolation in unknown parts of the 
periodic system (beyond Z > 103) must be supported by extensive calculations in 
the known region, using the same computer program. 
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2. Eigeovalncs and BfaMUng Energies 

The general DHF method, as derived for many electron atoms [5,6,8] 
solves a set of integro-differential DHF equations including electric, magnetic 
and retardation interaction of each electron with all electrons. In this method 
the ionization potential (i.e. the electrons binding energy on each subshell with 
a given set of quantum numbers (n, /, J), is directly equal to the eigenvalue 
f-»tj = This supposes that removing an electron from the («, l,j) subshell 
does not affect the other subshells (method of “frozen orbitals” according to 
Koopman’s theorem [7]). This method we will refer to as “method A”. The 
other method is that of calculating binding energy as the difference between 
the total energy of the atom and corresponding ion. This method, which we 
will refer to as “method B”, includes rearranging effects on energy levels of all 
electrons in the atom after its ionization and should generally give results 
closer to those experimentally obtained. In our calculations we used this 
general schema derived in [6, 13 and 8] in formulae. We omit magnetic and 
retardation terms and used formulae and program as described previously in [3]. 
Omitting magnetic and retardation terms is not important for all outer shells 
in the atom - if these terms are included, they change the eigenvalues less 
than 1 % (as shown in the case of Hg [8]). For “method B” we have from [3] 
-TE (average total energy - “Hartree Type”) or -AE (average energy - 
"Slater type”) available, both defined previously in [3]. 

With the DFS method a similar set of integrodifferential Dirac-Hartree-Fock 
equations is solved as in [3] (see Eqs. (21-25) in [3]) but all terms representing 
different potentials from direct and exchange interaction of electrons (bound on 
different subshells) and containing T®, Y", and IVp in [3], are replaced by 
potential F(r); 

F(r)= - ^ + - fe(.s)ds+ f ---■ ds + y„(r} . (1) 

fro r * 

This potential term is the same for all electrons and contains radial electron 
density (?, the square value of the radial part of the Dirac wave function; 

e(r)^^[P}(r)+Qf(r)]. (2) 

In this DFS model the negatively charged electron density p interacts with the 
positively charged nucleus containing Z protons. Electron density g is also 
interacting electrically with itself as express^ by the exchange potential F„; 

K„(r) = - (C/r) [8 1 r"e"(r)/32 7t^] ^ . (3) 

Formula (3) was derived by Slater [9] with C=l, n = m=l. Caspar [10] 
derived formula (3) with C = 2/3, n = »i=l in a somewhat different way and 
Rosen and Lindgren [4] derived the modified DFS method (MDFS) by using 
formula (3) as a parametrical expression, when values C, n and m were obtained 
by variational DFS calculation, minimizing the total energy. In [4] the set of 
parameters C, n, m, was found giving minimal total energy [called parameters of 
optimized potential in (3)]. For heavy atoms the optimized potential K,, is 
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given with parameters Cai2/3, n = m=l, as in [10]. Because of the potential 
approximation (1), eigenvalues obtained by solving DFS integrodifferential 
equations do not exactly obey Koopman’s theorem [7] as mentioned in [4]. The 
correct binding energies of subshell i, when calculated by “method A”, are given 
in MDFS calculations [4] : 

B| = — Cl — Se/ (4) 

where 

^e/=E<ylfflV>-Oiy(r)-hZ/rli> (5) 

J 

is the term (sec details in [4]) which corrects the inexact eigenvalue Ci to binding 
energy B,. The first term (5) contains summations of Slater integrals F*, G* with 
proper coefficients, similar to those described in Eq. (18) of the exact DHF 
method [3]. The difference is that here DFS wave functions (not exact) are used 
in place of exact DHF wave functions, when the Slater integrals F*. G* or the 
second term in (5) are calculated. With correction (5) the MDFS method expresses 
total energy as [4] : 

£...= |l<i|F(r) + Z/r|i>+ (6) 

The normal DFS method (non modified) calculates £,o, using (6), omitting the 
term ^ which yields higher values (with smaller absolute values) 
than the MDFS or DHF methods. 

Generally, the MDFS method can be treated as some approximative DHF 
method; it calculates £,„, with (6\ i.e. using correct sums of Slater integrals F*, 
G*, but with wave functions self consistently calculated by DFS method using 
the same approximative potential F(r) as defined in (1,2, 3) when yielding non 
exact eigenvalues. We will see further that this approximation is the most 
valuable from DFS methods giving results close to DHF values. 

When binding energies are calculated by DHF, MDFS or DFS method the 
total energy result corresponds to the barycentrum of the calculated electron 
configuration. Spectroscopically, this means that the calculated total energy 
should be compared with the barycentrum position of all terms included in a 
given electron configuration. The barycentrum position above ground term, 
djp, is calculated according to the prescription in [11], p. 322, by the formula 
(for terms denoted in LS coupling in non-relativistic classification); 






{2JL,s+i)EUL.5) 




(7) 


This formula means we take the energy £(Fi,.s) of term (^®^*Lj) (with L 
denoted as S, P, D, F... symbol) with the statistical weight (2/^ 5 + 1) and sum 
all such contributions over all terms of the configuration. Here the factor 
{2Jl^s + 0 is equal to the number of Zeeman lines, in which can split the multiplet 



140 


J. Maly and M. Hussonnois 


having quantum number J^ s (it is equal to the number of separate wave 
functions of this multiplet). 

In an exact comparison of DHF or DFS binding energies with experimental 
values, the experimental ionization potential (the diflerenoe of ground terms of 
atom and ion) must be corrected by of atom and ion. 

For the inner subshells (corresponding to X-ray levels) the spin orbit inter- 
action prevails and their binding energies calculat«l by method “A” or “B” can 
be compared directly with X-ray levels. 

3. Results for Koding Energies 

Results for ionization potential of several V ions of Na, Mg, A1 and 
systematically all 1 * ions of Th are presented in Table 1 and 2. In these tables 
total energies as -TE or - AE values were first calculated by the DHF method, 
as described in [.1], each in the electronic configuration of ground state atom 
and 1 ■* ion (as shown in columns 1 and 2 of Tables 1 and 2). From the calculated 
values of -TE and — AE (“Hartree type” and "Slater type” total energies 
respectively) ionization potentials are calculated as DHF eigenvalues (marked 
"method A” in tables) and as the difference of — TE or -AE values of the atom 
and corresponding 1 ' ion (marked “methrxi B"). These values are compared with 
experimental X-ray levels in the last column. As experimental levels, values from 
(12J are used, corrected for work function ( + 3.3eV for Th and standardly 
4.4 eV for all other values, corresponding to the work function of Cu slit, 
see [12]). 


't able I , loni/alion potentials of 1 ' ions for Na. Mg. Al 


Alom 
or ion 

Mectron conriguiation 

Total 

energy 

I JHF cal- 
culated in 
All.-Tf-, 
or -AF 
values 

1 ' 

ionized 

subshell 

luni/ation 
potential in AU 
from -TE or -AE 
values 
(method B) 

Eigenvalues 

(AU) 

(mvthrxl A) 

Experi- 
mental 
X-ray 
level 
ri2J AU 

Na 

(Nc).ls' + =(Na") 

162.0783 





Na' ’ 

iNa". 1.%' f) 

122.432<) 

IS + 

39.6454(1.0016) 

40.54489(1.0243) 

.39.5827 

Na' ' 

(Na". i' t-l 

1. •>9.4309 

ZS + 

2.6474(1.064) 

2.80541(1.127) 

2.4893 

Na' ’ 

(Na",2p' - ) 

160.7286 

2p- 

1.. 3497 (1.034) 

1.52204(1.166) 

1.3053 

Na" 

INa". .ts' + ) 

161.8961 

3.S + 

0.1822(0.964) 

0 18234(0.965) 

0.1890* 

Mg 

(Nel3s^+ =(Mg") 

199.9353 





Mg" 

(Mg", Is' f ) 

151.7404 

I.S + 

48.1949(1.0010) 

49.12654(1.0204) 

48.1464 

Mg" 

(Mg",2v' +) 

196.3418 

2s + 

.3.5935(1.042) 

3.78017(1.0%) 

3.4490 

Mg" 

(Mg". 2p‘ - 1 

197.8544 


2.0809(1.0124) 

2.28833(1.113) 

2.0554 

Al 

(Ne)3.s^ + .tp' - = (Al") 242.3.1I.S 





Al" 

(AlM.s'+) 

184.6739 

1.1 + 

57.6576(1.0026) 

58.63307(1.01%) 

57.5080 

Al" 

(Al". 2,s'+) 

237.6271 

2s + 

4.7044(1.048) 

4.92893(1.098) 

4.48% 


* Optical data from [tS). 






Table 2. Ionization potentials of Th* ions 

Electron configuration Total energ) DHF calculated 1" ionized Ionization potential from DHF Eigenvalues of (Th**) Experimental 

in AL ' subshell values in AU (method B) AU (method A) X-ray levels 

— TE -AE from — TE from — AE [12] AU 

diflerence diflerence 
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The ratio of DHF calculated values to experimental X-ray levels is indicated 
in parentheses, showing the exactness of calculations. From these tables it is 
visible that ionization potential calculated by ‘‘method B” agree better with the 
experiment than potentials calculated by “method A”. “Method B” values for 
Is + shell in the cases Na, Mg, Al are most exact (no relativistic effect is visible 
on this shell for lower Z), differing only 0.1 —0.26% from the experiment, with 
all other values less exact, but still differing only 3—6% from the experiment. In 
the case of Th by “method B” error on Is + and 2s + values is 0.7% (due to the 
point nucleus approximation) and drops to 0.23% on the 2p+ values. On all 
levels with main quantum numbers 3 and 4, agreement is very good for levels 3 
(giving errors from 0.71-0.16%) and good for levels 4 (within ~ 1 %). Agreement 
is not very good for levels 5, 6 and 7. “Method A" is systematically giving 
somewhat higher results than “method B”. However for the last shells (3s-(- in 
Na or 6th and 7th in Th) our results from “A" are closer to experiments than 
from “B”. 

In the case of Th one can observe systematics in the deviations between 
experiments and “methtxl B“ results. Shells with 2 electrons (s-i- or p — ) show 
the greatest deviation. As the number of electrons on closed shells increases, 
the difference decreases from .3.v+ to .3</+ or from 4.9+ to 4/ + . 


liibic .1. t'ompiirison of calculated values for Hg'"’(AU) 


1 ' 

loni/ed 

suhsliell 

liinding energies 
I'.igenvalues MDt'S 1 4) 
nut' (method A| 

I his work 
(melh.Hl Al 

M IMS 141 
(method H| 

C'orrcc- Binding energies 
(ion 1 8) F.xpcctcd values 
. 1 ,,., (MPFS-4o,a) 

Fixperimcntal 
values [ 1 2] 

h t 

.tOVh.l.W 

1076 15 

.1072.70 (l.(X)6l) 

- 11. .174 

1061.33(1.00234) 

3054. 19 f 0.0.10 

2s l 

55().5.t2: 

550..50 

548.41 (l.tXtSI) 

- 1.548 

546,86(1.00247) 

545.51 ±0.035 

2l> 


526.S5 

524.55(1 (X)42) 

- 2.407 

522.14(0.99962) 

.522.-14 + 0.025 

-/’ + 

4.S5.1.^I.S 

455.11 

451.04(1.00421 

- 1 542 

451.50(099978) 

451.60 + 0.015 

-l.s + 

I.1.t.l7% 

111 14 

I1I.90(1.(X)64) 

-0..158 

111.54(1.00.166) 

13 1.06 ±0.040 

}p- 

I22h415 

122.61 

121.12|1.(X)56> 

-0.501 

120.82(1.00141) 

120.65 ±0.045 

t- 

106.5.1.14 

106.52 


-0.1.16 


104.80 ±0.015 

.W- 

«V,4262 

S9.4I 

SS.I5(I.(X).19) 

-0..106 

87.84(1.000.14) 

87.81 ±0.010 

■Wt 

S6.0()6i 

S6.00 


- 0.2.19 


84,.S0± 0.010 

4s t 

.V).670I 

.10.66 

.10.04(1.0156) 

_0()91 

29,95(1.0125) 

29.58 ±0.0.15 

4p- 

26.1297 

26.12 

25.50(1.0185) 

-0.1.10 

25.-17(1.0132) 

25.04 ±0.085 

4p t- 

22.IS65 

22.19 


-0.080 


21.15 ±0.050 

4J- 

14.7954 

I4.S0 

14.27)1.0142) 

-0.064 

14.21 (1.0099) 

14.07 ±0.0.15 

4J f 

I4.(V47.1 

14.05 


-0.049 


13.38 ±0.045 

4/- 

4.4644 

4.476 

3.999(1.0176) 

-0.028 

3.971 (1.0104) 

1.93 ±0.020 

4/ + 

4.1025 

4.115 


-0.022 


3.79 ±0.020 

55 + 

5. loss 

5.125 

4.896(1.0667) 

-0.018 

4,878(1.0627) 

4.59 ±0.045 

Sp- 

.1.5402 

.1.5.51 

.1..144( 1.0718) 

-0.022 

.1.122(1.0647) 

.1.12 ±0.045 

5p + 

2.S4IS 

2.S56 

2.687(1.1785) 

-0.011 

2.674(1.1728) 

2.28 ±0,045 

5<t- 

0.65009 

0.659 

0.541(0.884) 

-0.006 

0.537 (0.875) 

0.614 ±0.050* 

5d + 

0.573S2 

0.584 

0.483(0.886) 

-0.004 

0.479(0.879) 

0.545 ±0.050* 

<w + 

0..12S6.1 

0.140 

0.312(0.813) 

-0.002 

0.310(0.813) 

0.384 ± 0.050* 


' Data from optical system of [1 4]. 
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The explanation for this behaviour could be connected with the fact tha t 
magnetic and retardation terms are omitted in formulae [3]. 

We may demonstrate this in the case of Hg*°, calculated exactly in [8] 
(“method A”) with all magnetic and retardation terms included. In Table 3 we 
compared our results by “method A” for Hg®“ (column 1) with MDFS corrected 
binding energies obtained by methods “A” and “B” from paper [4] with 
optimized potential - using formula (5) for “A" and the difference of atom and ion 
total energies from “B“ as defined in formula (6). 

Our results from “method A” and [4] show excellent agreement, proving 
that MDFS results of (4) are essentially very close to our DHF results. The ratio 
of “method B” results in Table 3 to experimental values, as presented in paren- 
theses, show similarity to equivalent ratios in the case of our Th -t- calculations 
(see Table 2, “method B”). We also compared our DHF values — eigenvalues for 
Cu, Kr, J, Eu and U from [3] with binding energies of “method A” calculated 
in [4] using Eqs. (1-6). The agreement with our DHF eigenvalues was also very 
good in ail levels of these cases (from Z = 29 to 2 = 92). as in the case of Hg®° 
in Table 3. From this we can confirm the conclusion drawn in [4] that the 
MDFS method gives (up to Z = 92) practically the same results as DHF. 
l-urthermore, if we use (in Table 3) the sum of magnetic (Gaunt) and retardation 
terms calculated exactly for Hg®“ in [8] as correction (Table 3, column 6). 
which lowers the binding energies “B”, we may obtain the expected experimental 
values (column 6). When we compare the expected values with experimental 
values (its ratio in parenthe.scs. sixth column) we see agreement is greatly 


Table 4. loniVation potential of polyvalent ions 


Ionization Electron Calculated ionization potential (DtlF) in AU Experimental ionization 


process 

.structure of 

ion in 

ground state 
(DHF) 

in AU 

From -TE 
difference 

From -AE 
difference 

From eigen- 
values 

potential (AU) [15'] 

Directly Barycentrum 

measured difference 

Na -•Na' * 

(Ne) 

0.1822 

0.1822(0.964) 

0.182.34(0.965) 

0.1890 

0.1890(0.%5r 

Al -»AI-’* 

(Nc) 

0.7850 

0.7850 (0.94t) 


0.8340 

0.8340 

(Nc) 

1.8794 

1.8794(0.960) 


1.9584 

1.9581 

Si ->Si'" 

(Ne) 

3s^ + 3p' ~ 

0.2486 

0.2486(0.829) 

0.26695(0.891) 

0.2997 

0.2859(0.934) 

Si -»Si^" 

(Nc).3.'!* + 

0.8263 

0.8263(0.917) 

0.85.339(0.947) 

0.9007 

0.8860(0.963) 

Si -.Si’’" 

(Ne) 3.s' + 

2.0032 

2.0032(0.939) 

2.03784(0.956) 

2.1322 

2.1175(0.962) 

Si -Si*" 

(Nc) 

3.6472 

.3.6472(0.962) 

.3.68269(0.971) 

.3.7920 

.3.7773(0.975) 

Th -Th'" 

(Rn) 

W' - 7a ' + 

0.195 

0.194 (0.758) 

0.20651 (0.807) 

0.256 [161 
0.276 [17] 


Th -Th^" 

(Rn) 6d^- 

0.602 

0.601 (0.860) 

0.61602(0.881) 

0.699 [15] 


Th -Th^" 

(Rn)5/'- 

1.253 

1.251 (0.872) 

1.27782(0.891) 

1.434 [15] 


Th -Th*" 

(Rn) 

2.232 

2.237 (0.897) 

2.31642(0.929) 

2.493 [15] 



, , ^ , , IP from eigenvalues 

In the last column are ratio: 7 — , ; — - ; other values are compared to 

I P from barycentrum difference 

IP directly measured. 
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improved. With the exclusion of ionization levels ls+ and 2s + (deviation 
caused by point nucleus approximation and Lamb shift) the expected binding 
energies agree almost exactly with the experiment for the main quantum 
levels 2. 3 and 4. However, even after deducing one can see that for 

quantum levels 5 and 6, agreement is not very good with data from X-ray or 
optical spectra. This is equally valid for more exact DHF calculations of Hg 
eigenvalues [8] which includes the magnetic and retardation terms and finite 
nucleus. 

The remaining diflerence (after deducing Aq+h) is, perhaps, caused by 
correlation effects and by approximations used in Dirac-Hartree-Fock Eqs. in 
[3] or [8] e.g. by using the nonexact n,, coefficient for open shells, which is 
valid exactly for an atom with only all closed shells. It is apparent that 
calculation of the 1 ^ ionized shell (by “method B") from a subshell with many 
electrons (as nd+ or n f + shell) is more exact than calculation of the ion 
from .v+ or p— subshells (containing only 2 electrons when the shell is full) 
- when the same coefficients valid for closed shells are used (see inner 
subshells in Table 3 with A^+k correction, or in Table 2 without such 
correction). 

In Table 4, similar calculations for 1*^, 2^, 3^, 4^ ions arc shown as in 
Tables 1, 2, 3 for 1^ ions. 

In 13 HF calculations it is visible that in all cases the accord is better in the 
region of valence electrons with eigenvalues, obtained from “method A”, than 
with values obtained by “method B”. 

This accord can be somewhat improved when DHF results are compared 
with ionization potentials obtained from the barycentrum difference using 
calculations A^p l^rom formula (7) for atom and ion (see Table 4, last column). 

Generally, Tables I. 2, 3, 4 show the accuracy with which ionization 
potentials from DHF values can be calculated, using approximations as 
described in f.3]. It is visible that accuracy of 0.1—2% can be achieved in 
comparison to X-ray levels, for all inner shells when the deviation of eigenvalues 
from experimental ionization potentials for valence electrons is in the range 
2 - 10 %. 

4. Results for the hirst loaizatioa Potentials 

The preceding tables have shown that the first ionization potentials for 
valence electrons closest to experimental values can be found most simply from 
DHF eigenvalues with an accuracy of ~ 10 '*o. Therefore we use our eigenvalues 
from data calculated in [3] to compare first ionization potentials of all atoms 
in the periodic system with their experimental values (in Z=l-88 region, 
see Table 5). In a previous paper [3], we found some discrepancies between 
DHF calculated and measured ground state electron configurations in cases 
Cr. Cu, Nb, Te and Pd. However, these discrepancies could be only apparent 
and need to be verified by the exact calculations of barycentrum positions of both 
concurrent electron states, according to (7), including the statistically weighted 
participation of (-I-) and (-) states in each open n, I subshell. 

At present, therefore, we compare both possible configurations in Table 5. 
The ratios of the first ionization potential calculated by DHF to the experimental 
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Table 5. First ionization potential in the periodic system 

tlement Z Ionized Ionization potential (eV) I.P. from Barycentrum 

level Calculated Experimental Correlation barycentrum correlation 
DHFI.P. I.P. [15] ratio diflerence ratio 



1 

lx' + 

13.598 

13.598 

1.000 

13.598 

1.000 

He 

2 

Is^ + 

24.966 

24.587 

1.015 

24.587 

1.015 

l.i 

3 

lx‘ + 

5.340 

5.392 

0.990 

5.392 

0.990 



l.s^ + 

67.392 





Be 

4 

2x^ + 

8.412 

9.322 

0.902 

9.322 

0.902 



lx^ + 

128.733 





B 

5 

V- 

8.426 

8.298 

1.016 

8.297 

1.016 



2s' + 

13.459 





C’ 

6 

V- 

10.599 

11.260 

0.941 

10.710 

0.990 



Ix* + 

19.496 





N 

7 


13.323 

14.534 

0.917 

1.3.220 

1.008 



2p’ + 

14.673 





0 

8 

2p^- 

16.326 

13.618 

1.200 

15.911 

1.026 



2P^ + 

17.327 





1- 

9 

2p^- 

19.614 

17.422 

1.126 

18.652 

1.052 



V + 

20.124 





Nc 

10 

2P* + 

23.069 

21.564 

1.070 

21.564 

1.070 



2p^- 

23.194 





Na 

11 

is' + 

4.959 

5.139 

0.965 

5.139 

0.%5 



V + 

41.191 





Mg 

12 

.3x^ + 

6.893 

7.646 

0.902 

7.646 

0.902 



2p* + 

61.917 





Al 

1.3 

ip<- 

5.711 

5.986 

0.954 

5.977 

0.955 



.3.s’ + 

10.722 





Si 

14 

-V- 

7.260 

8.151 

0.891 

7.777 

0.9.34 



3.x^ + 

14.891 





1' 

15 

V- 

9.225 

10.486 

0.880 

9,654 

0.956 



.3p‘ + 

10.016 





S 

16 

■V- 

11.366 

10.360 

1.097 

11.615 

0.979 



3p" + 

11.907 





Cl 

17 

3p^- 

13.688 

12,967 

1.056 

1.3.668 

1,001 



3p' + 

13.895 





Ar 

18 

3p« + 

15.986 

15.759 

1.014 

15.759 

1.014 



3p^- 

16.194 





K 

19 

4.x' + 

4.026 

4.341 

0.927 





3p* + 

25.82.3 





C'a 

20 

4x^ + 

5.339 

6.11.3 

0.874 





3p* + 

36.272 





•Sc 

21 

4.V'' + 

5.740 

6.54 

0.878 





3J‘- 

9.512 





Ti 

22 

4s^ + 

6.068 

6.82 

0.890 





.3d'- 

11.177 





\' 

23 

4.s' + 

6.363 

6.74 

0.945 





.3d'- 

12.655 





Cr 

24* 

4s' + 

6.638 

6.766 

0.980 





3d*- 

14.023 





Cr 

24" 

4s' + 

5.708 

6.766 

0.844 





3d' + 

8.532 





Mn 

25 

4s' + 

6.904 

7.435 

0.930 





3d‘ + 

14.904 





Fc 

26 

4s' + 

7.159 

7.870 

0.910 





3d' + 

16.105 
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Table S (continued) 


riemcnt 

/ 

loniTcd 

level 

Ionization potential (eV) 


Calculated 
DHF I P. 

Experimental 

l.P.[15] 

Correlation 

ratio 

Co 

27 

4.s^ + 

7.408 

7.86 

0.943 



Id’ 

17.261 



Ni 

2« 

4.S'* + 

7.650 

7.635 

1.002 



Id* 4 

18.378 



Cu 

29* 

4s‘ 

7.888 

7.726 

1.020 



Id’ f 

19.464 



( u 


4 .s' 4 

6.657 

7.726 

0.861 



Id" t 

12.898 



/ti 

.V) 

4.s^ ( 

8.12? 

9.394 

0.8(>4 



.Id" f 

20.524 



( 1(1 

71 

4p<- 

5.707 

5,999 

0.952 



4.s’ 1 

11.771 



(ic 

.12 

V- 

7.060 

7,899 

0.894 



4s" 1 

15.505 



As 

11 

4p-' - 

8.8(X) 

9.81 

0.898 



4/)' 1 

9.268 



Sc 

14 

4p" 

10.6.54 

9.752 

1.093 



4^" 1 

10 789 



Hr 

IS 

4p' 4 

12.160 

11.814 

1 045 



4p" 

I2..160 



Kr 

16 

4,.* ( 

13.987 

1.199*) 

0.999 



4p"- 

14.731 



Rb 

17 

5.s' t 

3 809 

4,177 

0.911 



4p'‘ I 

21 653 



Si 

IX 

5,s-’ 4 

4.9.10 

5,695 

0.866 



4^-* 4 

29.366 



Y 

1‘t 

5,s" 1 

5.457 

6„18 

0.855 



4f/' 

6.599 



/r 

4(1 

5s*’ 4 

5.8.10 

6,84 

0.851 



4</"- 

8.2.10 



Nb 

4C 

5s" 4 

6.115 

6,88 

0,891 



4d’ 

9 7.52 



Nh 

41" 

5s‘ + 

5.5.18 

6,88 

0.805 



4<l* - 

7.165 



Mo 

42' 

5,s-' 4 

6-401 

7,099 

0 902 



4d* 

11.229 



Mo 

42'’ 

5s' t 

5.727 

7,099 

0.808 



4d' 4- 

7.9.54 



Tc 

41' 

5,s' + 

5.895 

7,28 

0,811 



4d-’ 4 

9.087 



Tc 

41'’ 

5,s-’ 4- 

6.648 

7,28 

0.912 



4d' 4- 

12.213 



Ru 

44 

5.s‘ + 

6.049 

7.37 

0.821 



4d’ + 

10.216 



Rh 

45 

5.s' + 

6.191 

7.46 

0.831 



4d*4 

II. .347 



Pd 

46* 

5.s' 4 

6.325 

8..34 

0.758 



Sd’ + 

12.486 




46" 

4d"4- 

8.694 

8,34 

1.041 



4 , 1 *- 

9.266 



Ag 

47 

5.s' + 

6.452 

7.576 

0.852 



4d* + 

13.633 
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Table 5 (continued) 


Element Z 

Ionized 

Ionization potential (eV) 




level 

Calculated 
DHF l.P. 

Experimental 
l.P. [15] 

Correlation 

ratio 

Cd 

48 

5s> + 

4d* + 

7.657 

19.270 

8.993 

0.852 

In 

49 

V- 

5s^ + 

5.492 

10.699 

5.786 

0.949 

Sn 

50 

V- 

5s> + 

6.631 

13.762 

7.344 

0.892 

Sb 

51 

5p‘ + 
5p^- 

8.147 

8.197 

8.641 

0,943 

Te 

52 

v+ 

5p^- 

9.392 

9.843 

9.009 

1.043 

1 

53 

5p* + 
5p^- 

10.660 

11.576 

10.451 

0.981 

Xe 

54 

V + 

5p' + 

11.958 

13.403 

12.130 

0.985 

Cs 

55 

6s‘ + 

Sp* + 

3.488 

17.928 

3.894 

0.897 

Ba 

56 

6t^ + 

V + 

4.439 

23.728 

5.212 

0.852 

La 

57 

6s^ + 
Sd'~ 

4.867 

6.724 

5.577 

0.873 

Hf 

72 

6s^ -t 
5d^- 

6.440 

6.953 

7.0 

0.920 

Ta 

73 

6s* + 
5d’- 

6.807 

8.270 

7.89 

0.863 

W 

74 

6s* + 
5d*- 

7.1.34 

9.536 

7.98 

0.894 

Re 

75 

6s* + 

5d‘ + 

7.477 

9.704 

7.88 

0.948 

Os 

76 

6s* + 

5</* + 

7.794 

10.885 

8.7 

0.896 

Ir 

77 

&i* + 

5</*4 

8.095 

12.061 

9.1 

0.890 

Pi 

78* 

6s' + 

54’ + 

7.722 

10.642 

9.0 

0,859 

Pt 

78*’ 

6v* + 

5d* + 

8.384 

13.238 

9.0 

0.932 

Au 

79 

6s' + 

5</* + 

7.948 

11.647 

9.225 

0.859 

Hg 

80 

6s* + 

5d^ + 

8.937 

15.606 

10,437 

0,857 

Tl 

81 

6p' - 
6s* + 

5.805 

11.921 

6.108 

0.948 

Pb 

82 

6p*- 
6s* + 

6.904 

14.907 

7,416 

0.932 

Bi 

83 

6p' + 
6p*- 

6.995 

8.754 

7.286 

0.962 

Po 

84 

6p* + 
6p*- 

8.142 

10.656 

8.42 

0.968 

At 

85 

6p* + 
6p*- 

9.286 

1Z638 


(0.969)' 

Rn 

86 

6p* + 
6p*- 

10.438 

14.709 

10.748 

0.970 
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Table 5 (continued) 


{-.lenient 

Z 

lonisted 

level 

Ionization potential (eV) 


Calculated 
DHF t.P. 

Experimental 
I.P. [15] 

Correlation 

ratio 

Fr 

87 

7.s' + 

3.614 


(0.914)' 



6p* + 

IS.4U2 



Ra 

88 

ls‘ + 

4.527 

5.279 

0.858 



6/>* f 

20.126 



Ac 

89 

M' - 

5.100 





7.s^ + 

5.139 




( iirrcsptinds to two possible ground slates (see f3J). 
Iiilerpiilaled values 


one (called correlation ratio) are presented in column 5. For comparison we 
present the ionization potential for the ion of the two lowest lying subshells in 
each atom. From this one can see how both subshells are energetically close. 
Some p - and p + subshells, when both are full or close to be full, are really 
energetically very close, as visible in Table 5. 

The agreement of experimental and calculated values is good, usually 
within ~ I0"o. For the first two periods (up to Ar) we also calculated ionization 
potentials for the barycentrum position of spectral lines of atom and ion, 
according to formula (7) using data of [15]. The agreement is substantially 
improved in some cases (see “barycentrum correlation ratio” when the difference 
of the ion and atom barycentrum is used as the experimental ionization 
potential). However, this comparison is not completly valid, because we correlate 
DHF values which were calculated for a full 2p— or 3p- shell and a non-filled 
2p f or 3p + shell with spectroscopic barycentrum difference, which contains 
the statistically weighted spectroscopic terms from a non-relativistic 2p or 3p 
shell according to (7) {LS coupling). This correlation supposes that p— and p + 
shells have the same ionization potential which is only a crude approximation 
here. For correct correlation more DHF calculations are needed. For example 
DHF values calculated for (2p‘ — 2p^ +), {2p* +), {2p^ - 2p^ +) states in the case 
of oxygen (calculated in jj coupling) should be statically weighted similarly as 
in (7) to obtain the average energy of the (2p^) oxygen state, using more 
complex formulae, sec c.g. [22]. 

It is interesting to observe that correlation ratios have a systematic 
“periodic t^ehavior”, moving from the beginning to the end of each period, as 
visible from Fig. 1. From this figure one can make a fairly reasonable extrapolation 
along the Z axis for each chemical group of the periodic system to the region of 
104- 120 elements. In Fig. 1 it is visible that all s and p elements are forming a 
curve in each period with a maximum on the 6th group (O, S, Se, Tc, Po). Good 
extrapolation for all .s and p elements can be made by linear extension of their 
correlation ratios between the last two members of each chemical group. By 
this way extrapolation ratios were obtained for 112- 120 element. As another 
possible extrapolation method for element 116, linear interpolation between 
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Iig. 1. Correlation ratios in the periodic system. • s and p elements; O J elements. Values for 104, 
107, 1 12- 120 elements are linearly extrapolated correlation ratios. Values for 105, 106, 108 and 109 
element are extrapolated with aid of Fig. 2. Points for 110, III element in Fig. I arc interpolated 
between values for 109 and 112 element 



Fig. 2. Correction of correlation ratios for d elements Jen 'tt Ihc 104-112 element region 


extrapolated values of 118 and 115 elements was used. To obtain values for 
elements 117 and 119, the interpolation between Ra and Rn and Po was used 
first, to obtain correlation ratios for At and Fr as a basis for extrapolation. For d 
elements direct extrapolation is possible for 104, 107 and 112 elements - they 
have systematically similar electron structure (xds^). For 105, 108, 109, 1 10 and 1 1 1 
elements such extrapolation is impossible because their chemical analogues in 
the periodic system either do not have an electron structure analogical to them 
(Pi, Au) or do not have analogical electron structure just before and after the 
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Table 6. (Trst ionization potential for 104- 120 elements 


hlement / 

Ionized 

level 

Ionization | 
C'alculated 
nHF l.P. 

potential (eV) 

Expected l.P 


Expected 

l.P. 

Extra- 

polated 

correlation 

ratio 

FromDFS data 

[tl 

Extrapolated 
from periodic 

system [20, 19] 

HW 

Ip'- 

5.049 

5,1 





hd' - 

8.070 





KM*’ 

- 

5,770 

5 9 

0.986 

5.1 



7^'4 

7.290 





Ki*;* 

M' 

6.871 

75 

0.918 

6.2 



7s^ 4 

i.vnA 





lOS" 


5.518 

6.0 






9 2.52 





lOT) 

bd* 

7,906 

8.4 

0.9.19 

7.1 



7,s'’ + 

8 408 





107 

bd' 4 

7,289 

7.4 

0.981 

6.5 



7^•' 4 

9.084 





108 

bd^ 1 

8 242 

8.9 

0.924 

7.4 



7,s-' I 

9.751 





KKl 

bd' 1 

9 17.5 

10 1 

0.912 

8.2 



7.4^ t 

10.421 





III) 

b.r* ( 

10 091 

111 

0.895 

9.4 



7,4^ 1 

II 106 





III 

bd' ( 

ll.(K)5 

125 

0.880 

10.3 



7.s'' + 

11.811 





112 

(>dU 

11.918 

11,9 

0.860 

II.2 



7s2 1 

12.549 





in 

Ip' 

7.464 

7.9 

0.946 

7..5. 7.4(21] 

5.98 [20] 


(hP' 4 

15,125 





114 

V- 

8.519 

8.8 

0.972 

8.5, 8.5 [21] 



7.4’ f 

18.455 





115 

fp' + 

5046 

5,1 

0.981 

5.9 



7p’ 

11491 





116 

) 

6 170 

6,6 

0.913 

6,8 



V- 

14.,144 





117 

7/7-' 4- 

7.220 

7,6 

0.957 

8.2 

8.41 [20] 9.3 [19] 


7p’ - 

17.264 





118 

^P* t 

8.241 

86 

0.955 

9,0 

9.8 [19] 


V- 

20..1O9 





ll<) 

8.4 ' 4 

4.454 

4,9 

0.916 

4,1 

3.72 [20] 3.6 [19] 


Ip* 4 - 

11.661 





120 

8 . 4 ’ 4- 

.5.368 

6,2 

0.864 

.5,3 

4.94 [20] 5.4 [19] 


V + 

14.960 






lanthanide serie (Nb-Ta. Mo-W, Ru-Os, Rh-Ir, - giving only one point for 
extrapolation). 

For the correlation ratios of d elements we suppose therefore that these can 
be obtained from correlation ratios of elements between Hf and Hg, by re- 
calculating, according to Fig. 2. In this figure, the change of correlation ratios, 
Acn. between Hf and 104, Re and 107 and Hg and IIZ obtained from direct 
extrapolation as shown in Fig. 1. is plotted. One can see in Fig. 2, that the 
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change Aqu is approximately in linear dependence to Z between elements 
104—112. Then for 105, 106, 108 and 109 elements we took the correlation ratio 
values for Ta, W, Os and Ir from Table 5 and corrected them by the corresponding 
Ack from Fig. 2. Such correlation ratios are also plotted in Fig. 1 (as isolated 
points). Data for 110 and 111 elements were then obtained as linear inter- 
polation between 109 and 112 elements in Fig. 1. 

The described extrapolation yields the “extrapolated correlation ratios” for 
the 104- 120 element region, as shown in column 5 of Table 6. In this table DHF 
calculated ionization potentials (eigenvalues) from [3] are also presented for the 
last two subshells. For 116 element the mean value of both possible extrapola- 
tions is used (marked by two points in Fig. 1). 

In column 4 of Table 6, the “expected I.P.” i.e. the expected experimental 
first ionization potential of each element, is presented, calculated using the 
extrapolated correlation ratio (or mean value of its two possible values) and 
DHF calculated I.P. as basic data. For comparison, in column 6, the expected 
I.P. from DFS calculations [I] are presented. In the last column some data [19] 
and [^] are presented, which were obtained by extrapolation from the trends 
in the periodic system (without DHF or DFS calculations). 


5. Disct»sk» 

The comparison of our values sometimes shows substantial differences from 
DFS data [1] and even greater differences from simply extrapolated data [19, 20]. 
The differences between ours values and data in [1] and [2] are caused by 
different approximations, used in solution of the Dirac equation. The eigenvalues 
and total energies in [1] and [2] are apparently obtained by the noncorrected 
DFS method. The theoretical descriptions of formulae in [1] do not present the 
corrections as shown in Eqs. (4— 6) - which could correct the DFS eigen- 
values and DFS total energies to more exact values of the MDFS or DHF 
method. When we compare eigenvalues of valence electrons, published in [1] 
and [2] with ours, we find them very low because of this noncorrected DFS 
approximation. 

Also the total energies of [1] are similarly noncorrected by formula (6) (as is 
apparent e.g. for the total energy of Au’’’ in [1] when compared with non- 
corrected DFS and corrected MDFS values for Au^’ presented in [4], including 
the differences for point nucleus in [1] and finite nucleus in [4]). It is natural 
that the calculated ionization potentials of [1], obtained by “method B” from 
DFS noncorrected total energies of atom and 1 ion, generally will differ from 
MDFS or our DHF eigenvalues or ionization potentials (as shown in Table 5 
and 6). 

For correcting calculated ionization potentials to expected values, only a 
very briefly tested relation was used in [1]: DFS calculations of ionization 
potentials for Pt, Au and Hg were correlated to experimental values and gave 
very optimistic correlation values (found a difference 0.2 eV corresponding to 
our correlation ratio 0.98). On this basis, to calculate DFS ionization potentials 
in [ 1] and [2] + 0.2 eV was added in the d electron region and + 0.8 eV (estimated 
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similarly in the Pb region in [1]) in the p electron region, to correct the calculated 
ionization potentials to expected experimental values. 

Our extrapolation in Figs. 1 and 2 shows, however, that a more complex 
correction procedure should be applied. In some cases this caused strong 
dilTerences between our values and the values of ionization potentials calculated 
in [1], If we compare the non-corrected ionization potentials as calculated in [1] 
(i.e. values from [1] after deduction of 0.2 eV or 0.8 eV correction respectively), 
we see relatively good agreement with our DHF eigenvalues in 115—120 
clement region. In the region 104-114 the DFS calculated ionization p>otentials 
(non-corrected) are systematically lower by ~ 1 eV than our calculated DHF 
values. We believe that our values are more correct than in [1] and [2], and 
that they are, probably, generally accurate within ±5% when correlation ratios 
can be extrapolated by the singly way. When two possible extrapolations are 
used, the accuracy is defined by both correlation ratios as limit values (probably 
within ± 10"<., see element 116). Elements 104 and 105 are presented in two 
possible energetically close conriguration.s, each of them using the same correla- 
tion ratios. 

( ienerally from the duUi in Table 6. it is not possible to make a valuable predic- 
tion of the chemical behavior of unknown elements. However our results are 
valuable for mass spectroscopic behavior and some preliminary prediction could 
be done. 

In ma.ss spectrometrical separation of an ore in the search of a superheavy 
element in the 110-112 element region, one can see from Table 6 that a very 
strong (electron bombardment) ionization is necessary. The ionization potential 
of these elements is so high that they could easily be lost (nonionized) during 
mass separation, when similar Pt, At and Hg are well ionized in the 1"^ state and 
collected with good yield. The first ionization potential of 112 element is close 
to the ionization potential of Kr. From this fact, it is possible that element 112 
and pterhaps 1 1 1 would not follow well the chemistry of Au and Hg, but pierhaps 
would behave mostly as noble metal. A more conclusive basis for prediction 
may only be given by complete DHF calculations of their different ions and 
based on the use ol Born-Haber cycles. 

On the other hand, the mass spectroscopic determination of 104 element 
should be much easier than for Hf, perhaps as in the cases of Ca^ and Li^. The 
mass spectroscopic determination of 1 18 element should be as easy as determina- 
tion of Te^ or Po^. 

The mass spectroscopic ionization and separation of element 119 and 120 
should be much less easy than for Cs and Ba, probably similar to Na and Sr. 
Chemically, the 119 and 120 elements in solution could be probably much less 
basic than Cs and Ba, perhaps giving (120) SO* soluble as SrSO*. 

The iiulhoni wish to express their gratitude to ProfestwH Ci. Bouissieres for his 
encouragement and continous support of this work. 

References 

1 Frickc.B.. Greiner. W.. Wabcr.J.T.: Theorcl. chim. Acta (Berl.) 21. 2.15 (1971) 

2. Frickc.B., Wabcr.J.T.: Actinides Rev. I, 433 (1971) 

.3. Maly.J.. Hus.sonnois,M.; Report IPN-RC 72.02 Orsay. July 1972, Theoret. chim. .Acta (Berl.) 28, 

.363(1973) 



SCF Dirac HF Calculations. II. 


153 


4. Rosen, A., Lindgren,!.: Phys. Rev. 176, 114 (1968) 

5. Swirles,B.: Proc. Roy. Soc. (London) A 152, 62S (1935) 

6. Grant, I.P.: Proc Roy. Soc. (London) A262, 555 (1961) 

7. Koopmans,T.: Physica 1, 104(1933) 

8. Mann.J.B, Johnson, W.R.: Phys. Rev. A4. 41 (1971) 

9. Slater.J.C.: Phys. Rev. 81, 385 (1951) 

10. Caspar, R.: Acta Physiol. Acad. Sci. Hung. 3. 263 (1954) 

11. Slater.J.C.: Quantum theory of atomic structure. Vol. 1. New York-Toronto-London; 
Me Craw Hill 1960 

12. Bearden,J.A., Burr.A.F.; Rev. Mod. Phys. 39. 125(1967) 

13. Grant, I. P.: Advan. Phys. 19, 747 (1970) 

14. Moore, Ch.E.; Atomic energy levels, Nat. Bur. of Standards Circular N " 467 (U. S. Government 
Printing Office, Washington, P.C., 1949) 

15. Moorc.Ch.E.: NSRDS-NBS 34 Report, Nat. Stand. Ref. Data Ser.. National Bureau of 
Standards, Washington 1970 

16. Moore, Ch.E.: AppL Opt. 2, 665 (1963) 

17. Smith.D.H., Hertel.G.R.: J. Chem. Phys. 51, 3105 (1969) 

18. Siegbahn.W., and others: ESCA, Atomic molecular and solid slate structure studies by means 
of electron spectroscopy. Upsalla: Almquist and Wiksells, 1967 

19. Cunningham, B.B.: Ref. 140 in Seaborg,G.T.: Ann. Rev. Nucl. Sci. 18. 53 (1968) 

20. David.F.: Report IPN RC- 71.06, Orsay. October 1971 

21. Kellcr.O.L.. BumetLJ L.. Carlson, T. A.. Ncstor.C.W.: J. Phys, Chem. 74. 1127 (1970) 

22. Desclaux.J.P.. Moser.C.M., Verhagen.G.: J. Phys. B. Atom. Molcc. Phys. 4, 2% (1971) 

Dr. J. Maly 

Institui de Physique Nucleaire 
Division de Radiochimie 
Universitede Paris XI 
Centre d'Orsay 
18 F-91406 Orsay, France 




Theoret chim. Acta (Berl.) 3t, 1S5 — 169 (1973) 
© by Springer-VerUg 1973 


The Influence of Solvation on n*<-n and n**-n 
Transition Energies in Molecules Containing Aza or 

Carbonyl Groups 

P. Cremaschi, A. Gamba and M. Simonetta 

C.N.R. Centre and Physical Chemistry Institute of the University of Milano, 1-20133 Milano, Italy 

Received April 16, 1973 


The influence of solvation on n**~n and n**—n transition energies of formaldehyde, acetaldehyde, 
acetone, pyridine and 1,2-, 1,3-, 1,4-diazabenzenes has been investigated through CNDO calculations. 

A static solvation model which distinguishes a) molecules directly involved in hydrogen 
bonding with solute, b) the layer of molecules in contact with the solute molecule and c) the main 
of molecules farther from solute, is presented. 

Blue and red shifts due to solvent effects are correctly predicted by calculations for each model. 

Key words; Solvent Shifts of Electronic Transitions. 


1. Introduction 

At present it seems that CNDO — MO theory [1] offers the most promising 
tool for the study of the electronic properties of large molecular systems; the 
same method has also been extensively and successfully used to obtain a 
"semi-quantitative” description of hydrogen bonded structures [2], 

This method has been recently employed to study solvent effects on the 
activation energy of CH3F -l- F“ reaction [3], 

In the present paper we intend to study the influence of the solvent on 
electronic spectra by using CNDO/2 method in its original parametrization [4], 

An analogous problem has been previously investigated by Hoflman and 
coworkers [5] who focused their attention on the influence of hydrogen bond 
formation on different observables, including n**—n and n**—n transition 
energies, by using a more empirical approach namely the Extended Huckel 
Method. 

The most convenient choice of solutes should meet the following two 
requirements: a simple geometry to favour the formulation of a model of 
solvation, and a well established location of the n**—n and n*<—7t transitions 
in gas phase and solution spectra. With this in view formaldehyde, acetaldehyde, 
acetone, pyridine and diazabenzenes have been considered. 

The solvent should be made of small strongly polar molecules in order to save 
computation time and to produce remarkable shifts of the bands with respect 
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to those obtained in gas phase or in apolar solvents. Water meets these 
requirements. Moreover by using the same solvent as in Ref. [5] an interesting 
comparison between results obtained by CNDO and EH methods is possible. 


2. Cakulations 

The geometries and the ground state properties of the solute molecules and of 
water have been optimized by the energy minimizing procedure due to 
Powell [6], where the energy was calculated by CNDO/2 method [4]. 

Excited-stale properties have been obtained, using the same geometry as in 
the ground state, by CNDO/CI method [7], where the electronic repulsion 
integrals were evaluated by the Pariser and Parr technique [8]. The configuration 
interaction included the .V) mono-excited configurations of lower energy. 

Calculated spectra of isolated molecules were compared with spectra 
measured in vacuo. When spectra obtained in solution were considered, 
calculations were performed on a model for the solvated molecule. The size of 
calculation and the necessity of preserving the point symmetry of the solute 
molecule do not allow us to consider an extended solvation process. We have 
tried to describe solvent effects by adding to the solute molecule a few solvent 
molecules, namely by hydrating to different extents the proper positions of the 
solute. No more than five molecules of water have been located around each 
p<isition. The packing with the solvent was studied for different values of the 
intcrmolecular distance q (values ranged from 1.4- 2.4 A). This procedure was 
preferred to a minimizing process with respect to the intersystem distance, as it 
is well known that the CNDO mcthtxl systematically overestimates bonding 
properties. In the description of the geometries of the solute-solvent systems 
most of the geometrical parameters found for the isolated molecules have been 
used. However for each intersystem distance some geometrical parameters, 
involving the site of interaction, which will be specified in each case, have been 
optimized. As an example in the case of the molecule of water, the bond angle 
and the O — H bond distance not involved in the intermolecular bond have been 
kept equal to the values optimized for the isolated molecule, while the O — H 
distance of the bond involved in the solvation procedure has been let vary. 

Once the geometries of minimum energy of the ground slate were obtained 
for each q value, the spectrum was calculated by the Cl procedure [7]. 


3. Results 

The topology of the isolated molecules of solutes, that is formaldehyde, 
acetaldehyde, acetone, pyridine and 1,2-, 1,3- and 1,4-diazabenzenes are given in 
Fig. 1, where the optimized geometrical parameters are also reported. In the 
corresponding Table 1 a comparison between experimental and calculated 
geometries is shown. In the same table the optimized geometry of the isolated 
molecule of water is reported. In the case of azines all C — H bonds were 
assumed in the ring-plane bisecting ring-angles, with equal bond-lengths. 
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I'ilt. I. Geometries and optimi/:ed parameters for isolated systems 


a) Formaldehyde 

The solvent effect on formaldehyde has been studied by considering a 
progressive solvation, that is several packings in which the formaldehyde 
molecule is bound up to six units of solvent. The more realistic situations are 
illustrated in Fig. 2, where the geometrical parameters which have been 
optimized are shown. The minimizing process has been performed for six 
different values of the O - H (g) distance, which was varied from 1.4— 2.4 A in 
steps of 0.2 A'. In the cases (c) and (d), where four molecules of solvent are 
considered, a higher stabilization is observed for (d) structure; this difference of 
stabilization between the two structures reaches the largest value of 24 kcal/mole 
for Q = 2.0 A. If the methylene group is also solvated (on the whole six molecules 
of hydration), the difference in energy stabilization decreases to about 1 - 2 kcal/ 
mole for all q values. 

'Optimized geometries are not reported, but are available on request. 
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I'lg. 2, Si)lvaii(in model of formaldehyde with I, 3, 4 and 6 water molecules 


Tahlc I. I'.sperimental and optimized geometries of the isolated molecules* 


Molecules 

fieoinetrical parameters 







u 

b 

c 

d 

e 

a 

P 

V 

HCTK) 

1 247 

1.114 




1)5.7 




/.207H*' 

l.llt>l 




nf>.5 



flljC’HO 

1.261 

1.123 

1.443 

1.119 


111.2 

126.5 



i.:jsy 

t.ll4 

tJOdS 

IXmdl 


1175 

123.9 


CHiC'OC’M, 

1 274 


1.455 

1.119 



120.2 

111.6 


/ J4ir 


/..5’ 

1.09 



IIH5 

109.28 

C',H,N 

I..342 

1.382 



1.116 

116.3 

124.9 

117.5 






o-t.0H43 





/..U02* 

i..ms 



m- tmos 

II6.HJ 

I23.NH 

11853 






p- 10773 




1.4- <’4M4Nj 

1..344 

1..38I 



1.121 

112.0 




IJJ4’ 

i.m 



1.05 

II5JI 



l,3-t'4H4Ni 

1.342 

1.380 

1.343 


1.119 

118.5 

130.2 

115.9 



I..W 

UfJ 



a 5.1 

120.2 

116.3 

1.2 <’*H4Ni 

1.3.M 

1.374 

1.384 

1.280 

1.116 

119.5 

124.0 







— 

tl9.(f 

I23.6S 


H,0 

1.029 





104.5 




(m7l‘ 





1045 




* All the distances are in A and the angles in (' ). The upper number refers to the calculated 
value and the lower (in italics) refers to the experimental one. 

" Sec Ref. [9]. ' See Ref. f 10]. " See Ref. [11], ' See Ref. [12]. ' See Ref. [13]. 
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rig. 3. Trends of n*<— n and «*<— n transition energies vs ^ of the different solvation models for 
formaldehyde. Dot line represents transition energy for isolated molecule 


The electronic spectrum of formaldehyde has been calculated by considering 
the molecule in the solvated situations illustrated in Fig. 2. The packings (e) 
and (1) correspond to (c) and (d) packings respectively, when the methylene 
group was hydrated. It is known from experiment that n**—n transition of 
formaldehyde falls at 3538 A in vacuo [14], and shifts to 2900 A [1 5] in water. The 
trend of calculated 7t*<— n transition in different packings of solvent, for several 
Q values, is shown in Fig. 3. 

A correct blue shift is predicted in the cases (a), (c) and (d) for all g values. 
In the case (b) the blue shift is found only for the highest values of g. In general 
it seems that the correct trend can be found when the hydration of C — O group 
is stronger that of CH^ group. 

The predicted red shift for jr*<— Jt transition [16, 17] is obtained by our 
calculations for the higher degrees of solvation and, in general, for shorter 
values of g. The case (d), where the red shift is found for all g values, is the 
exception. 
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I lf!. 4 I rends of n** n and ir*« -ir Iransiiion energies i s q of the different solvation models for 
acetaldehyde Hot line represents tninsitinn energy for isolated molecule 


h) Acetaldehyde and Acetone 

For both molecules several solvation models were considered, using one, 
four or five molecules of solvent in the case of acetaldehyde and one or four 
molecules of solvent in the case of acetone. On the basis of the experience of 
previous calculations on CF1,F [3], the methyl group was never hydrated. In 
view of this the .solvent models arc the same as those considered for formal- 
dehyde. 

The solvents shifts of n and n**—n bands for the two molecules as a 
function of hydration and e distance are shown in Figs. 4 and 5. The n*‘>—n 
transition of acetaldehyde, which falls at 3390 A in vacuo [18], shifts to 2740 A 
in water [17]. For acetone the n**—n transition located at 2762 k in vacuo [17], 
occurs at 2640 A in water [19]. MO calculations in both cases give a correct 
interpretation of the phenomenon, showing a pronounced increase of the blue 
shift as more molecules of solvent are put around the carbonyl group. Moreover 
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a red shift is predicted by our calculations in water for 7t*<— rt transitions of both 
molecules only when a sufficient number of molecules of solvent are considered. 
In conclusion it seems that for these two molecules the solvent effect on 
electronic transitions is well interpreted by CNDO calculations only when at 
least four molecules are around the solute. 

c) Pyridine 

For water-pyridine solution several models were investigated by considering 
up to six units of solvents for each solute molecule. When one molecule of 
water has been used to represent the solvent effect, only the configuration in 
which one of the protons of the solvent approaches the nitrogen lone pair has 
been considered, having in mind the results obtained by Hoffmann and coworkers 
(see Fig. 3 in Ref [5]). The models assumed when more molecules of water were 
considered, are shown in Fig. 6, where the optimized geometrical parameters 
are also reported. 
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Fm, 6. Solvation model for pyridine with I - 6 water molecules 


The calculated solvent shifts of electronic bands of pyridine in different 
solvent situations are shown in Fig. 7 as a function of the q distance. A blue 
shift of about 300 - 400 A is expected for n**—n transition in water [20, 21]. 
Our results give the correct answer for all the considered models and the 
quantitative agreement with experiment is the better the greater the number of 
molecules of water around the nitrogen. Likewise the observed red shift of the p 
band of pyridine, which was found at 2S00A in vacuo [22] and at 2530 A [21] 
(or 2570 A [20]) in water, is correctly predicted by calculations for all g values 
and in this case the agreement is excellent also on a quantitative basis, with the 
exception of (c) model, where the red shift is overestimated. 

d) Diazabenzenes 

Solvation models with two, six, eight and ten molecules of water were 
studied for 1,4-, 1,3- and 1,2-diazabenzenes. Owing to its topology in the case of 
1,2-isomer only the models with two and six molecules of water have been 
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l ig. 7. Trends of n**—n and a transition energies vs g of the different solvation models for 
pyridine. Dot line represents transition energy for isolated molecule 


considered. The structures of hydrated pyridine were used as reference models, 
keeping in mind that in diazabenzenes two nitrogens are present. 

As found for the former molecules the solvent shifts, for n**—n and are 
well predicted by calculations. Now the agreement with experiment for n**—n is 
even better, while in the case of n**—n transitions the red shift, which is 
experimentally found to be very low in all cases and practically zero for 
1 .2-diazabenzene, is slightly overestimated. The trend of transition energies for 
the three molecules in different solvent structures, for different values ofg, is shown 
in Figs. 8, 9 and 10. 


4. Discussion 

In a static model of solvation three types of solvent molecules can be 
distinguished: A) molecules directly involved in hydrogen bonding to the 
solute; B) the layer of molecules in contact with the solute molecule, that is 
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Hij!. K. Trends of and ir*»-n transition energies r.s q of the difTcrent solvation models for 

I, 4-dia/aben/ene Dot line represents transition energy for isolated molecule 


directly interacting with it, but without forming hydrogen bonds, and C) the 
surrounding molecules farther from the solute. 

In our theoretical model as few as possible water molecules of type B have 
been considered, and the effect of the molecules of type C has been considered 
negligible. The geometries of the models for the different solutes are shown in 
Fig. 1 and have been previously discussed. By inspection of Table 1 a very 
satisfactory agreement between geometries calculated by CNDO method and 
those obtained by e\p>eriment for all isolated molecules can be verified. 

When only one molecule of water is considered, as is usually done when 
studying hydrogen bonding [5], a stabilization energy ranging between 7 and 
lOkcal/mole, is found. This order of magnitude reproduces well the extimated 
value for a hydrogen bond of such type [17]. The maximum stabilization 
energy for the different molecules, interacting with one unit of water (a case) 
are collected in Table 2, where the corresponding q distances arc also shown. 
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I ig. 9. Trends of «•<— ii and n**— n transition energies iw (? of the dilTcrcnt solvation models for 
I, 3-diazaben/ene. Dot line represents transition energy for isolated molecule 


For the considered molecules the distance that minimizes the energy is 1.6 A. 
The exception is acetone - water system for which a q value of 1.4 A is obtained. 
CNDO results for pyridine, that is a stabilization energy of — 10.7 kcal/mole for 
an equilibrium distance between oxygen and nitrogen atoms of 2.65 A, can be 
compared with —2.3 kcal/mole obtained by EH method with an equilibrium 
distance of 2.76 A [5]. 

When more units of solvent are packed around the solute, the solute - solvent 
mean distance rises to values between 1.8 and 2.0 A and the corresponding 
stabilization energy of solvation model is 30 - 50 kcal/mole. The relevant 
numerical data arc reported in Table Z 

The solvent effect on transition energies has been studied considering 
different packings at several solvent - solute distances. The relevant data are 
shown in Figs. 3— 5, 7 — 10. When a sufficient number of water units are packed 
around the solute a satisfactory interpretation of the solvation effect can be 
obtained by CNDO calculations if a favourable e value is chosen. The 



166 


P. Cremaschi et al. 



I'in 10. Trends of ji*«- n and it*» ,i transition energies w j? of the different solvation models for 
I, 2-dia/aben/ene IJot line represents transition energy for isolated molecule 


situation is illustrated in Table 3 where a qualitative agreement between 
meiisured and calculated blue and red shifts for n**—n and n**—n transitions 
respectively, can be observed for all molecules when a proper amount of 
solvation is included: the q values at which the best agreement is obtained are 
also shown. 

In Table 4 oscillator strengths ( / ) for n**-n and transitions, calculated 

for isolated molecule and for the same hydrated models as presented in Table 3, 
are shown; f values for n**—n transitions of isolated molecules are always 
higher than the values obtained for solvated molecules, however very small f 
values are always obtained. On the contrary an increasing of / values for n**-n 
transitions is found for hydrated molecules compared to isolated ones. The few 
available experimental data conrirm this finding, apart from the exception of the 
n**-n band of acetone, where a lowering of oscillator strength of band 

for isolated molecule respect to hydrated one is theoretically and experimentally 
found. 
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Table 2. Stabilizatioa energies for several solvation models 


Molecule 

Model* 

P(A) 

JE (kcal/mole) 

HCHO 

a 

1.6 

7.09 


d 

10 

39.09 

CHjCHO 

a 

1.6 

7.59 


d 

1.8 

38.72 

CHjCOCHj 

a 

1.4 

9.29 


d 

10 

31.12 

CjHjN 

a 

1.6 

10.67 


c 

1.8 

21.15 

1,4— C«H4Nj 

a 

1.6 

19.14 


e 

1.8 

41.73 

U-C«H4Nj 

a 

1.6 

20.46 


e 

1.8 

38.28 

1,2— C4H4N1 

a 

1.6 

19.20 


b 

2.0 

37.84 


* The models (a), (b), (d) and (e) refer to the corresponding structures in Figs. 2 and 6. 


Table 3. Experimental and calculated blue and red shifts for a*<— n and n*<— it transitions 


Molecule 
and model 

e(A) 

it**—n transition 
blue shift (nm) 
calc. exp. 

ir*«— It transition 
red shift (nm) 
calc. exp. 

HCHO (d) 

2.0 

70.4 

63.8 

6.3 


CH,CHO (d) 

1.8 

68.1 

65.0 

5.4 


CHjCOCHj (d) 

2.0 

49.3 

112 

2.6 


CjHjN (e) 

1.8 

9.8 

30.0 - 34.0 

5.9 

3.0- 7.0 

l,4-C4H4Ni(e) 

1.8 

19.7 

17.5-23.9 

16.3 

3.9 

l,3-C4H4N,(e) 

1.8 

21.9 

18.8-24.9 

6.9 

1.5 

1.2 -C4H4N,(b) 

2.0 

4.5 

25.0-35.6 

23.3 

~0 


In the case of pyridine, for which the change in the electric dipole moment 
upon excitation to the lowest energy singlet n**—n excited state has been 
measured [26] to be J/i = 3.2D, a quantitative agreement with experiment has 
been found. The measured ground state dipole moment of pyridine is 2.19 D [27], 
consequently the excited state dipole moment is — 1.0 D. Our CNDO calculation 
predicts 2.94 D for the ground state dipole moment and — 1.44D for excited 
state dipole, with a substantial decreasing of the moment upon excitation, as 
predicted by solvent effect theory when a blue shift is observed [28]. The 
calculated dipole moment for the excited state, associated with the first n**—n 
transition is 3.06 D, according to observed red shift. Moreover for the other 
diazabenzenes CNDO calculations predict for an observed blue or red shift, a 
corresponding lower or higher value of the dipole of the involved excited state, 
with respect to the ground state dipole moment In the case of formaldehyde, 
acetaldehyde and acetone for a calculated blue shift of n**—n transition a 
decrease of the value of dipole moment of excited state (with respect to the n 
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Table 4. Calculated and observed oscillator strengths ( f) of it**— n and it*<— it transitions 


Molecule it*~n it* -it 



in vacuo 

in water 

in vacuo in water 

HCHO 


_ 

0.228 

0.354 



- 

dJT'*' 

— 

( H,C1IG 



0.383 

0.278 




OJi)*'" 


CH ,{ OCH , 


— 

0..360 

0.352 




O.tf," 

0.00^' 

C,II,N 

0.005 

0.(K)3 

0.083 

0.100 





0 . 07 ’''- 0 . 06 " 

1.4 C,11,N, 

0.009 

0.t)()3 

0.206 

0.249 


oniy 

(ioiT’-'' 

O.Kf 


1,3 -C4ll4Nj 

0000 

0(K)3 

0.080 

0.102 


t).()(l76* 

(KOI'-'' 

0.0.r2» 

om'" 

1,2 C4II4N. 

0012 

0011 

0.071 

0.080 



dim"' 

0.020* 


‘See Ref |231 

" See Ref ( 24 \. 

'■ See Ref. [25 1. 

■•See Ref. [19]. 

•Sec Ref. [21]. ' See Ref 

(2()|. “See Ref. 1 22 1 

'' ( alculated from through the relationship / 



sliitc dipole moment) is found. On the other hand for n**-n transitions, for 
which a correct red shift is obtained, the calculated dipole moments for e.xcited 
n* states associated with transitions are again lower than ground state dipole 
moments. However it is well known that not all frequency shifts are caused 
entirely by dipole interactions, but other types of interaction may give important 
or even dominant contributions in certain cases [ 28 ]. 

In conclusion we feel that the present hydration model gives an adequate 
description of solvent effect, keeping in mind the limits imposed by the com- 
plexity of the problem. It is noteworthy that the observed shift of transition 
energy is correctly predicted only when the q values are in the range of the 
experimental finding and a sufficient number of water molecules is put around 
the solute. This fact suggests that hydrogen bond model alone cannot explain 
observed trends of the UV spectra due to solvent effect. It is the first time to 
our knowledge that the blue and red shifts due to solvent effects can be correctly 
predicted by one calculation. 

Afhuwlciliicmnu>. One uf us (PC) (hunks Professor C. Moser for hospitality at C.li.C’.A.M. 
laborutories in Or.suy. 
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Ab initio LCAO MO SCF calculations have been carried out to predict core electron binding 
energies and shifts in fluoro- and chloro-methanes. The quality of the calculations ranges from a 
better than double zeta basis set to minimal STO (3 G) basis set. Predictions of binding energies 
and shifts are made using Koopmans' theorem, hole state calculations and equivalent cores 
calculations. Using a flexible basis set there is very little difference in the prediction of shifts by these 
three methods but for minimal basis set calculations the equivalent cores calculations give the 
best results. 

Key words: Core holes - Equivalent cores - Koopmans’ theorem - ESCA shifts. 


1. Introdnction 

The accurate measurement of molecular core binding energies using ESCA 
has stimulated an interest in non-empirical calculations of shifts in core electron 
binding energies [1, 2], Three approaches have commonly been used within the 
Hartree Fock formalism. 

1. Koopmans' Theorem [3] which equates binding energies to the negative 
of computed orbital energies. 

2. Hole Sfrtft's-binding energies arc computed as energy differences between 
ihe neutral molecule and hole states formed by the removal of core electrons [4]. 

3. Equivalent Cores MethodShihs in core binding energies are computed 
from heats of reaction for the isodesmic processes involved in the thermodynamic 
equivalent cores model [5, 6], 

Implicit in all of these approaches is the neglect (or assumed self cancellation) 
of correlation energy changes. For core levels, however, correlation energy 
corrections to core electron binding energy shifts are essentially atomic in nature 
(since core orbitals are so localized) and it seems clear both from the success of 
these three models and from direct calculations [7] that correlation energy 
corrections are essentially constant for a given core level. 

Koopmans’ theorem predictions of shifts are expected to be basis set 
dependent and even for a large basis set at the Hartree Fock limit electronic 
relaxation is neglected. Thus, unless the electronic relaxation energy is constant 
or varies in a regular matmer for a particular series of molecules then Koopmans’ 
theorem is not expected to yield a quantitative description of shifts in core 
binding energies. The core hole state calculations take into account electronic 
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relaxation but may give convergence difliculties in the SCF procedure. When 
there is more than one equivalent centre in a molecule the question of localized 
versus non-localized hole states presents computational problems. The available 
evidence from direct calculations [7], from the success of the equivalent cores 
model (implicit in which is the concept of localized core holes) and the observation 
of certain shake-up transitions (formally forbidden if the hole state is delocalized) 
[8] is compelling in favour of the description of core hole states in such systems as 
being localized on the time scale of the ESCA experiment. However the 
theoretical treatment of such states is much more difficult than for delocalized 
hole states. In investigating the effect of electronic relaxation as a function of 
electronic environment and basis set therefore it is convenient to avoid such 
problems by considering a series of molecules where there is a unique hole state. 
The equivalent cores method depends on the energy of core exchange (in a series 
of isodesmic reactions) remaining constant and the calculated value for this 
energy may well depend on the basis set used. 

While independent applications of these three approaches to the discussion 
of core binding energy shifts have been made (cf. Refs. [1, 2, 4, 6, 9]) no detailed 
comparisons of these methods and their dependence on basis sets have been 
carried out. It is the purpose of this paper to investigate in detail each of these 
methods to obtain information on their basis set dependencies, relaxation energies 
and the validity of the constancy of the energy of core exchange as a function 
of electronic environment. The systems studied are fluoro- and chloromethanes 
for which the experimental data are well documented [1, 10. 11]. 

2. Calculations 

\h iiiiiiii \ ( \() \l( ) S( I calculations iMi the molecules Cl I4 „l„(/i -= 0 - 4), 
C'11,CI and ClljCli together with the i.soclectronic scries NH4_„F„', NH3Cr 
and NHjCl] were carried out using a better than double zeta basis set of 
optimised gaussian functions [I2J. These consisted of 4.s contracted to 3s for 
hydrogen (scale factor 1.2) and 9.v, 5p contracted to 5s, 3p for carbon, nitrogen 
and fluorine. A 12.v, 9p basis set was used for chlorine [13] and this was 
contracted to Is, 5p according to the principles outlined by Dunning [12]. For 
ease of reference this basis .set will be referred to later as “the large basis set”. 
These calculations, except for CH2CI2 and NHjCI^ were performed using the 
IBMOL V LCAO MO SCF programme [14], all other calculations reported 
here were performed using the ATMOL group of programmes [15]. The 
programmes were implemented on an IBM 360/195. 

Calculations on the series CH4_,F„, NH4_,F„^ and *CH4_„F„^ (where * 
indicates a vacancy in the C,, shell) were carried out using the following smaller 
basis sets. 

1. The core orbitals were represented by four contracted gaussians and the 
valence orbitals, including H,, (scale factor 1.2) were represented by four 
gaussian functions contracted to groups of 3 and 1 thus allowing a more flexible 
description of the valence orbitals. (STO 4.31 G basis set). 

2. Each orbital was represented by three contracted gaussian functions 
with a 1.2 scale factor lor the H|, (STO 3G basis set). 
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The exponents and coefllcients used for these two basis sets were those 
obtained by Stewart [16], from a least squares fit of gaussian functions to 
dementi’s STO SCF atomic orbitals [17], 


3. Results 

Koopmans' Theorem 

The Koopmans' theorem prediction of the binding energies and the shifts 
are shown in Table 1 together with the experimental values. The accuracy with 
which shifts in Cj, core binding energies arc predicted, as expected, increases 
with increased flexibility of the basis set (Fig. 1), but even the large basis set 
overestimates the shift between CH 4 and CF 4 by ~22V Koopmans’ theorem 
neglects electronic relaxation on ionization, however this is not a reasonable 
assumption. Gelius and Siegbahn [18] have divided the molecular electronic 
reorganization energy from atom A. E"“*(mol). into two terms 

£;j“'*(mol) = £ 5 :”'" + £!;;“* 

where the first term is the reorganization energy gained by the contraction of 
the local charge distribution around nucleus A and is essentially atomic. The 
second term represents the redistribution of electron density in the remainder 
of the molecule. Using the differences between the calculated binding energies 
using the negative of the Hartree Fock orbital energies (Koopmans’ theorem) 
and the dilTerences in the total energies of the atom and ion Gelius and 
Siegbahn have estimated the atomic reorganization energy for the l.s ionization 
of carbon to be 13.7eV [18]. This value accounts for most of the difference 
between the experimental binding energies and the Koopmans' theorem values 


Table I. Koopman-s’ theorem predictions 


Molecule 

3G 

BF. 

Shift 

4.31 Cl 

BF. 

Shift 

l.arge basis 
BF. 

Shift 

I'.xperimcntal’ 

BF; ’ Shift 



C 

,, Shifts and binding energies (cV) 




ftu 

305.43 

0.0 

.304,35 

0.0 

304.95 

0.0 

290.7 

0.0 

Cll,t- 

309.64 

4.21 

307,43 

3.08 

.307.75 

2.80 

293.5 

2.8 

CH.F, 

313.90 

8.47 

310.82 

6.47 

310.81 

5.86 

296.3 

5.6 

CUE, 

31S.25 

12.81 

314.40 

10.05 

314,08 

9.13 

299.0 

8.3 

Cl* 

322.69 

17.26 

317,96 

1.3.61 

.3I7..38 

12.43 

.301.7 

11.0 

CH,CI 





.307,49 

2..54 

292.3 

1.6 

CHXl, 

- 

- 

--- 


309.77 

4.82 

29.3.9 

3.1 



F 

Shifts and binding energies (eV) 




CH,F 

704.50 

0.0 

71.3.24 

0.0 

714.90 

0.0 

692.4 

0.0 

CHjFj 

705.70 

1.20 

714.41 

1.17 

716.13 

1.23 

693.1 

0.7 

CHF, 

706.91 

2.41 

715.60 

2..36 

717.31 

2.41 

694.1 

1.7 


708.17 

3.67 

716.76 

3.52 

718.46 

.3.56 

695.0 

2.6 


■ See Refs. [Z 10. 11]. 
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KOOFUANS'THtOKM SHIFTS 



I'lg. I. Hloi of Koopmans' theorem shifls (w.r.i. CH 4 ) versus experimental shifts for the 
fluoromethanes as a function of basis set 


in the cases of the 4.31 G and the large basis set calculations while the differences 
for the 3G calculations are slightly larger. The estimate of a reorganization 
energy of 22.0 (or 22.1 employing a relativistic calculation) [18] for F,, 
ionization accounts for most of the observed difference in the large basis set 
calculations but slightly overestimates the difference in the case of the 4.31 G 
calculations and grossly overestimates the difference in the case of the 3G 
calculations. We attribute these differences to the poorer descriptions of the 
system given by the smaller basis sets. However the fact that with an improved 
basis set the shifts are well described by Koopmans’ theorem suggests that 
reorganization energy differences contribute to only a minor extent for these 
closely related molecules. This will be discussed in more detail in a later section. 

Hole State Calculations' 

The binding energy of a core electron e.g. in methane is the energy for the 
process 

CH4-*CH;+e- AE = BEch, 

where * indicates a vacancy in a core level, carbon Is in this case. Since the 
photoionization process is rapid compared to nuclear motion the core hole 
states were taken to have geometries identical to the parent molecule and the 
total energies for 3G and 4.31 G calculations on the series CH 4 -,F, and 
are included in Table 2. The calculated binding energies and shifts 

' For the hole states RHF calculations corresponding to the appropriate locked conTigurations 
have been carried out. There is no absolute guarantee that variational upper bounds to the true 
total energies for the ions are obtained since the computed hole states are not necessarily 
orthogonal to all lower energy states of the same symmetry. This could introduce errors of both a 
systematic and/or non-systematic nature. The results however would indicate that these considera- 
tions have not been encountered in this work. 

Cf. Gianturco,F.A., CuidottiO.. Chem. Phys. Letters 9, 539 (1971). 



Table 2. Total energies (cV) 
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HOLE STATE SH/E TS 



I'ij!. 2 I’lol III hdlc slate .stiifls (w.rl. <1-14) versus experimental shifts for the fluoromethancs us a 

functiim of basis set 


obtained from the dirfercnce in energy between the molecule and the core hole 
states are listed in Table 3 and the shifts are illustrated in Fig. 2. These calculations 
take into account electronic reorganization on core ionization and give binding 
energies which are in better agreement with the experimental values than arc the 
Koopmans' theorem energies. However, for the 3G and 4.31 G calculations the 
prediction of the shifts is not as good as the Koopmans' prediction, but for a 
double zeta calculation on the ground .states and core hole states of 
(/j = () to 3) Brundic, Robin and Basch [19] have shown that the shifts arc 
predicted with about equal accuracy by both methods. 


Equivalent Cores Shifts 

The equivalent cores method of predicting shifts in core electron binding 
energies from thermodynamic data was developed by Jolly and Hendrickson [5]. 
Where thermodynamic data arc available this method gives good predictions of 
shifts [20]. The principle of equivalent cores may be stated; “When a core 
electron is removed from an atom molecule or ion, the valence electrons adjust 
as if the nuclear charge of the atom had increased by one unit". Consider, for 
example, the shift in C,, binding energy between CH 4 and CHjF. 


ch4-*ch;+c 

dE — Bch4 ' 

(1) 

•ch; + N’^ -+nh; 

c 

II 

(2) 

(l) + {2) CH4 +N*^-NHJ + + e 

— ®CH 4 ^0 ■ 

(3) 
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Similarly for CH 3 F 

CH3F--*CH3F" + t?- = (4) 

*CH3F^ + N*+->NH3F^+*C*+ J£ = (5,, (5) 

(4) + (5) CH3F + N* + -»NH3F+ + *C*^+^-21£ = Bch3F + <5i. (6) 

The shift in core binding energies is thus given by 


(6)-(3) CHjF + NH^-NHjF^+CH* Bch,f- Bch, + (^i - ^ 0 ) • (7) 

It is assumed in the equivalent cores approximation that the values and 
are small since the species *CH 4 and NH*, *CH 3 F^ and NHjF^, and 
and are taken to be chemically equivalent. The shift in binding 
energy is therefore given by the heat of reaction for (7). However, this expression 
is still valid even if and are not zero provided that = 'C- 

provided that the heats of reaction for core exchange arc independent of the 
molecular environment for a particular pair of elements. 

The energies for reaction of the type (7) may be calculated from SCF 
calculations on the individual molecules in their ground states. Semi empirical 
calculations of the equivalent cores shifts using all valence electron SCF MO 
calculations have been qualitatively successful [ 20 — 22 ] and ab initio minimal 
Slater basis set calculations have been more successful [ 6 , 9]. It is therefore of 
interest to determine how much improvement is obtained when an extended 
basis set is used. Since photoionization is rapid compared with nuclear motion 
the geometries for the nitrogen cations were taken to be identical with those of 
the isoelectronic molecules. (This is also convenient on computational grounds 
since many of the two electron integrals can be retained.) 

The total energies required to calculate the equivalent cores shifts in C,, 
binding energies are shown in Table 2 and the equivalent cores shifts are shown 
in Table 4 and Fig. 3. The shifts are predicted well even by the smaller basis set 
calculations and in this respect they show less dependence on the choice of basis 
set than do the Koopmans’ theorem and hole state calculations. For the large 
basis set calculations the equivalent cores shifts and Koopmans' theorem shifts 
arc closely similar and this near equality is also observed between hole state 
shifts and Koopmans’ theorem shifts when a double zeta basis set is used [19]. 


Table 4, Equivalent cores shifts (cV) 



.to 

4..tl G 

Large 

F.xpcri mental* 

CM, 

0.0 

0.0 

0.0 

0.0 

('1I,F 

2.95 

.1.05 

2.82 

2.8 

rii,E, 

6..t4 

6..11 

5.99 

5.6 

(HEi 

10.16 

9.66 

9.31 

8.3 

CE, 

14..t7 

12.92 

12.64 

11.0 




1.77 

1.6 

c'n,ci, 



3.39 

3.1 


• Refs. [10] and [M]. 




>78 


D. B. Adams and D. T. Clark 


eauiwLCNT coK shifts 



f'lg. 3 Plot of equivalent core shifts (w.r.t. CHJ versus experimental shifts for the fluoromethanes 

as a function of basis set 


It would therefore appear at least in the case of the fluoromethanes that all three 
methods of calculation tend towards the same results as the flexibility of the 
basis set increases. 

The accuracy with which the equivalent cores method predicts shifts 
depends on how close the value of is to zero. It is therefore of interest to 

calculate the values of predicted by these calculations. 

•CH4-,F: +*C*" AE^b„ 

nh; + *c’^-*ch;-i-n*^ AE ^- b ^, 

*ch4.,f; + nh^-.nh4_,f; +*ch; AE ^ b „- b ^. 

Values of <5, - have been calculated from the 3 G and 4.31 G results (Table 2) 
and are shown in Table 5. Large deviations from zero occur with the 3G 
calculations but the deviations in the case of the 4.31 G calculations are much 
smaller. It should be noted that the d. — values correspond to the difference 
in binding energy between the hole state and equivalent cores calculations and the 
deviation of — dy from zero actually acts as an improvement to the hole state 
calculations bringing them nearer to the experimental values. However, the 
deviation of b„ — bo from zero is reduced greatly by the improvement of the basis 
set and a value of (<$„ — dy) = 0 would mean that the equivalent cores and hole 
state calculations would predict the same shifts in core binding energies. 

An experimental estimate of the value of b can readily be obtained for free 
atoms using ionization energy data to estimate the binding energy and comparing 
this with experimental measurements of the binding energy. Consider the 
following processes: 

(1) Is ionization in a carbon atom 


C-*C++e- 


AE = Bc. 
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Table S. Calculated values of d, - 



n 

«.-«o(eV) 

3G 

4.31 G 

CH 4 

0 

0.0 

0.0 

CHjF 

1 

-1.70 

-0.26 

CHjFj 

2 

-3.11 

-0.49 

CHF 3 

3 

-4.24 

-0.67 

CF. 

4 

-5.13 

-0.76 


From calculations on *C’'^ and N’* with corresponding basis sets, values of Sq may be 
obtained from the data given below 


Total energies (eV) 

3 G 4.31 G 


*C’* - 483.6457 - 486.7477 

-1202.5878 - 1212.6748 

do - 13.78 - 9.24 


Since in all cases only a single STO is used to describe the cores (being either a linear 
combination of three or four gaussians) it is clear that do is very sensitive to basis set. The 
detailed dependence on basis set will be discussed elsewhere. 


(2) Exchange of *C*'^ core for equivalent core 

+N^ dE = 6. 

The sum of these reactions gives an estimate of the Cj, binding energy which 
will differ from the experimental value by 5 

C + + N+ + e' dE=Bc + S. 

The energy of this reaction is the difference in the energy of the processes 

i-t 

5 

N+-»N*++4€" -IEs^^ (fPsh- 

1*2 

Hence 

Bc + 5 = d£c-dEN= t UP)c- t UP)n 

l-l 1-2 

Using values of ionization potentials from Moores tables [23] gives 

Bc,. + ^ = 287.6 cV 

From gas phase measurements the Is binding energy of a carbon atom in 
benzene, i.e. one with approximately zero (CNDO) charge, is 290.4 eV [24]. 
This gives a value of S of about -2.8eV. There will, however, be somewhat 
different electronic reorganization energies on ionization from a free atom and a 
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neutral atom in a molecule. Similar estimates of core binding energies and S 
have been made for a large number of atoms [25]. Shirley has recently made 
theoretical estimates of energies for core exchange in CH* and CHjF, and 
found the values of ^ = 6.0 and 5.9 eV respectively [26]. The reason for this 
di.scrcpancy between theory and experiment is uncertain. 

Chloromcthanes 

The Koopmans’ theorem predictions. Table 1, overestimate the C,, binding 
energy shifts and the error is larger than that obtained for CHjF which has a 
C'l, shift, intermediate between CHjCl and CH 2 CI 2 . The equivalent cores shifts 
are, however, in good agreement with the experimental values. We attribute the 
differing accuracy in the Koopmans’ theorem results partly to the difficulty in 
obtaining fully compatible basis .sets for the first and second row elements, and 
the improvement obtained from the equivalent cores calculations again illustrates 
the comparative lack of basis set dependency of this method. 


4. Conclusion 

These results, together with those of Brundle et al. [19] indicate that for 
the halomethancs when using large basis set calculations there is little difference 
between the shifts in core binding energies predicted by Koopmans’ theorem, 
hole state and equivalent cores calculations. However if a minimal basis set is 
employed the be.st estimates of the shift are obtained from the equivalent 
cores calculations. The graphs (Figs. 1-3) illustrates clearly the order of 
decreasing basis set dependency of the predicted shifts to be: 

Hole stale > Koopmans' > Fquivalcnt cores . 

The results also suggest that for these closely related molecules differences 
in relaxation energies are small and therefore make only minor contributions to 
the shifts in binding energies. In this connection it is of interest to pursue the 
analysis of the relaxation (reorganization) energies as suggested by Gelius and 
Siegbahn [ 1 8], The dominant contribution is that arising from the local charge 
distribution (E^’"'^) iifd may be expressed as 

where is the charge on atom A before ionization, k' is a constant (2.5 eV in an 
atom [18, 27] and is the reorganization energy due to orbital contraction 
around a neutral atom in the molecule ( 1 3.7 eV for a carbon atom [18]). Estimates 
of the relaxation energy obtained from differences between binding energies 
calculated from Koopmans’ theorem and hole states are shown in Table 6 
together with atomic charges for the 4.31 G basis set calculations. These overall 
relaxation energies, which include E"'”*. are essentially constant. This is consistent 
with the tendency for Koopmans’ theorem, hole state calculations and equivalent 
cores calculations to give the same estimates of shifts with flexible basis sets 
despite the fact that Koopmans’ theorem neglects electronic relaxation while 
the hole states and equivalent cores calculations take it into account. 
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Table 6. Charges and relaxation energies (4.31 G basis set) 


Molecule 

Atom 

Charge 

Relaxation energy (eV) 

(Koopmans' B.E. - Hole state B.E.) 

CH 4 

C 

-0.875 

11.4 


H 

+ 0.219 


CHjF 

C 

-0.281 

11.2 


H 

+ 0.226 

— 


F 

-0.399 

- 

CH:F, 

C 

+ 0.373 

tl.l 


11 

+ 0.251 



F 

-0.379 

— 

CHFj 

C 

+0.754 

11.1 


H 

+ 0.308 



F 

-O ..354 


CF 4 

C 

+ 1..328 

11.3 


F 

-0.332 



It is unrealistic to compare directly the atomic relaxation energy data of 
Gelius and Siegbahn [18] with that calculated for the fluoromethanes because 
of differences in basis set. However, the prediction of a near constancy of 
relaxation energies for the fluoromethanes is interesting and from the analysis of 
Gelius and Siegbahn [18] this would only be expected if the sum of the charge 
dependent terms in EX'"' and £”“* was constant. The charge dependent term in 
£""" increases with increasing positive charge on the carbon atom along the 
scries CH^ to CF* and this implies that shows a similar charge 

dependency on the increasing total negative charge on the atoms bonded to carbon 
such that the sum total remains essentially constant. 


Afli.nonlcdyi'im'nls. Thank.s are due to the Science Research Council for provision of a research 
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A two-electron integral which commonly occurs in molecular calculations Ls evaluated numerically 
using the different methods of Boys and Conroy and the results are discussed. 

Key words: Numerical Integration 


1. Introduction 

The purpose of the investigation was to consider an integral with a singular 
integrand which occurs quite often in electronic calculations and to evaluate it 
using the “diophantine-type" methods of Boys et al. [1,2] and Conroy [3], The 
integral chosen is the two-electron, one-centre integral 

J — dr,(/r2. (I) 

'^t2 

This integral has the advantage of being evaluated analytically to give 

thus making comparison with its numerical estimates possible. 


2. The Co-Ordinate System 

In both the numerical methods considered the spherical polar transformation 
of the co-ordinates of electron i (/= 1,2) suggested by Boys and Handy [2] was 
employed i.c. 


= -<lr) 

0, =3r(6q|,- 154,+ I0«e,) 

This reduces the integral to the standard form 


(3) 


1 I 

I • • • I fiQrr tier ^* 2 ) <^9 ■ (4) 

_ 0 0 

* This paper was presented during the session on numerical integration method.s for molecules 
of the 1970 Quantum Theory Conference in Nottingham. It has been revised in the light of the 
interesting discussion which followed. 
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Also in both the procedures the scale factors A, (i = 1, 2) were set equal to A in 
order to reduce the number of parameters. 


3. Boys* Method 


The transformation given by Eq. (3) transforms an integrand having a contin- 
uous derivative in polar co-ordinate space to an approximately periodic function. 
The Boys procedure gives an estimate of the integral by evaluating partial sums 
in which the integrand is evaluated at “diophantine" points in 3-space. Assuming 
that this procedure may be applied to integrands involving a singularity and 
generalizing it to the two-electron case, the partial sums are then given by 


where 


j N N 

wF Z Z /(E„L2)w(£.,)w(L2), 


^r,) = 


L, DL, 
N ' N 



(i=l,2). 


(5) 

( 6 ) 


In (5), / is the integrand and o) a one-electron weight which is obtained from the 
onc-eleclron contribution to the Jacobian of the transformation. Equation (6) 
involves /V, the number of integration points per electron, and also fixed constants 
1) and E both of which depend on N. 


4. The Singularity 

In order to prevent infinite contributions which arise when r ,2 = 0, the method 
introduced by Boys and Cook [4] of coping with the singularity was used so that 
l/ri 2 is replaced by 

The only modification employed in (7) is to regard Z as a parameter rather than 
setting Z = 3 as suggested by Boys and Cook. 


5. Results 

The numerical estimate of the integral using Boys' method depends therefore 
on two parameters A and Z. 

Figure I shows the variation with Z of the percentage errors in the estimates 
of the integral for a = 1, ^ = 2; in this case the scale factor was fixed at 2 (c.f. Fig. 2). 
For the range 0 < Z < 25, the integral estimates vary quite markedly with Z and 
give the correct result when Z 1 6. It would therefore seem that the estimate of Z 
as approximately 3 arrived at by Boys and Cook using an electrostatic argument 
is not as satisfactory as Z= 16 as a parameter in the approximation for the l/r ,2 
singularity. In Z > 16 the estimates become less accurate. This is to be expected 
since (7) approximates very closely to l/r ,2 for large Z and thus introduces further 
inaccuracies into the calculation. 
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Figure 2 shows the variation of the percentage error of the estimate with scale 
factor A. Again a = 1, ^ = 2 and Z was chosen as the Boys and Cook estimate of 3. 
The error varies markedly with A, and the best estimates have an error of about 
9-10?o in the region 1 g >4 ^2. It is in this region that the integral estimates are 
least sensitive to the scale factor. 

Further calculation shows that if Z is increased to 16 the errors become much 
smaller and the integral estimates become much less sensitive to A. For example, 
when Z = 16, the percentage error is about 0.05 for i <A<6. These results were 
computed for Af = 80 - i.e. using 6400 grid points. The previous results were 
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repeated for several diflerent values of the parameters (a, P) confirming the fact 
that the choice of Z = 3 was far too small and that Z, in the neighbourhood of 1 6. 
gave much more accurate values of the estimates which were relatively insensitive 
to the choice of scale factor. 


6. Coaroy’.s Method 

The method of Conroy [2] is based essentially on the approximation to this 
integral by the partial sum „ , 

~ i tf(L«-[Z.a]), (8) 

™ L=i 

where y is the product of the integrand and the Jacobian of the transformation; 
M is the number of sample points. In expression (8) 

« = (9) 

where p is a six dimensional vector which is selected, having first chosen M, 
according to Conroy's prescription in which he lists optimised sets of M each with 
their respective optimised vector p. In (8) because the integral parts are subtracted 
olT each component of Let , the grid points lie inside the unit hypercube as is 
required from the transformation given by (3) (see also expression (4)). 

The function g in expression (8) is evaluated in a six dimensional configuration 
space as opposed to the two three dimensional spaces of each electron as in the 
Boys method. It is therefore possible to order the components of p to correspond 
to the components of the vector q given by (3), in several different ways. Cor- 
responding respectively to each of the components p,,p 2 Pt, the ordering 

(irr ‘(Wi- the ordering q^,. q^^. q^^ were con- 

sidered. It was generally found, however, that the former ordering gave better 
results than the latter, despite the fact that the latter ordering allows both the 
radial co-ordinates of the electrons to assume greater importance in the integral. 
This first ordering has been used in all subsequent results. 

One further point to note is that this integration procedure is such that the 
choice of integration points does not make r ,2 small so that no special device for 
coping with the singularity need be introduced. The exceptional case, however, 
is that for which M is even in which case the point corresponding to £- = M/2 makes 
r ,2 zero. In this case therefore the integration point corresponding to L = M/2 is 
omitted. 

7. Results 

Figure 3 shows the variation with the scale factor A of the percentage error 
of the integral estimate for a choice of 6044 and 9644 grid point respectively. For 
the choice of 6044 points the results are relatively insensitive to the scale factor 
and are particularly good for 2.5 10 where the error is less than 1 %. How- 

ever, if the number of points used is increased to 9644 the results are much more 
sensitive to the scale factor particularly at values of A greater than 10 where there 
is marked oscillation. In this case the optimum results again occur in the region 
2.5 ^ y4 ^ 10 but, despite the increased number of points, there is no improvement 
in the accuracy. 
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Both the methods of Conroy and Boys show that the results obtained are 
sensitive to the choice of scale factor (even for about 60(X) grid points). It is, 
however, possible in estimating this integral to find for both methods ranges of /4 
in which the estimates are optimum and least sensitive to the scale factor. In 
order to investigate the use of a different transformation from that given in (3), the 
alternative transformation 

r,==A{qJi-q,y (/=l.2) (10) 

was studied. The quadratic dependence of the r, on qi did in fact produce results 
which were less sensitive to A in both methods but the estimates were not as 
accurate. This alternative transformation did also predict the optimum value of Z 
for the Boys method as being approximately 22. Again confirming the choice of 
Z = 3 as being far too low. Concerning the Boys method generally, it is accepted 
that arguments in favour of this method as applied to a six dimensional integral 
are not as strong as those favouring its application to one of three dimensions, 
particularly if r ,2 occurs explicitly, and as a singularity, making the integrand 
and its derivatives no longer continuous. However it docs seem that, although the 
method was not originally conceived with the idea of application to integrals with 
singularities such as l/r, 2 , this suggestion of coping with the singularity can be 
improved by using optimised parameters. 

Whereas the Boys method is essentially a one-electron, or three dimensional 
procedure, Conroy's method is essentially a configuration-space procedure. For 
6044 grid points, Conroy's procedure gave exceedingly accurate results for certain 
ranges of the scale factor. Further it has the advantage of requiring no special 
devices to deal with the singularity. However, the fact that at 9644 grid points the 
variation of the estimates with A were much larger than that for 6044 raises some 
quite serious objections. Any desirable numerical integration method using 9000 
points should produce results which are relatively insensitive to the scale factor A. 
The integral for the Boys procedure was not estimated using 9000 points so that 
no comparison can be made. 

In conclusion, ab initio molecular calculations in which very many integrals 
are numerically computed will certainly need procedures requiring a reduced 
number of integration points if the computing time is to be minimized. 
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The possibility of using optimum parameters necessitating a smaller number 
of grid points in numerical integration techniques should therefore be further 
explored. 

Arknnwledf/ments. The authors would like to thank Mr. Brian Ford and Mr. C. E. Solomon for 
their valuable help in the writing and execution of the programs. 
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An account is given of the use of Gaussian quadrature product formulae in the evaluation of 
certain six-dimensional, two-centre integrals involving one-electron Green's functions. These 
integrals occur in a new molecular variational principle recently proposed by Hall, Hyslop and 
Rees [1] from which an approximate energy may he derived which can be shown to be at least as good 
as that obtained from the Rayleigh-Ritz principle. Reductions in computing time are realized by 
removing certain singularities using a subtraction technique and also by using an empirically 
determined Richardson-type extrapolation formula. 

Key words: Gaussian quadrature - Green's functions - Singularities 


1. Introductioo 

In a recent paper Hall, Hyslop and Rees [1] proposed a variation principle 
for molecular energies and applied it to the calculation of an upper bound for the 
ground state energy of the H 2 molecule. The six-dimensional Green’s function 
integrals involved were evaluated by employing a semi-analytical technique in 
which a Fourier transform representation of the Green’s function enabled the 
integrals to be reduced to a single quadrature in the simplest cases considered 
and to a triple quadrature in more complicated cases. However, generalization of 
this method is not straightforward and indeed as pointed out in [1], some of the 
additional integrals required in an alternative functional cannot be evaluated 
by the techniques employed on the original functional. 

The functional contained in the original principle was derived using the 
usual Born-Oppenheimer approximation that the nuclear and electronic co- 
ordinates could be completely separated, whereas the alternative functional 
proposed did not assume this separation. Since a direct comparison of these 
functionals is of interest and also since an integration routine which is more 
readily generalized is necessary the possibility of direct numerical evaluation of 
the integrals is considered. 

2. Fonnulatioa of the Integrals 

On introducing a class ip(x) of scaled trial functions, where the scaled 
variables are denoted by x with x = kr when the electronic energy is given by 

*This paper was presented during the session on numerical integration methods for molecules 
of the 1970 Quantum Theory Conference in Nottingham. It has been revised in the light of the 
interesting discussion which followed. 
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£= -k^lZ the functional used in [1] may be written as 

= V{x^)G(x^,Xl) V{x 2 )\p(x 2 )dxidx 2 l\\p*(x) V{x)y}{x)dx. (1) 

G (jt|, X 2 )= -exp (- x,2)/(2jr .<, 2 ) is the scaled Green’s function with 
'<''12 - ~ ^ 2 ! and V(x) is the scaled electronic potential energy corresponding to 

y{r)=-{i/r,+ \/r,) (2) 

where r, and r,, are the distances between the electron and protons a and h, whose 
separation is R. The total energy is then given by 

W = -k^/2+\/R (3) 

The alternative functional may be written as 

k' r(x,)G{x„X 2 ) K'(x 2 )v’U 2 )‘/jti'** 2 /Jv>*l*) V'(x)ip(x)dx (4) 

in which V'ix) is the scaled total potential energy corresponding to 

y'(r)=-(l/r,+ l/r,)+i/R (5) 

and the total energy corresponding to this functional is 

W'^-k'^/2 (6) 

The values of k are then obtained as functions of the independent 
variable ()=^kR from equation (t) with corresponding internuclear separation 
(i/k. C’orrespondingly k' is given as a function of q' ^k' R by equation (4) at the 
internuclear separation g'/k and hence energy curves may be obtained and 
compared. 

Two centre elliptic coordinates {2,n,<l>) are used where 

. /^ = ('■« - >’i,)/R ( 7 ) 

and <f> is the azimuthal angle about the internuclear axis. By way of illustration 
the trial function used is the simple united atom approximation 

V)(x) = exp(-f/l) (8) 

where c is a variable parameter. This function may be regarded as being 
already scaled since it involves only the ratio of distances. 

On writing the functionals k and k as //J and I'/J' respectively it is easily 
seen that the normalization integrals J and J' are given by 

J (q, 0 = - i Jr {g/cfi I + 2c) exp( - 2c) (9a) 

and 

J'{g’, c)= --^n ((?^/c-*) (20c^ + 6c - 3) exp ( - 2c) (9b) 

and that the main integrals / and /' may be written as 

/ = exp(-.x, 2 )exp[-c(A, + ^ 2 )]-^! 22 d 2 , dk^dni dUidij) (10a) 

and 

r =- XiV exp ( - .X , 2 ) exp [ - c(2 , + /I 2 )] [_k , - (2f - /2?)/4] 

• [-^2 -U 2 -/^2)/4] dXldA2d^lldn2d<t> 


(10b) 
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The scaled distance is given by 

4jci2/c^ = (A? - 1) (1 - + (A| - 1) (1 - /t|) + 

- 2 [{Af - 1) (1 - nf) (A| - 1) (1 - fii)y'^cos(f> 


( 11 ) 


where <f) = <pi — 4)2 is tbe diflerence in azimuthal angles. 

In the /' integral therefore, q is replaced by g' and the A 1 A 2 term in I is 
replaced by 

[A.-(A?-/i?)/4][A2-(Ai-,if)/4] (12) 


3. Numerical Integration Procedure 

The formula used for the integrations is a five-dimensional Gaussian 
product formula of the type given by Stroud and Secrest [2]. For the fi integra- 
tions the basic result is 

]'/(/*) ^/^ = i>4.(i)/[Ac,(/)] (13) 

-1 (-1 

where .Xj(/) is the r" grid-point and /!,(/) the corresponding weight for N-point 
Gauss-Legendre quadrature. In the case of the A integrations the result is 

I /(A)exp(-cA)dA = f"‘exp(-c)^|]^^i,(/)/[l +.Xt(0/c] (14) 

in which xji) and A,(0 are the grid-points and weights for N-point Gauss- 
Laguerre quadrature. The quantities Xg(i), and are extensively 

tabulated by Stroud and Secrest. The azimuthal integration is carried out by 
means of the Chebyshev-lype result 


231 

J f{cos<t>)d(t)= -- 
0 ” 



(2i- l)n 
2N~ 


(15) 


which is also referred to by Kopal [3] as the N-point Gauss-Mehler quadrature 
formula. 

The main difficulty associated with the use of Gaussian quadrature formulae 
in the evaluation of molecular integrals of the type / or /' is the extremely slow 
convergence with increasing N because of the X 12 singularity. Extensive 
numerical tests were carried out using the technique of Boys and Rajagopal [3] 
for the removal of the singularity, but, even when various modifications were 
used, the convergence was still found to be exceedingly slow. It is proposed 
therefore to consider numerically the integrals S and S' rather than I and 1 
where 

S = ip‘‘Jx72 [t-exp(-X|2)]expt-c(Aj + A2)]AiA2dA,dA2dft,d/i2d<^ (16) 

with a similar expression for S' with g replaced by g’ and A 1 A 2 replaced by {\2). 
The singularity of Xi 2 = 0 is now removable and numerical tests (»nfim 
that a considerable improvement in convergence is realized when an N -point 
Gaussian formula is used. 
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It is necessary then to evaluate the complementary integral 

A - ic*^Xi 2 exp[ — c(A, + Aj)] kik 2 dXidX 2 dnidti 2 d(l> (17) 

with a corresponding expression for A’, using (12). These integrals may be 
treated analytically using the Neumaim expression of in terms of {X,n,<t>) 
a.s quoted, for example, by Harris and Michels [4], The analysis is similar to that 
used by Sugiura [S] in his classical evaluation of the Heitler-London hydrogen 
molecule integrals and analytical expressions for A and A' are readily obtained 
in terms of the subsiduary integrals 

L„k) = { A" exp ( - cA) log(A + 1 )/(A - 1 ) dA , (18) 

I 

n ranging from 0 to 4. The values of L„(c) are obtained by successive 
differentiations of the result 

'[(7 + log2t)exp(-f) + exp(c)£,(2c)] (19) 

where ■/- 0.577215... is Euler’s constant and £,(r) is the exponential integral 

£,( 2 )=|r 'exp(-zOdf (20) 

as defined by Abramowitz and Stegun [6]. 

The integrals / and /' are then given by subtraction to be I = S-A and 
r^-S'-A' ( 21 ) 

once S and S' have been evaluated numerically and A and A evaluated 
analytically. 


4. Improvement in Convergence 

Denoting the value of S obtained from the fV’-point Gauss formula by Sf^, 
numerical tests indicate that the convergence of the required {S;v} is rapidly 
approaching geometric, so that the Aitken (^^-extrapolation procedure may be 
used to speed up the process. Noble [7]. In fact, using a combination of the 
Richardson and Aitken extrapolation techniques as outlined in [7] it appears 
that a formula of the form 

^ — ( 22 ) 

is valid for large N, certainly for N greater than 8. 

In order to reduce the value of Af an empirical formula of the form 

S^hlSs-a{S^-S,y] (23) 

was investigated and extensive numerical tests indicated that an optimum 
value for the constant a could be found which was such that the correction 
factor b was extremely slowly varying with q and the corresponding value of c 
in the region of its optimum value, as prescribed by section S. Some representa- 
tive values demonstrating the validity of this formula are shown in the 
following table for both S and S'. 
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Table I. Variation of the correction fiactor h in the extrapolation formula 


e 

C 

S integrals 
a = 0.8 

S' integrals 
0 = 0.9 

1.0 

0.48 

a99843 

0.99777 

xo 

0.93 

0.99876 

0.99891 

3.0 

1.36 

0.99882 

0.99902 

4.0 

1.80 

0.99880 

a99902 

.3.0 

2.23 

0.99869 

0.99896 

6.0 

2.67 

0.99854 

0.99887 


Further numerical tests on extrapolation formula (23) indicate that both S 
and S' may be obtained to an accuracy of better than 3 parts in 10^ for values 
of Q (or q') greater than 1.0 with a maximum value of Af = 5, that is, 3125 Gauss- 
points for the five-dimensional integrals. For pgl.O, it is necessary to in- 
crease N, but in this case since the united atom limit is being rapidly approached, 
the resulting electronic energy values are very close to the exact results, of 
Oalgamo and Foots [8]. Indeed, in this region the behaviour of the total 
potential energy curve is dominated by the i/R nuclear repulsion term. 


5. Optimization Routine 

The technique is similar to that used in [1]. Thus, for a given q the func- 
tional k is optimized with respect to the parameter c according to 


{dk/dc)=0 


(24) 


using a simple one-dimensional research routine based on extrapolation 
formula (23) coupled with analytical evaluation of A and A'. Various checks on 
accuracy are carried out involving increases in the number of Gauss points. 
This yields optimum values k, 
t)/k^ and IF given by 

IF„«(p)=-kL/2+l/R (25) 


np, and c„p, with corresponding R values given by 


^op.(e)=-02 + '/« 
Similarly the functional k' is optimized according to 


{dk'/dc)^=0 (26) 

and yields k'„p^, and correspondingly R' = e'Aip, and 

W^{R')=-KIJ2 (27) 

The equilibrium separation Ro is obtained by optimizing W {q, c) or 
W(q', c) as in [1] using the direct search routine of Rosenbrock [9], making use 
once again of the empirical extrapolation formula (23) to reduce computing 
time. 


6. Dfscussioa 


The main limitation on accuracy is the numerical evaluation of the six- 
dimensional integrals S and S'. The use of the empirically determined extra- 
polation formula enables a maximum error of 3 x 10~^ to be realized with a 
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total of 3125 Gauss-points in the determination of these integrals. Cancellation 
effects in evaluating (S — >1) and (S' — /4') and also between and i/R may 

increase the error to a maximum of 3 x 10 in the total energies. The energy 
curves £(R) and £'(K') and and )y'(R') are found to be indistinguishable 
to this accuracy and it is concluded that the Bom-Oppenheimer separation in 
the functionals is valid within the limits of the accuracy of the present calculations. 
As an illustration, the optimum values of W— — 0.S90 at R= 1.912 as compared 
with -0.593 at R'= 1.909 may be quoted and compared with the exact 
result of -0.603 at 2.00. 
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h 

An analysis of a method for the numerical evaluation of the integral J /(x) dx Is presented. The 

m 

method introduces a change of variable, x = x(q). with the property that iTx/dif Ls zero at .t = u. .v h 
for n = 0, 1.2, ... N. where Af is an integer to be chosen. The Eulcr'Maclaurin formula shows that the 
resulting integral in the variable q is ideally suited for numerical integration, using equally spaced 
points arrd equal weights in 4-space. Examples arc given for various integrals which occur in quantum 
chemistry and applications to more than one dimension are discus.sed. 

A'cy words: Numerical integration 


For the numerical integration of many dimensional integrals a change of 
variable to make zero various low order derivatives at the boundaries has been 
variously used. [See Boys and Rajagopal (1965), Boys and Handy (1969) and a 
special scheme by Sag and Szekeres (1964), where a device which makes all 
boundary derivatives equal to zero is used. The latter is similar to the transfor- 
mation introduced below.] For an approximate estimate of the errors in 
transformations of such types, the most useful data appear to be the results for 
various one dimensional integrals. These do not appear to have been available 
and such a set is given here. Since these transformations are the simplest way of 
making various derivatives have zero values at the boundaries of the integration 
range, they will be referred to here as boundary derivative reductions. 

The type of transformations with which we arc concerned is the simplest type 
of change of variable x{q) with 

jF(x)dx= i F{x{q))~dq= jG(q)dq. (1) 

0 0 dq 0 

It is always arranged that dx/dq varies as q^ near ^-0 and (l—qf near I. 
Then the simplest numerical approximation to this with n -t- 1 equally spaced 

* This paper was presented during the .session on numerical integration methods for molecules 
of the 1970 Quantum Theory Conference in Nottingham. It has been revised in the light of the 
interesting discussion which followed. 
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points (including the two limits) is 

"l G(<?. = //n) + 0.5(G(0) + G(l)) 

1=1 

- }f(x)dx- -^(G“>(1)-G“'(0))+ -y-(G'^'(l)-G<^'(0)) (2) 

- 352-^(G'’>(l)-G'*>(0)) + 0(n--). 

The terms varying as n n * etc. are the correction terms given by the Euler- 
Maclaurin formula [see Krylov (1962) or Whittaker and Robinson (1937)]. But 
these depend on the values of the odd derivatives at the boundary. If a + h> 1, 
where denotes the variation of F{x{q)) for small q, then the term vanishes; 
if further a + h>X then the n * term vanishes and so on. In the transformations 
r, and Ts used below, we generally have residuals of m "* and n' ^ respectively. 
I'hc integrals without transformation generally give errors and these are 
given for comparison. 

It is considered that for the evaluation of many dimensional integrals, the use 
of such transformations for each dimension separately is probably the most 
desirable first step for most integrals. In such a case it is desirable to be able to 
estimate the value of the errors to be expected. Such errors for n = 6 to about 
M= 12 in the tables provide an approximate means of domg this and seem to be 
the only record of suitable quantities for this. 

fhe notations 7^ with p giving the lowest power of q are used in the tables 
for the following transformations with T, thus denoting no transformation: 

T,; x = q 

1 

x = U2jq{\-q}dx = 3q^-2q^ 

'I (. 3 ) 

Tp! .v = Upj(/'’ 'li -qy-'dq 

0 

T„ -. x = [exp(-^- ')] [exp(-^‘') + exp(-(l -qr')y ' . 

The constants a^, arc chosen to make x cover the range 0 to 1 as q covers the same 
range. The numerical integration for a given f'(x) is then performed through 
Fq. ( I ) and through 

( J G(q) dq] = V G(//n) + 0.5(G(0) + G(l)) . (4) 

\0 /approKimalc 

The fractional errors e obtained by these transformations are given for 
different n. all multiplied by 10*, so that I. denotes a normal high accuracy. In 
each table a quantity (error x (n*’)) is recorded as ( )p. This is the value of C if the 
error varied as Cn"'’. Hence the constancy of ( )p in a column denotes a close 
approximation to an n”'’ law. The fractional error results are stated to 0.(XX)01 
but there may be errors of about 0.00002 and so any case less than 0.00(X)5 has 
been given as 0. The accurate standard of reference was taken from w= 100, T*,, 
and so this has no entry. 
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n 

T, 






T 

6 

-915.6 

(-0.3296)j 

-38.46 

(-0.4985)4 

311.4 

(145.3)4 

-196.3 

8 

-514.2 

(-0.3291)i 

-13.59 

(- 0 . 5566)4 

15.42 

(40.42)4 

-116.7 

10 

-328.8 

(-0.3288)2 

- 5.368 

(-0.5368)4 

1.345 

(13.45)4 

- .3.632 

12 

-228.3 

(-0.3287)2 

- 2.526 

(-0.5239)4 

0.3356 

(10.02)4 

12.10 

16 

-128.3 

(- 0 . 3286)2 

- 0.7790 

(- 0 . 5106)4 

0.05830 

(11.781)4 

0.5658 

20 

- 8113 

(-0.3285)i 

- 0.3151 

(-0.5042)4 

0.01531 

(9.799)4 

- 0.4428 

40 

- 20.52 

(-0.3284)2 

- 0.01938 (-0.4962)4 

0.00021 

(8.599)4 

- 0.00075 

60 

- 9.122(-0.3284)j 

- 0.00383 (-0.4965)4 

0 


0 

100 

- 3.284(-0.3284)j 

- aooo 49 ( - 0 . 4959)4 

0 





Tabic 2 Fractional errors 

X KF for F 

= exp(x-0.S)^ 


n 

T, 

7-3 


T, 

T 

■ dL 

6 

543.6 (0.1957)2 

-85.06 (- 

1 . 102)4 

54.75 (25.54)4 

-853.5 

8 

306.2 (0.1959)2 

-27.74 (- 

1.1.36)4 

8.781 (2.3.02)„ 

-271.7 

10 

l%.l (0.l961)j 

-11.51 (- 

1.151)4 

1337 (23.37)4 

0.9609 

12 

136.2 (0.1962)j 

- 5.589 (- 

1.159)4 

0.7845 (23.42). 

28.65 

16 

76.66 (0.1962)2 

- 1.781 (- 

1.167)4 

0.1399 (2.3.48). 

1.304 

20 

49.07 (0.1963)2 

- 0.7319 (- 

1.171)4 

0.0.3671 (23.49). 

- 1.046 

40 

12.27 (0.1963)2 

- 0.04597 (- 

I.I77>4 

0,00558(2185). 

- 0.00176 

(*) 

5 . 4.54 (0.1963)j 

- 0.00909(- 

1.179)4 

0 

0 

100 

1.963(0.1963)2 

- 0.001 17(- 

1.177)4 

0 





Table 3. Fractional errors x 10’ for f 

= 0.5cosh(2.x— 1 ) 


n 

l\ 


T, 



r. 

6 

942.2 

(0.3327)2 

-91.61 

(-1.187)4 

63.27 (29.51)4 

1014 2 

8 

520.3 

(0.3329)2 

-.30.33 

(-1.242)4 

9.8.34 (25.78)4 

-301.3 

'0 

33.3.1 

(0.3331)2 

-12.67 

(-1.267)4 

2.607 (26.07)4 

2 . 2 % 

12 

231.4 

(0.3332)2 

- 6.177 

(-1.281)4 

0.8752 (26.13)4 

31.88 

16 

130.2 

(0.3332)2 

- 1.975 

(-1.294)4 

0.1560 (26.18)4 

1.447 

20 

83.31 

(0.3333)2 

- 0.8133 

(- 1 . 301)4 

0.0409.3(26.20)4 

- 1.164 

40 

20.8.3 

(0.3333)2 

- 0.05119(- 1 . 311)4 

0.00625 (25.61)4 

- 0 . 001 % 

60 

9.259(0.3333)2 

- 0.0)013(- 1 . 314)4 

0 

0 

KXI 

3.333(0.3333)2 

- 0.00132(- 1.315)4 

0 



The transformation is a special form introduced because it has all the 
boundary derivatives zero. It can be inferred non-rigorously by inspection of 
the simple Euler-Maclaurin formula that the errors would decrease more rapidly 
ihan any finite power of This can also be shown by more complicated 
vigorous mathematical argument. It will be seen that the results for in every 
table appear to be in agreement with this. 

The tables show how markedly improved are the results for T3 and Tj 
compared to T, in all normal cases (Tables 1 - 3 ) and how closely they follow 
Euler-Maclaurin predictions. A few exceptional functions are included and again 
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Table 4. Fractional errors x 10^ for F sin(nx) 


n 

7-, 


T2 


T, 


T 

6 

-2295.1 ( 

- 0.8262) j 

112.6 

(1.460)4 

-21.31 (- 

9.942)4 

405.5 

8 

- 1288.4 ( 

- 0.8246) j 

35.90 

(1.471)4 

4.144 (- 

10 . 86)4 

- 10.41 

10 

- 823.8 ( 

-0.8238)2 

14.74 

(1.474)4 

- 1.118 (- 

11 . 18)4 

- 8.088 

12 

- 571.8 ( 

-0.8234)2 

7.121 

(1.476)4 

- 0.3803 (- 

11 . 35)4 

0.264C 

16 

321.4 ( 

-0.8230)2 

2.256 

(1.478)4 

- 0.06873 (- 

11 . 53)4 

0.0456 

20 

- 205.7 ( 

-0.8228)2 

0.9244 

(1.479)4 

- 0.01815 (- 

11.62)4 

- 0.0104 

40 

51.40 ( 

-0.8225)2 

0.05779(1.480)4 

- 0.00030 (- 

12 . 54)4 

0 

60 

22.84 1 

-0.8225)2 

0.01141(1.478)4 

0 


0 

MX) 

8.2241 

-0.8225)2 

0.00148(1.481)4 

0 





1 able 5. Fractional errors x 

to’ for F = exp( - 

100(x-0.5)^) 


n 

7. 

7-, 


7, 

7, 

6 

5727.5 (2.016)2 

76.371.1 

(989.8)4 

1.3)406.8 

88076.3 

8 

.3612 (2.312)2 

.3.3717.0 

(1.381.0)4 

7.3641.6 

41723.3 

10 

)0..14 (0.10.34)2 

12746.7 

( 1274 . 6)4 

39857.7 

17265.9 

12 

0 1.344(0.(XX)2)2 

40.38.0 

(837.3)4 

198.57.7 

6006.6 

16 

0 

246.7 

(161.6)4 

.3664.7 

429.4 

20 

0 

8.384 (1.3.41)4 

464.9 

15..5: 

40 

0 

0 


0.00011 

0 

60 

0 

0 


0 

0 

1(X) 

0 

0 


0 




ruble 6. Fractional errors . 

< 10’ for F 

= (1 - .v)-'e)ip( 

-(1-3)-') 


n 

r, 


7, 


7, 


7, 

6 

- 40.3.8 ( 

l.4.54|j 

706 5 ( 

-9.156)4 

-281.3.0 ( 

-1312.0)4 

-2878.0 

8 

- 242.2 ( 

- 1.550)2 

232.4 

(9.522)4 

- 404.2 ( 

- 1059.0)4 

- 760.1 

10 

- 89 78 ( 

0.897). 

- 71.8.3 ( 

-7.183)4 

288.4 

(2884.0)4 

- 178.5 

12 

47..36 ( 

-0.682)2 

1.5.(¥) 

(.3.112)4 

- 64.12 ( 

-191.5.0)4 

18.25 

16 

- 31.8.3 ( 

-0.815)2 

0 2.368 

(1.5.52)4 

4.178 

(700.8)4 

- 9.824 

20 

21.24 ( 

-0.850)j 

- 0..3258 ( 

-5.257)4 

0.9.393 

(601.1)4 

2.794 

40 

- 5.209 ( 

-0.833)2 

- 0.01 958 ( 

-4.968)4 

0.(XX)21 

(8.583)4 

- 0.00142 

60 

- 2.3I4( 

- 0 . 8 . 33)2 

- 0.(K)387( 

-. 5 . 018)4 

0 


0 

)(X) 

0 


0 


0 


— 


they are markedly in accordance with expectations. For example (Table 4) since 
sin(nx) already behaves as x and 1 — .v at the boundaries the transformations 
7^2 and 7^ carry it to the same state as Ty and Ty in the ordinary case. 

In Table 5, exp( — l(X)(.x - 0.5)^) is a very peaked function, and it is clear that 
the transformations each make it more peaked. Clearly the integral will not be 
accurate until the peak is accurately integrated. 

In Table 7, the function F already has all derivatives zero at both ends, and 
thus the transformations do not improve the errors. 
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TaWe 7, Fractional errors x ICFforf »eKp(-x"‘-(l-x)"') 


n 


T, 

6 

-361.2 (-1.300h 

- 1688.7 

8 

6.344 (406.01, 

107.8 

10 

20.17 (0.2017), 

- 5.698 

12 

4.436 (0.0638), 

i.m 

16 

- 0.7004(-0.00179), 

0.2687 

20 

- 0.0379(-0.000l5)j 

0.04303 

40 

0 

0 

60 

0 

0 

too 

0 



In Table 6, the integral is in fact J t> 'dr, transformed by r = x(l — .v) ‘ to 

0 

bring its range to [0, 1]. Then though all derivatives are zero at x = 1 substantial 
improvement is still obtained, as would be expected, since the transformations 
reduce the derivatives at x = 0. 

It is of interest to note that the transformation gives results as accurate 
as the others from «= 16 upwards, and at w = 40, is giving the best results, all 
results being in the region of round-off error. 

The small point that, since in the Eq. (4), in the practical applications 

0.5(G(0)-bG(l)) = 0 (5) 

there are only (n- 1) points of evaluation for n intervals, can become more im- 
portant in many dimensions where only(M-l)** points are required. 

The advantages and simplicity of this procedure as a first step, possible for 
one dimensional, but very markedly for many dimensions, does not appear to 
have been widely appreciated. It appears quite possible that combinations of 
this procedure with diophantine or similar systems of points [Haselgrove (1%1), 
Conroy (1967)], might be one of the most effective methods for difficult many 
dimensional integrals. The work of Sag and Szekeres could probably be regarded 
as a special procedure of this type. In the diophantine approach, it is uncertain 
how much developments to improve accuracy have in the past been expended 
against boundary errors, more easily removed here, and how much against the 
interior integration. The freedom to adjust more effectively for just the second 
source of error might improve such methods considerably. It is considered there 
are two main sources of error; the boundary corrections, here removed; and the 
effects of integrating bulges in the interior by finite points. The result for the 
narrow gaussian curve (Table 5) gives a measure of the errors due to a bulge of 
width 0.2 and could be scaled to give a rough estimate for any suspected interior 
bulge effect. 

It may be noted that such methods, especially T^, can be used to integrate 
functions which have integrable singularities, e.g. 

x-o*-Fx-o« + (l-x)-°‘‘*. 

Simple example of such cases are sometimes cited as being appropriate to Gauss 
point quadrature. But this might necessitate elaborate calculation of points for 
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each integral. In other simpler cases Gauss point quadrature gives high accuracy 
but requires rather stringent knowledge that the integrand is very similar to a 
moderate flnite expansion in terms of a particular type of function. This and 
other aspects practically exclude any general application of Gauss point 
procedures to more than one or two dimensions. 

The above tables provide a means erf' estimating the errors for given points 
per dimension in many dimensional integrals after the boundary reduction 
transformations have been applied. In the simplest application the latter provide 
a very effective and simple way of reducing the integration to the evaluation of 
(n - 1 ) equally spaced points per dimension. It is to be hop)ed that further 
efficiency will be obtained by use of these transformations with other improved 
point systems. 
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Boys and Handy [1] have discussed the solution the bi variational equations with restricted 
numerical integration. One of the weaknesses of the method was that in the numerical summations 
over points, some points arose with ry^O and non-zero weights. This makes the method quite 
impractical for the Schrodinger Hamiltonian (because of the .singularity at and it cannot be 

advantageous for the transcorrelated Hamiltonian C' ' HC because there will be some discontinuous 
higher derivatives at r,j = 0. Here it is shown how the symmetry of cylindrically symmetric 
molecules can be used to eliminate such points, without losing any of the advantages of the overall 
method, such as the convergence of the eigensolutions. It is also shown how the primary numerical 
integration points (z,, rj may be chosen in any calculation such that each is associated with an 
equal amount of one-electroti density. The choice of the angular coordinates are governed by the 
removal of the r,j = 0 points and maintaining the natural orthogonality between orbitals of 
different symmetry types. The method has been programmed and found to be practical, although 
no new molecular calculations have yet been performed. It is to be hoped that these points will give 
a basis for new transcorrelated calculations on diatomic molecules. 

Key words.' Transcorrelated method Numerical integration 

1. Removal of — 0 Contributions 

Boys and Handy [I] have discussed the solution of the bi variational 
equations with restricted numerical integration 

<V'rQIH-fViZK4>.> = 0 (1) 

s 

Here f', and denote Slater determinants and H may denote either the 
Schrodinger Hamiltonian H, or the Transcorrelated Hamiltonian 
and W is the associated eigenvalue. Q denotes the restricted numerical integra- 
tion operator mm m 

Q = ^hMri, Ri)^hjd{r2, RJ (2) 

where (/ij, RJ are a set of Af weights and points in 3 dimensions, and N is the 
number of electrons. 

The above authors have underlined the advantages of working with Eq. (1): 
firstly, the error in W is proportional to ft, the least squares error of the basis 
set <t>, to the true eigenfunction, whatever the functions 'P, and Q; secondly, 

*This paper was presented during the session on numerical integration methods for molecules 
of the 1970 Quantum Theory Conference in Nottingham. It has been revised in the light of the 
interesting discussion which followed. 
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a Slater determinant Projective Reduction theorem can be derived for the 
evaluation of the matrix elements, on a parallel with the standard theorem for the 
accurate determination of these elements (when (2=1) through 6-dimensionaI 


* 



is a linear 


A# ht 

s = vURj) F(Ri, Rj) <Pc(Ri) <PARj) (3) 


where i/’ ^d <p are one electron orbitals occurring in and <Pg 
satisfying _ 

^h,y^;{R,)(pARi) = S^ 


and 

( 4 ) 


This procedure was successfully used in calculations with the transcorrelated 
method on LiH. 

In the sum S, it will be noticed that i equals JM times and so Rij = 0 
occurs M times with non zero weights hj, thus making the method particularly 
unsuitable for operators which have singularities or discontinuities at r,y = 0. 
It is therefore impossible to work with Hg, because of rij', and C~^H,C may 
give difficulty because there are certainly discontinuities in higher derivatives at 
r,j = 0. This is particularly relevant in the present circumstances when the 
proportion (i/M) of these points to the total points is quite signifleant, M being 
small (say 1(X)). 

Here it is shown how the symmetty of cylindrically symmetric molecules can 
be used to remove these undesirable points Ri = Rj, through a slight redefinition 
of Q, the above mentioned advantages still holding true. Essentially the method 
depends upon the fact that if 

R, = ( 2 (. Tj, (1.) and Rf = ^z„ r,, 0, + k — j, k = 1 , 2, . . . N (5) 


then whenever (4) holds, so also does 

^h,y^:(Rt)<pARh = ^ac 


( 6 ) 


because of the symmetry of the orbitals tp and <p around the z axis. If the 
operator Q is therefore replaced by the (symmetric) operator 


1 , 


A# 


lh,d{r„ RMXM(r2, R}’) Rj") 


( 7 ) 


where P* runs over all permutations k of 1, 2, 3.../V, then a Slater determinant 
Projective Reduction theorem can still be derived, because its derivation 
depends upon the use of the orthogonality conditions Eq. (6). In this case it 
appears that 5 takes the form 


S = N-'(Ar- 1)- 


' f^ipjV’:(Rf) v^RD F(Rt^ RD vARf) (PAR'D 


( 8 ) 


where it is immediately noticed that no points ever arise with Rj^ = 0. 
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2. Further Sabstantiui RcductioDS through Symmetry 

The cylindrical symmetiy can be further used to simplify S. [For expediency, 
it is assumed here that the orbitals are only of a type and that F is a function 
of z, r and ry]. It is certainly possible to put all the original points on 0 = 0, that 
is 0( = 0, — Eq. (4) will still hold for a type orbitals, (for higher symmetry types 
this is not so, but it is simply corrected by associating with each (z,, r,) a certain 
number of 6 points equally spaced around the z axis). Furthermore, for each 
term in S, it is always possible to rotate the 6 axis such that all the R, points lie 
on 0 = 0, without changing its value, again because of the symmetry. These 
further arguments give S in the form 


N hi 

s=n-hn-\)-' ^^^ h,hjy>:(Rn var?) < pARr^) ( 9 ) 

where , _ . 

R? = (z„ r„ 0), 

The operator F will have different values for different values of (n - A) ~ mod(7i), 

N 

so in effect S is a sum of pM^ quantities, where p is the number of these distinct 
values. The method is simply extended, as indicated above, to the case when 
(/' and <p are of higher symmetry types, m, and say, where the relation (4) 


takes the form 




( 10 ) 


For a calculation on HF involving a, n, S occupied and excited orbitals, which 
uses all the above procedures, thus maintaining the advantages of the restricted 
integration bivariational method Eq. (IX yet has no /{y = 0 points and also 
obeys Eq. (lOX 5 is a sum of 14 finite quantities. [Part of the theory used here 
will be given in detail in a forthcoming publication [2]]. 


3. Selection of the M Basic Points B/’ 

It will be assumed for the molecules under consideration that an approximate 
one electron density function p(z, r) is known, from an SCF calculation or 
otherwise. The idea here is to divide the 2 dimensional space (z, r) into regions 
such that each point is associated with an equal amount of electron density. 
Such a method can be described as follows; 

Let / (z) = f 2n rg (z, r) dr and -4 = f f{z)dz (II) 

0 “00 

First divide the z axis as follows by choosing Z( such that 

/ f (z)dz = (i/L) A and z, = 1/2(Z| + Z(_,) (12) 

- 00 

where i= 1,2, ...L, and L^M*, M being the total number of points required. 
For each z, point now determined, the values rj associated with it are similarly 
selected. Lrt . 

] 2n rQ (Z(, r) dr = {j/L)f (z,) and r/ = ^ (r( + r(' ‘) 
forj=l,2,...L. 


( 13 ) 
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As the problem here is only 2 dimensional, all the integrals in the above 
expressions can be accurately evaluated numerically, using a sufficiently large 
number of points. Thus in practice ± oo, Zq and ff are each replaced by some 
suitably large value. The points ( 2 ^ r/) selected by this procedure will 

each have equal weight, the 1 -electron density space having been divided into 
equal areas. In a typical transcorrelated calculation on HF, it is anticipated 
that 144, Ls 12. 


4. Conclusion 

The above procedures have been programmed for diatomic molecules, and 
have been found entirely practical. The increase in the number of 6 dimensional 
points from to pM^ does not increase the time factor by p, because of 
many simplifying details - and in any case, this factor is surely warranted 
because of the removal of the = 0 points. 
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The stability and geometrical structure of the fluoronium ion is investigated using the one- 
determinant SCF LCAO MO method. The equilibrium geometry is characterized by a bond length 
(if (/(FH) = 0.95A and a bond angle of 114.75°. The proton binding energy is determined to be 
120.1 kcal/mole. The molecules FH^^ and FH, are found to be unstable. A binding energy of 
30.7 kcal/mole is obtained for the hydrogen bond formation between the systems FHj and FH. 
In the minimum energy structure the central proton is situated midway between the two F atoms 
in a symmetrical single minimum potential. The general behavior of the potential curves of the 
di-solvated proton involving NHj, OHj, and FH as solvent molecules is discussed In all these 
cases double minimum potentials are found, if the equilibrium separation between the heavy atoms is 
larger than approximately 2.4 A, and single minimum potential for separations smaller than this 
value. 


Key word.i: SCF LCGO MO calculation - Proton solvation Hydrogen bonding - FHJ 
I'Hi • FH 

The present investigation deals with two topics, the solvation of a proton by 
u single hydrogen fluoride molecule and the hydrogen bonding interaction 
between the resulting fluoronium ion and another hydrogen fluoride molecule. 
While the ammonium and oxonium ions NH^ and OHj are well established 
experimentally, this has not been possible until recently [ 1 ] for the fluoronium 
ion FH 2 , although its existence has been postulated to explain in particular the 
electrical conductivity of acid solutions of several fluoride compounds in 
liquid hydrogen fluoride. Further, from the high binding energies of the 
proton attached to an ammonia or a water molecule, which are experimentally 
determined to be B (NH 4 ) = 207 kcal/mole [2] and B (OHj ) = 168 kcal/mole [3], 
it can be concluded that the fluoronium ion forms a relatively stable species 
too. The corresponding proton binding energy is expected to be somewhat 
smaller than B(OHJ) due to the higher electronegativity of the fluorine atom 
as compared to the oxygen atom. 

In a recent publication Couzy and co-workers reported the first direct 
observation of the fluoronium ion [1]. By an analysis of the infrared spectra 
of some fluoronium salts in the solid and liquid state the geometrical structure 
of the FHj ion was shown to be angular. But so far no accurate experimental 
determination of the geometrical parameters of the FH 2 ion has been 
performed. 
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So the fluoronium ion seems to provide an ideal case for a theoretical 
prediction of the geometrical structure because of the small size of the 
electronic system. Apart from a quite simplified model calculation (FSGO 
model) by Frost [4] the only theoretical studies on the FHj system known to 
the authors are LCAO MO SCF calculations by Csizmadia and co-workers 
with various size gaussian basis sets [S] and semi-empirical calculations of 
Schuster et at. using the CNDOSCF method followed by a configuration 
interaction expansion (CNDO Cl) [6]. Only in these latter semiempirical 
studies the optimum geometrical structure of FH2 was searched, while in 
Csizmadia 's SCF calculations a fixed geometry of the nuclear centres has been 
assumed (d(FH) = 0.917 A, ^(HFH)=105‘’ [7]). In the present work it was 
tried to get accurate theoretical informations almut the geometrical structures 
of the ionic systems FHj and FH^ • FH within the one-determinant 
LCAO MO SCF framework using a rather extended gaussian basis set. For the 
system FH2 • FH in particular the potentials of the central proton, involved 
into the hydrogen bond formation between the two FH fragments has been 
computed for dilTercnt F-F distances. These potential curves are discussed 
and compared to those obtained for the systems NH* NHj, OH3 OH^, 
and OH2 OH-. 

The SCF wavefunctions and energy expectation values have been calculated 
using Roothaan’s SCF LCAO MO expansion method [8]. The calculations 
were carried out on an IBM 360/91 with the program system MUNICH [9], 
which is based on the use of general Gaussian functions ;; = .v'>’"z"exp(-ar^) 
as basis functions for the expansion of the molecular orbitals. A (Il.r7pld/6slp) 
basis set was employed for the fluorine and hydrogen centres, respectively, 
contracted to a [5.s'4/j|d/l.s lp] set to reduce the number of linear parameters in 
the SCF procedure (for a definition of the basis set notation used here, see [10]). 
The exponential pmrameters and contraction coefficients are taken from the 
literature [tl]. The polarization functions (<f-type functions on the F atom and 
p-type functions on the H atom) were optimized by SCF calculations on the 
FH molecule and their exponential parameters are obtained to be a,,(F)= 1.23 
and ap(H) = 0.75 [12]. With this basis set an SCF energy of - 100.05638 
a.u. was calculated for FH at its experimental bond length of 1.7329 a.u. This 
compares with the best SCF energy value reported in the literature of 
— - UX).07040 a.u. [13], which is believed to be very close to the Hartree- 
Fock limit. The energy value obtained with the basis set given above thus 
differs from this limit by about 0.015 a.u. (ca. 9.5 kcal/mole). The energy effects 
to be discussed here are much higher than this difference. The basis set used can 
consequently be regarded to yield reliable results for the geometrical structures 
and binding energies of the systems to be investigated within the accuracy of 
the Hartree-Fock method. 

As mentioned previously the experimental work on the fluoronium ion 
FH2 did not permit an accurate determination of its structure. The ion was 
supposed to have a bond length of 1.02 A and a bond angle somewhat larger 
than the angle in the water molecule (a range of 105-120° was regarded as 
probable) [1]. Optimization of these geometrical parameters in the present 
SCF study gave a significantly different bond length of </(FH)= 1.788 
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Table 1. Total SCF energies for FHj* (variation of bond length d(FH) and HFH angle; aU values in 

atomic units) 



d(FH) 

■>HFH 


gJCF 

1 

1.93755 

105' 


- 100.23632 

*> 

1.92755 

105 


- 100.23746 

J 

1.91755 

105 


- 100.23854 

4 

1.90755 

105 


- 100.23956 

5 

1.88755 

105 


- 100.24140 

6 

1.86755 

105 


- 100.24296 

7 

1.84755 

105' 


- 100.24421 

S 

1.82755 

105 


- 100.24515 

9 

1.80755 

105 


- 100.24573 

lU 

1.79755 

105- 


- 100.24588 

U 

1.78755 

105 


- 100.24593 

12 

1.77755 

105' 


- 100.24588 

l.t 

1.76755 

105" 


- 100.24572 

14 

1.74755 

105 


- 100.24507 

15 

1.78755 

103 


- 100.24504 

16 

1.78755 

107" 


- 100.24664 

!7 

1.78755 

no 


- 100.24737 

IK 

1.78755 

114 


- 100.24777 

19 

1.78755 

114.75 


- 100.24778 

2() 

1.78755 

115" 


- 100.24778 

21 

1.78755 

116 


- 100.24775 


1.78755 

120 


- 100.24727 

2.t 

1.78755 

140 


- 100.23889 

24 

1.78755 

180" 


- 100.22.309 

25 

1.77755 

114" 


- 100.24775 

26 

1.77755 

115" 


- 100.24776 

27 

1.77755 

116 


- 100.24773 

28 

1.79755 

114" 


- 100.24769 

29 

1.79755 

115 


- 100.24770 

50 

1.79755 

116 


- 100.24766 

a.u. 

= 0.95 A and a bond angle of (HFH) = 1 14.75" yielding a total SCF 

energy of = — 100.24778 a.u. The results of the corresponding calculations 

are 

listed in Table 1. Schuster et al. calculated 

a FH bond 

length of 

(/(FH)= 1.956 a.u. =1.04 A and a 

bond angle Of 

<(HFH)= 120“ 

with the 

CNDO SCF method. Including Cl they obtained d(FH)= 1.977 a.u 

= 1.05 A 

and 

^ (HFH) =114.5". This latter 

result for the 

bond angle is 

in good 

agreement with the ab initio SCF 

results of the present study, while both 


CNDO values for the bond length are not quite satisfactory. The proton 
binding energy corresponding to the reaction FH^^FH + H^ is determined 
from the SCF results to be B(FH 2 )= 120.1 kcal/mole. The binding energy 
values obtained from both CNDO calculations [CNDO SCF iBlFHj) 
= 198 kcal/mole; CNDOCI:B(FH^)= 166kcal/mole] are significantly too 
high. The obtained proton binding energy in the iluoronium ion of bIfHJ) 
~ 120.1 kcal/mole compares well with the corresponding energy values for the 
ammonium ion [B(NH 4 ) = 207 kcal/mole] oxonium ion [B(OH^) 
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Table 2. Total SCF energies for FH 3 '* (variation of bond length d(FH) and out of plane angle 

all values in atomic units) 



rffFH) 

* 

E»^ 

1 

1.78 

0 ° 

- 100.05157 

2 

1.80 

0 “ 

- 100.05594 

3 

1.90 

0 " 

- 100.06957 

4 

l.% 

O'' 

- 100.07244 

5 

1.98 

0 " 

- 100.07269 

6 

2.00 

0 " 

- 100.07263 

7 

2.02 

0 “ 

- 100.07228 

K 

2.10 

0 ' 

- 100.06841 

9 

1.98 

5‘ 

- 100.07223 

10 

1.98 

10 “ 

- 100.07064 

II 

1.98 

20 

- 100.06126 


= 1 68 kcai/mole], the binding energy differences being about 40 kcal/mole 
between NH 4 and OH 3 and between OHJ and FHJ . 

The high stability of the ion FHJ and the fact that only two hydrogen 
centres are bound to the fluorine atom gives rise to the question whether the 
fluoronium ion is able to bind another proton to form FHa^. The results of 
SCF calculations connected with this question are summarized in Table 2. 
From these data it is seen that the FHl^ system has a planar structure with a 
FH bond length of d(FH)= 1.98 a.u. = 1.05 A, whidi is increased by ca ll'V) 
compared to the bond length in FH 2 . The minimum SCF energy is obtained to 
be = — 100.07269 a.u. This means that the di-protonated system FHj^ is 
stable against a dissociation into FH + 2H^ with a binding energy of 
B = 10.2 kcal/mole (the average binding energy per bonded proton is thus 
5.1 kcal/mole). On the other hand, the FH^"^ system is seen to be unstable with 
respect to a dissociation into F'HJ +H‘ by 109.9 kcal/mole. This result may 
easily be understood from purely electrostatical considerations. The repulsional 
forces between the two protons are loo strong to be compensated by the sum 
of the binding energies of each proton to the fluorine centre in the FH 
molecule. 

Similar stability studies are performed for the neutral FH 3 molecule. The 
SCF results are collected in Table 3. As in FH^"^ the neutral system is obtained 
to be planar with a FH bond length of d(FH) = 2.25 a.u. = 1.19 A. From the 
minimum SCF energy value of £®^= — 100.85866 a.u. it follows that the 
FH 3 molecule is unstable with respect to a dissociation into FH + Hj by 
206.8 kcal/mole. For this purpose the SCF energy of the H 2 molecule was 
calculated to be — 1.131644 a.u. at a bond length of d(HH)=1.4 a.u. 

using the same basis set as for the H centres in the present study. 

In the following paragraphs the interaction between the fluoronium ion and 
another hydrogen fluoride molecule is studied in some more detail. The 
geometrical configuration where the two FH fragments are linked together 
via a linear hydrogen bond can be considered to be the most stable structure 
for the ionic system: (HFHFH)"^. Optimization of the geometrical parameters 




SCF LCGO MO Studies 


209 


TaWe 3. Total SCF energies for FHj (variation of bond length d(FH) and out of plane angle 4 >-, 

all values in atomic units) 



</(FH) 


glCF 

1 

1.78 

o» 

- 100.77664 

2 

1.80 

0° 

- 100.78488 

3 

1.90 

O' 

- 100.81779 

4 

2.10 

0“ 

- 100.85216 

5 

122 

or 

- 100.85839 

6 

2.24 

or 

- 100.85862 

7 

125 

0“ 

- 100.85866 

8 

2.26 

0° 

- 100.85864 

9 

130 

0“ 

- 100.85813 

10 

2.25 

5“ 

- 100.85799 

II 

2.25 

10' 

- 100.85614 

12 

125 

20" 

- 100.85061 

in 

this configuration gives a minimum SCF 

energy 

of £*"= -200.35304 a.u. 

The geometrical parameters are determined to 

be d(FH°'"'') = 2.14 a.u. 

= 

1.13 a (H'®"*'- is the central hydrogen atom involved in hydrogen bond 


formation), <f(FH*"'‘)= 1.75 a.u. =0.93 A are the two hydrogen atoms at 
the ends of the ion) and H®“"*' )= 120.%°. The corresponding SCF 

results are listed in Table 4. A brief survey of the course of independant 


optimizations of the various geometrical parameters is presented in table 5. 


The italic parameter values have been optimized to the given value with 
the remaining parameters kept fixed to the values listed in the same line. The 
minimum SCF energy obtained for the actual optimization is given in the last 
column. 

Tabic 4. Total SCF energies for (HFHFH)* (variation of geometrical parameters F) 

iH"*'' is the H atom in the hydrogen bond), diH'"®!')!!!*™* arc the outer H atoms), and HFH bond 

angle: all values in atomic units) 


d(H""'' F) 

d(H"®F) 

■a (HFH) 

gSTF 

1 

1.78755 

1.78755 

114.75'- 

- 200.29102 

2 

1.82755 

1.78755 

114.7.5" 

-200.30660 

3 

2.00755 

1.78755 

1 14.75 

-200.34499 

4 

2.12755 

1.78755 

114.7.5'' 

-200.35131 

5 

2.14755 

1.78755 

114.75' 

-200..35137 

6 

2.20755 

1.78755 

114.75' 

- 200.35025 

7 

2.14755 

1.90 

1 14.75’ 

- 200.34107 

8 

2.14755 

1.85 

114.75’ 

-200.34690 

9 

2.14755 

1.75 

114.75' 

- 200.35224 

in 

2.14755 

1.70 

114.75 

- 200.35083 

II 

2.14755 

1.75 

1 19.75" 

- 200.35299 

12 

2.14755 

1.75 

124.75° 

- 200.35273 

13 

2.14755 

1.75 

120.96" 

-200.35301 

14 

2.12755 

1.75 

120.96 

- 200.35299 

15 

2.16755 

1.75 

120.% 

-200.35281 

16 

2.13942 

1.749 

120.96" 

- 200.35304 
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Table 5. Course of optimization of geometrical parameten in (all values in atomic units) 


JIH*""" F) 

4(H*^F) 

<(HFH) 


2.14755 

1.78755 

1 14.75' 

-200.35137 

2.14755 

1.749 

114.75' 

- 200.35224 

2.14755 

1.75 

120.96 

-200.35301 

2.I3<H2 

1.749 

120.% 

- 200.35304 


Table 6. Thcorclical and experimental binding energies for the systems H ‘ • XH, and 
(XH,= Nil,, OH 2 . FH). (All values in atomic units) 

H" ^XH, 

Molecule 

H,(theor)* 

B,(esp)* 

Bji^iltheor)" 

Bj(thcor)' 

Bjlexp)' 

11 ’ NH, 

21.5.84 fit] 

207.0 [2] 

_ 



11 • t)ll2 
ir HI 
ir 2N11, 

II' 2 OH 2 

11' -21 H 

17.3.05 i 12J 

120 14 

168.2+ 3.4 1 3] 

125.0 [13] 

102.7 [12] 

75.35 

.32.0 [13] 

32.36 [12] 
.30.68 

36.0[I5] 


• H, -h(ir XII,)- I. (XH,). 

" (i:(H‘ •2XH.)-2F.(X11.)),2. 

‘ Hj- H(H' 2X11.) - F.(H* XM,)- IWXH,). 


The bond energy of the molecule (HFHFH)"^ with respect to the total 
dissociation into 2FH molecules and a proton follows to be Bu,ui= 150.8 kcal/ 
mole. Subtracting from this -value the first solvation energy of the proton 
B, = S(FH 2 )= 120.1 kcal/mole a hypothetical second solvation energy of 
B 2 = .W.7 kcal/mole is obtained which corresponds to the reaction : 
H * ■ 2FH^H ^ ■ FH -t- FH. On the other hand an average di-solvation energy 
of Bj,,,., = 75.4 kcal/mole can be defined from the B,^,,, -value, corresponding to 
the di-solvation reaction • 2FH^H^ + 2FH. These energy results may be 
compared to the first and second solvation energies and to the average 
di-solvation energies of the proton with respect to ammonia and water as 
solvent systems. The corresponding values are collected in Table 6 together 
with experimental data if available. From this comparison it follows that the 
first solvation energies B, decrease with increasing nuclear charge of the central 
atom in the .solvent molecule: i.e. with increasing acid character of the solvent 
molecule. The same behavior is observed in the series of the average di-solvation 
energies. It is somewhat surprising that the second solvation energies remain 
approximately constant within the accuracy of the present SCF calculations. 
The enormous difference between the first and second solvation energies 
makes it highly improbable for a third solvent molecule to be directly bonded 
to the central proton. From experimental data on crystal structures it is known 
that non-bonded oxygen atoms cannot come closer to each other than about 
3.5 A [19]. Similar results are expected to hold for nitrogen and fluorine atoms. 
Keeping non-bonded X-atoms (X = N, O, F) at a distance of 3.5 A apart from 
each other the distance to the central proton would be </(XH) = 2.02A for an 
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equilateral triangular arrangement of tl^ X-centies and d(XH) = 2.13A for a 
tetrahedral configuration of the X-centres. Thus the triangular and tetrahedral 
arrangements of the solvent molecules lead to a remarkable increase in the 
XH-bond Iragth compared to the d (XH) values obtained for the monosolvate 
systems H • XH,^ From the resulting loss in XH-bond stability it can be 
concluded that chain structures are more likely to be formed than solvate 
clusters with a central proton. In these chains the bond energy per additional 
hydrogen bond to be formed is expected to approach rapidly the energy value 
calculated for the H-bond energy between the neutral solvent molecules 
2.7 kcal/mole for (NHjli, 4.9 kcal/mole for (OHj)j, and 4.5 kcal/mole for 
(FH)J. 

Finally the potentials of the central hydrogen atom have been calculated for 
the equilibrium configuration of the (HFHFH)^ ion with a FF-distance of 
i/ (FF) = 4.279 a.u. as well as for a slightly enlarged FF-distance of d(FF) = 4.599a.u. 
The results arc listed in Table 7 and displayed in Fig. 1. For the equilibrium 
configuration the potential curve has a symmetrical single minimum; i.e. the 
optimum position of the central hydrogen atom is midway between the two 
F atoms. At the larger FF-distance of d(FF) = 4.599 a.u. a symmetrical double 
minimum potential results. The height of the barrier is only 0.7 kcal/mole. At 
the two minima of the potential curve the central H atom is off from the midway 
position by about 0.3 a.u. Similar calculations have been performed for the 
systems (HjOHOHj)^ [15], (HOHOH)' [20], and (HjNHNHj)^ [16. 17]. 
The potential curves for the oxonium hydrate ion and the hydroxyl hydrate ion 
arc displayed for comparison in Fig. 2 and 3. The equilibrium configurations of 
the systems involve a double minimum potential curve for (HOHOH)" and 
(M.,NHNH 3 )^, an indication of a double minimum for (H 20 H 0 H 2 )''^ where 
the barrier is beyond the numerical interpretability, and a single minimum 
curve for (HFHFH)^. Comparing the potential curves for the various distances 
d(XX) between the two heavy atoms of the systems (H„XHXH„)* one can draw 


I able 7. Total SCF energies for the proton transfer in (HFHFH)* at two different FF separations. 

(All values in atomic units) 


1 

d(FF} 

d(H""'')* 

ItSlT 

I 

4.27884 

0.0 

- 200.35304 


4.27884 

0.1 

-200.35271 


4.27884 

0.2 

-200.35152 

4 

4.27884 

0.4 

-200.34299 

5 

4.59884 

0.0 

- 200.34695 

6 

4.59884 

0.1 

-200.34717 

7 

4.59884 

0.2 

- 200.34769 

» 

4.59884 

0.3 

-200.34808 

9 

4.59884 

0.4 

- 200.34756 

in 

4.59884 

0.5 

- 200.34495 

II 

4.59884 

0.6 

- 200.33855 


• d(H'*’“) gives the displacement of the proton from the midway position between the two 
F atoms. 
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l-'ig I. Potential energy curves for the proton transfer in (HFHFH)* at two different F-F' 
separations [<f(F'l'') = 4.28 u.u. and </(FF( = 4.60 a.u.]. (The abscissa gives the displacement of the 
proton from the midway posttion between the two F atoms) 

-05 0 ‘05 



F'ig. 2. Potential energy curves for the proton transfer in (H20H0H2)'^ at two different 0 — 0' 
separations [i/(00)==4.SI a.u. and d(00)~4.83 a.u.]. (The abscissa gives the displacement of the 
proton from the midway position between the two O atoms) 
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Hig. 3. Potential energy curves for the proton transfer in (HOHOH)" at three different 0-0' 
separations [d (00) = 4.50 a.u., d(00) = 4.75 a.u, and d(00) = 5.00 a.u.]. (The abscissa gives the 
displacement of the proton from the midway position between the two O atoms) 


the following conclusions. If d (XX) is smaller than approximately 4.5 a.u. = 2.4 A 
a single minimum potential curve results for the central hydrogen atom, 
whereas for d(XX)-values larger than 4.5 a.u. a double minimum potential is 
found. For d (XX)-values in the neighbourhood of 4.5 a.u. the barrier begins to 
develop. In the series of ionic systems studied here this d (XX)-value seems to be 
relatively insensitive to the nature of the heavy atoms in the solvent molecules 
and to whether the molecular systems is a positive or a negative ion. Although 
it is not possible to make general conclusions from the limited number of cases 
considered, this result seems to be quite remarkable for hydrogen bond 
formation in ionic molecules. 

Acknowledgements. It is a pleasure to thank our technical staff for careful preparation of the 
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An extension of the CNDO/2 method to compounds containing third-row elements (Germanium, 
Arsenic, Selenium and Bromine) is presented. Bond lengths, bond angles, dipole moments, and ioniza- 
tion potentials are considered. 

Kev words: CNDO/2-method for third-row atoms - All-valence electron calculations Dipole 
moment formula for third-row molecules 


1. iDtrodnctioo 

The currently available CNDO/2 computer program [I] based on the 
C’NDO/2 (Complete Neglect of Differential Overlap)-method [2-8] permits 
valence electron calculations of molecules containing hydrogen, and first- and 
second-row atoms. We have now extended the method and corresponding program 
to third-row elements, A previous extension [9-14] did not follow the original 
CNDO/2 parametrization scheme. 


2. Method 

The elements of the CNDO/2 energy matrix are [5]: 

F,, = -W, + ^,) + i{PAA-ZA)-HP,,-i)']yAA+ K/’bb-ZbIvab. (1) 

B^A 

F,. = fi°ABS,,-^P,,yAB^ ( 2 ) 

where n and v refer to two valence atomic orbitals (AOs) and (f>,. All valence 
AOs (s-, p- and d-AOs) are considered. and are the ionization potential and 
electron affinity of and are elements of the charge density matrix 

(number of electrons which populate <}>^ and the overlap region respectively) 
and elements of the overlap matrix. P^a^Pbb) refers to the total number of 
valence electrons on atom A {B) [found by summing all P^^ on atom A (fl)] and 
Z^(Zg) to the total number of valence electrons contributed by atom A(B). 
'/ ABlyAA) denotes the repulsion integrals between two electrons Ixith in s AOs, 
one on atom A and the other on atom B (both in the same s AO on atom A). 
I^B is a bonding parameter. 

The extension of the CNDO/2 method to third-row molecules involves five 
steps. 
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2.1. Choice of Valence AOs for Third- Row Elements 

As for the preceding row elements, we chose as basis AOs Slater-type orbitals 
(STOs) [15], Their radial part is [5, 16] 

Rn,=(2ir*L(2n)\r*r^-'e-<', (3) 

where n is the principal quantum number and { = (Z - s)/n* the orbital exponent 
(Z is the atomic number, s a screening constant determined by Slater’s rules [IS] 
and n* an effective principal quantum number). The same orbital exponent is 
given to As, 4p and 4d AOs (spd basis set). Its numerical values are: Ge= 1.527, 
As= 1.702, Se= 1.878, and Br = 2.054. 


2.2. Evaluation of Overlap Integrals = where or (j>^ Refers to 4s. 

4p or 4d AOs and Repulsion Integrals 2 I where or Sg 

Denotes a 4s AO 

In the original CNDO/2 program [1] provision was made for evaluation 
of overlap and repulsion integrals involving AOs of third-row elements. Thus 
after the determination of several new expansion coefficients [17] the calculation 
of the integrals can be achieved without difficulty. 


2..I. Choice of Orbital Electronegativities j (/^ + A,,) for 4s, 4p, and 4d AOs 

The orbital electronegativities [18] of 4s and 4p AOs are obtained by a previ- 
ously described method [4, 19]. They are (in eV) for 4s AOs: Ge= 11.435, As 
= 13.335, Sc= 16.315 and Br= 19.630 and for 4p AOs: Ge = 4.080, As = 5.345, 
Se = 7. 100 and Br = 8.400. Values for 4d orbitals arc assumed to be zero [7]. 


2.4. Empirical Determination of Bonding Parameters 

The bonding parameters p^g are written in terms of the atomic parameters 
and^S: 

= + ( 4 ) 

Here P'^ or Pg refer to third-row atoms. K is given the value 0.75 [5]. The best 
atomic parameters obtained from an optimization of bond lengths, bond angles, 
dipole moments, and ionization potentials are (in eV): Ge=-I0, As = — 13, 
Se = — 16, and Br = — 22. 


2.5. Derivation of the Formula for Calculation of Dipole Moments of Molecules 
Containing Third-Row Elements 

Three terms contribute to the molecular dipole moment [3, S-7]: Pq due to 
the net atomic charges, due to the sp atomic polarization (mixing ofsandp AOs), 
and p^ due to pd mixing. The Cartesian components of the three contributions 
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[fiQ(x) and HQ{y) are of the same form as the same is true for n («) and 
when compared with /i.,(z)] are (in D): " 


;iQ(z) = 2.5416 X; 6^2^ 

A 

P3HA).3p. 


+ , /^ ^*t(A)Ap,(A) I • 




MpjM — 2.5416 ^ ‘ ( f’3p,M».3rf,»-,jM) + P ; 


(5) 


( 6 ) 


3py(i4). 3rf3ry(.4) 


+ P 


3p.(/().3rfx.M) 


^3p,(At.34.AA)J + -pj ^A ^^4pJ.4),4i,..,.(M) (7) 

"*■ ^4py(yr).44„M) f*4p.(4).44j,,M) ~ ^*Px<A).44l,j(A)^ • 


f^lHl(y)— 2.5416 ^ ' |f’3p,M».34yy(4) + f’3p.(4».34. 


,(X) 


f^3py(X). 33yl- yiiX) 1^^ ^3py(X). 34|j(X)^ "i" 'sX I f^4py(X).44yy<X) (^) 


+ f4p.(X),4<(y.(X| PvpytXl.XXy. yXX)~ ^4py(X>.44.HX) 


f^pxfz) —— 2.5416 ^ ^P3p.,(X),3<l„(X) + f’3py(X).34yy(X) 

+ "j^-P3p.(X).3d.i(X)j + ’pj**'*' 


(9) 


+ ^4py(XI.4</,.(X) + "y^ P4p.(X).44.i(X)|« 

where is the net atomic charge on atom A and z^ its z-coordinate. 


3. Numerical Results and Discussion 

3.1. Bond Lengths and Bond Angles 

Table 1 lists the calculated and experimental bond lengths and angles of the 
hydrides and interhalogen comixtunds. Whereas bond lengths tend to differ a 
little bond angles are reproduced well. Calculations performed on larger molecules 
(invertomers of arsols [26] and conformers of germylethyl cations and anions 
[27]) are published elsewhere. 
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Table t. Calculated and experimental bond lengths and angles 


Compound 

Bond lengths 

(A) 

Bond angles 
(degrees) 


cal. 

exp. 

cal. 

exp. 

GcH* 

1.726 

1.527 [20] 

109.5 

109.5 [20] 

AsHj 

1.633 

1.519 [21] 

91.0 

91.83 [21] 

ScHj 

1.551 

1.460 [22] 

92.1 

91.0 [22] 

BrH 

1.464 

1.414 [23] 

— 


BrF 

1.618 

1.75.56 [24] 

— 


BrCI 

1.810 

2138 [25] 

— 

— 


I able 2 Calculated and measured values of the dipole moment, and are the calculated 

contributions due to the net atomic charges and, sp- and pj atomic polarization, respectively 


( ompouml 

liipole moment (D) 



|4I| 

cal cal. contributions 


exp. 






0 18 -1.12 0.95 -O.OI 

1.03 0.43 -0.46 1.92 2.124 [28 J 

1.13 1.59 -3.40 2.93 0.22 [29] 

1 .38 .3.23 - 3.15 1.30 2.57 [30] 

0.15 1.95 -1.83 -0.27 1.6 [31] 

2.10 0.34 -4.62 2.19 0.86 [32] 

0.02 0.02 - 2.57 2.56 0.24 [22] 

0.62 [33] 

1.05 0.51 1.94 2.47 1.32 [34] 

043 0.45 -1.72 1.73 0.788 [35] 

1.45 1.48 - 0.83 0.80 1.29 [24] 

0.34 0.26 - 0.32 0.40 0.57 [25] 

1.83 -1.25 -1.71 1.13 1.797 [,36] 

1.62 0.,38 - 0.57 1.80 2.94 [37] 

0.60 -1.50 0.66 1.30 1.80 [.38] 

2,09 0,72 -2.32 0.45 1.417 [39] 

2..30 - 1.47 - 1,72 0.88 2.03 [40] 

3.2. Dipole Moments 

Table 2 presents the calculated dipole moments, the contributions fiQ,p,p, and 
and, where available, the measured moments. In all cases experimental 
geometries are used. The inclusion of d AOs is essential because of the large pd 
polarization contributions. Compared with the corresponding terms in mole- 
cules containing second-row atoms [6] both and are larger and more 
important for third-row molecules. 

3.3. Ionization Potentials 

As Table 3 shows, the calculated ionization potentials based on Koopmans' 
theorem [54] are systematically too high by 2-3 eV. This result is expected and 
consistent with previous findings for molecules containing first- and second-row 
atoms [55]. 


ICicM, 

f'KicH., 

AsM, 

Ash, 

As( i, 

AMflldi 

Sell, 

.Sc((TI,|, 

HrfI 

BrI 

Brfl 

BrClIj 

BrfN 

BrNO [42] 

Brf,H,I42J 

BrC,H,i42] 
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Table 3. Calculated at>d observed ionization 


potentials 

Compound 

Ionization potential 


(eV) 



cat. 

exp. 

GeH* 

15.319 

12.3 [43] 

FGeHj 

15.472 

15.0 [44] 

ClQeHj 

15.482 

11.34 [44] 

GeF* 

19.210 

16.03 [45] 

AsHa 

12.674 

10.6 [46] 

AsFj 

(4.446 

— 

AsClj 

13.366 

11.7 [46] 

As(CHj), 

11.385 

8.3 [46] 

SeHj 

12.2.39 

9.88 [47] 

Se(CHj)j 

11.328 

8.2 [48] 

BrH 

13.904 

11.62 [49] 

BrF 

14.098 

11.9 [50] 

BrCl 

1.3.980 

ll.l [50] 

BrCHj 

12.789 

10.54 [51] 

BrCN 

13.431 

11.95 [.52] 

BrNO 

12.397 

— 

BrC:,H, 

11.793 

9.82 [S3] 

BrCjH, 

12.519 

10.29 [49] 


Nevertheless the calculated and the observed values both show the same 
trends. A good correlation between calculated and experimental ionization 
potentials in the series pyridine, phosphorin and arsenin [56] has been published 
elsewhere, 
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It is shown that the application of a projection operator from a given group to a function is equiv- 
alent to the successive application of projection operators from factor groups of the starting group to 
that function. When used with the factor groups representing the site symmetry of a position and the 
Simplest group of interchanges of positions, this concept provides a very simple method for obtaining 
symmetry adapted linear combinations of basis functions. 

/fei’ words. Symmetry adapted functions - Site symmetry Projection operators Factor groups 


Introduction 

One of the most important uses of group theory by chemists lies in the con- 
struction of symmetry adapted linear combinations of basis functions. For most 
of the axial point groups (those with no more than one principal axis) the procedure 
involves a very simple explicit or implicit application of projection operators 
f I 3], The procedure becomes more diflicult for cubic and higher symmetries. 

Frequently, symmetry adapted functions are constructed from subgroups of 
the point groups of the molecule under consideration (as. for example, in the use 
of the Q group rather than Df,^ for constructing the n molecular orbitals of 
benzene). In the axial point groups, the feasibility of such a process, and the 
appropriate choice of the subgroups is usually intuitively obvious to an experienced 
worker (and completely baffling to a neophyte). Again in the non-axial groups 
ihe process is much more difficult. 

The purpose of this paper is to put the factorization process on a theoretically 
sound footing and to outline a simple systematic procedure for constructing 
symmetry adapted linear combinations (which, following Cotton [1], we will call 
SALC’s) of the basis functions within any symmetry group. The method, which 
draws on the work of Altmann [4, 5], can be applied equally well to point groups 
of high symmetry (cubic, isosahedral, etc.), the symmetry groups of non-rigid 
molecules [6, 7], space groups, or any other problem where the group describing 
the system can be factored into appropriate subgroups. 

The procedure will involve expressing the projection operators for the group 
under consideration as products of projection operators of two subgroups, the 
subgroup corresponding to the site symmetry of a basis function or set of basis 
functions and the subgroup corresponding to the simplest interchange of equi- 
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valent sites. Melvin [8] and Altmann [4, S], have previously considered factoriza- 
tion of the projection operator; however, their factorizations are more restrictive 
than that presented here. The work of Melvin requires the concept of a ‘'kernel” 
subgroup within a given irreducible representation; i.e., a subgroup onto which 
the irreducible representation under consideration maps as the totally symmetric 
irreducible representation. The factorization used by Altmann uses the concept 
of the poles of a rotation to derive an invariant subgroup of the group under 
consideration. The present work does not require either of these concepts. 


Groups as Products of Subgroups 

(Iroups having more than one independent generator (i.e. more than one 
independent type of symmetry element) can be expre.ssed as products of subgroups. 
(The product of two groups N, consisting of the set of elements {TV,} and C, 
consisting of the set of elements {C^}, is the set of all products of elements {AjCj}.) 
The point group for any three-dimensional object can be expressed as the product 
of, at most, three independent subgroups. For systems with high symmetry, the 
factoring is usually not unique. The independent subgroups may themselves have 
more than one independent generator. Ultimately, however, the factoring can be 
continued until each subgroup has only one generator. These one-generator 
subgroups are cyclic in form, and consequently abelian. 

In constructing a group as the product of two subgroups, two types of product 
are usually considered (.sec Altmann [4] for proofs); the direct product and the 
semidirect product. The direct product occurs when every clement of one subgroup 
commutes with every element of the other. In semidirect products, the complete 
set of elements of one subgroup (the invariant subgroup) will commute with every 
clement of the other subgroup. The notations are: 

Direct product G = N x C ( 1 ) 

Semidirect product G = N aC (2) 

where in (2) N is the invariant subgroup. In the present work, we propose to 
construct a specific binary product structure for the point group and then to 
construct the SALC’s in the full symmetry by building them up from the subgroups. 
The product, however, will not necessarily be constructed so that either group 
is invariant. It is, in fact, what is commonly called the “weak direct product”. 
The direct product and semidirect product are special cases of this. 

The proposed approach is to express the point group as the product of the 
site-symmetry group [9] of a given atom G® and the simplest group which inter- 
changes the considered atom with those equivalent to it. G,. 

G = G, Gs. (3) 

Note that a “dot” has been used to indicate the product since, depending upon 
the specific case, cither a direct, a semidirect, or a weak direct product may be 
involved, and, if semidirect, either Gg or G, may be invariant. Note also that the 
order of the group G, is just equal to the number of equivalent atoms. The utility 
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of this factorization comes from the fact that in the simplest group of order n 
which interchanges n equivalent functions, i.e. functions which are identical 
except for interchange of origins (the group Gj in this case), each function generates 
a regular representation of the group [10]. Furthermore, every irreducible 
representation erf a group is contained times (where is the dimension of the 
irreducible representation) in the regular representation of the group [11]. Thus, 
if every equivalent atom contained only one basis function, the irreducible re- 
presentations of G, would immediately yield the SALC's. This is the case, for 
example, for the n molecular orbitals of benzene. 

Unfortunately, most cases of interest have more than one basis function 
centered on each atom. However, we shall show that all that is required to produce 
SALC's over the full group is to project independent functions within Gs and 
then combine these using the regular representation of G,. The only “trick" is 
that all equivalent or degenerate basis functions must be generated by the operation 
of the elements of G, on any one of the equivalent set. 


ProjectkMi Operators as Products of Projection Operators of Subgroups 

Consider the form of the projection operator for the irreducible representa- 

tion /’ in the group G 

(4) 

where Xr ' is the character of clement R in representation f and R is the correspond- 
ing group operation. xV 's defined as the trace of the matrix representing the 
operation R in the representation f 

X'/’ = Tri?''>=X«ir*- (5) 

I 

Now if G is a product of G, (having the operations S) and G^ (having the opera- 
tions f) then 

^ = St (6) 

and R*' the matrix representing R in T. is the malrix_ direct product (outer or 
Kronecker product) of the matrices representing S and f in some representations, 
say r and F' [12] 

= r' "'. (7) 

From the properties of an outer product 

TrR<'''=TrS'''TrT''"' (8) 

Thus, 

TrR<"> = XZSii'’7]r’. (9) 

k I 

Substituting Eqs. (6) and (9) into Eq. (4). and recognizing that the summation over 
R may be replaced by the double summation over S and T, we obtain 

S T k I 


( 10 ) 
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Table 1. Site symmetry and interchange groups for some selected systems 


Point group 

Molecule 

Ligand 

G, 

G, 

^ 3i 

AXi 

X 

c. 

c, 


AX,Y 

Y 

C,.. 

G, 

^ 4 , 

AX^ 

X 

C. 

C 4 


AX^Y/. 

YiZ) 

C,.. 

c, 

c.. 

AX. 

X 

G. 

G. 


AX,Y,Z, 

X(Y.Z) 

Gj. 

G: 

Dii 

AX^Y, 

XtTI 

G. 

Di 


AX, 

X 


G, 


AX,Y^ 

Y 

G,, 

G2 


AX^ 

X 

G. 

•V. 

f>4» 

/1X« - 

X 

C 2 , 

G* 


AX.Y, 

Y 

G*.. 

Gj 

IK, 

a; 

X 

C 2 .. 

G. 

G 

AX, 

X 

c,. 

Dj 

0 , 

AX„ 

X 

G4, 

s. 


which may be refactored to give 

s k r I 

= Iyf''‘slxr'>t ( 11 ) 

.V T 

_ p(/"» «t"l 
'0i ^(Is 

Any SAl.C in (/ can be constructed by first projecting out the independent func- 
tions within the site-symmetry group and then operating on this by the ap- 
propriate projection operator in the group of the simplest interchanges, G,. 
However, we have already slated that, becau.se of the generation of the regular 
repre.sentution, each irreducible representation of G, occurs in a predetermined 
fashion. If degenerate functions in the starting basis set remain both degenerate 
and unique under the operations of G^, the group G, will have to be expanded to 
interchange all equivalent functions, and the site symmetry correspondingly 
reduced to a lower symmetry group. Such a situation occurs, for example, for 
Pj and p, orbitals if a C ’4 site symmetry axis is present. The projection gives 
back pure p, and similarly for p,.. 

Once all degeneracies have been broken, the correlation theorem [13] and 
correlation tables can be u.sed to immediately write down the desired SALC's. 


Apptkations 

The systematic application of Eq. (1 1) for constructing SALC's will be outlined 
stepwise. As a specific example we will construct the molecular orbitals arising 
from the p-type atomic orbitals on the ligands in an AX^ octahedral complex. 

Step 1 : Factor the point group of the molecule into the product of G/ and G*. 
In the octahedral complex (G^ point group) the ligand positions have C^„ site 
symmetry (four planes of symmetry and a C 4 axis pass through each ligand). The 
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six ligands are interchanged by the operations of a group of order 6, the group. 
((', is simply the group of the symmetry elements which pass through the site. 
(i, may be found by factoring G into a product of abelian groups, by extracting Gs 
from this and by obtaining G, from what is left. The usual product structure for 
a.i.s[5] 

Ok = £>2 A X C, . (12) 

. f actoring into abelian groups yields 

Oi, = C2AC2AQAQxC,. (13) 

The group C4,. is not immediately obvious from this; however, 

C4 ,xG = D 4, = C2AC2AC2 XC,. (14) 

Thus 

C^ = QC.Q, 

= SaQ..- 

(Note that the invariance properties are lost when the C2 groupts are commuted 
with the C3 group; consequently, the weak direct product must be used in Eq. (15).) 
Table 1 lists Gj and Gj for some selected structures. 

Step 2: Orient the basis functions on each site so that equivalent functions are 
interchanged by the elements of G/. If there are degeneracies in the basis functions 
which are not lifted by G*, the orientations will not be unique. More will \x said 
about this point later. A suitable choice for the p-type ligand atomic orbitals in 
the example is shown in Fig. 1. 



226 


R. L. Flurry. Jr. 


lablc 2. Correlation of the irreducible representations of with those of the site-symmetry and 

interchange groups 


0, 

S. 

c*.. 

Du 

C 2 . 


4. 

4, 


- 4 , 


.4, 

B. 


Bi 


F; 

/4| + P, 


A 2 + 82 

T, 


Ai + E 

■42, + £. 

y + Bi + Bt 


-4, + 

B, + £ 

4i, + £, 

Ai + 

.4,. 

A. 

4 2 

/4,, 

42 


-4. 

Bi 

■42. 

B, 


l.„ 

42 + B 2 


4,+B, 


4, • t. 

A, +£ 

42.+ 

/4, + B, + B, 

7'... 

4. ‘ E. 

H, + E 

1 „ -f 

<4 1 + v4 2 "t" B 1 


if degcnerucic.s not lined by are as.sociated with basis functions which are 
not mixed by the appropriate representations in Gg, G, must be expanded to 
interchange all equivalent functions. In the example, the and Pj, degeneracy 
is not removed by C\,. nor are p, and p,. mixed by ih'^'K Thus, there are twelve 
equivalent basis functions which must be combined by G,. G, must be expanded 
to a group of order twelve. The group 5’^ • C2, where the axis in Q bisects adjacent 
pairs of ligands, has the proper order. If this C'^ axis lies between ligands t and 2, it 
converts p,, into p,., and p,., into -p,,. The new G, is The new Gs-.Cj,,, is the 
group which reflects the site symmetry of the newly introduced C 2 axis. 

Step 3: Find the correlations of the irreducihle representations of G, and Gf, 
with those of the complete group. For the example, these are shown in Table 2. 

.Step 4: Using the correlation theorem, find the irreducible representations of the 
SALC’.s which are e.xpected to he derived from each type of basis function. The 
correlation theorem [13], which is, in fact, a simple application of the ideas of 
induced and subduced representations and the Frobenius reciprocity theorem, 
states that the irreducible representations in a group C spanned by a function, 
or set of functions, located at a site of lower symmetry Gs can be found by finding 
the irreducible representations spanned by the function in Gj and then correlating 
these with the irreducible representations of G. Each function having symmetry F 
in Gjj will contribute to every f in G which correlates with F'. From Table 2 it is 
seen that they4, representation of C4,, correlates with the/l,g,E^and T,. representa- 
tions; thus the p, ligand functions will appear in molecular orbitals of these sym- 
metries. The £ representation of C4, correlates with the and 

repre.sentations of 0^. The p, and p,. ligand orbitals will give rise to molecular 
orbitals of these symmetries. 

Step 5: Find the independent basis functions within Gs- For the 0^ system we 
are using, the p. orbitals can be used directly in the Se-Q.. factorization. They 
transform as the /4, representation within C4,. and, being non-degenerate, arc 
independent. The p^ and p,. orbitals transform as the £ representation and are not 
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Table 3. Character tables for Sj and with correlations to 0 ), 


a) S 4 (real form) 



s. 

£ 

2C3 


2 S* 



^1, 


1 

1 

1 

1 




E. 

2 

-1 

2 

-1 




A, 

1 

1 

-1 

-1 




E. 

2 

-1 

-2 

1 




+ £„ 

3 

0 

-3 

0 



wo,. 








0, 

Os. 

£ 

2C3 

3C2 

i 

251 . 

3 ( 1 . 


Aig 

1 

1 

1 

1 

1 

1 



1 

t 


I 

1 



E. 

2 

-1 

0 

2 

- 1 

0 


Aim 

A. 

1 


1 


-1 

-1 


E. 

2 


0 

-2 

1 

0 

7 .. 

Aj, + 1 „ 

3 

0 

-1 

3 

0 

_ 

T2. 

A,, + E, 

3 

0 

1 

3 

0 

1 

7 -.. 

A 2 , + E, 

3 

0 


-3 

0 

1 

T:. 

4 - £„ 

3 

0 

1 

-3 

0 

-1 


independent. In the D^j • C^,, factorization, the projection operators from C 2 ,.(Cs) 
must be used. We have, operating on say p,, and 

^'‘■’P^,=Px,+Py, = Z.4. 

P''‘’’Py,^Py,-P.2^XA, 

^"■'p.x.=P.x.-p„ = Za. 

^'‘''Py,=Py,+P:^2 = XB2- 

Step 6; Construct SALC’.s by using the projection operators from G, and the 
functions from Gg obtained in step 5. The appropriate representations within G, 
are obtained from the correlation tables obtained in step 3. The character tables 
for S(, and D 3 J are given in Table 3, along with the representations leading to the 
desired representations in The results of applying the projection operators are 
(unnormalized): 

For the p^ orbitals with G, = 

</>(aJ = p„ = p,, + p„ + p,, + p,. + p„ + p,, 

<t>(e,) = p„ = 2p,, - p,, -p,, + 2p,, - p„ - p,. 

Mhy) = P* , = 3p„ - 3p,. . 


( 17 ) 
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Z2 



I'l)! 2 Slarting <101 of hydrogen centered basis vectors for the normal vibrations of methane 


f 'or (he /), and />,, orbitals with G, = (the v, and >■, represent the corresponding 
and Py orbitals) 

= 2(.\', - V2) + >', -X2-.X3 + y3 + 2(X4->’5) + >'4-.X5-Xt, + yft 

= Xa, 

= 4(x, +y 2 ) + y, +X 2 + X 3 +y 3 + 4(x4 + y,) + y4 + X5 + Xft + y6 
- ( * ”) 
= Xb, 

= 4 (y , + xj) + X 1 + .V2 + X3 + >-3 - 4(^4 + X5) - .X4 - y, - Xt, - y^ 

= Xa, 

= 2(y, -xjl + x, -yj+X3-y3-2(y4-Xj)-X4 + y5-X6 + y6. 

These, of course, are not unique. In the present case, the use of the Sf, subgroup 
of D 34 leads to a simpler, but equivalent set of functions. 

(t>'{tig) = Xb, = 3(x, - >' 2 ) + 3 (X 4 - >- 5 ) 

0'(f2») = ^''*^'''’x.4. = 3(x, +y2) + 3(x4 + y5) 

<^'(f 1 J = Xb, = 3{yi + X 2 ) - 3(y4 + Xj) 

(t>'U 2 M) = Xa, = 3(yi - Xj) - 3(y4 - Xj) . 

These are in the form presented by Gray and Beach [14], 

As a second example, consider the normal coordinates of methane. We will 
consider only the motions of the hydrogens relative to the carbon. The total 
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Fig. 3. Site-symmetry adapted hydrogen displacement vectors for methane 


representation for a set of cartesian displacement vectors situated on the five 
atoms is /4, 4- E4- T, -F 3 T 2 [9]. Of these, one T 2 represents a translation of the 
entire molecule. This is the representation of the clisplacemcnl vectors on the 
carbon; consequently, ignoring the carbon eliminates this from consideration, 
or the remaining representations, which can all be obtained from the vectors on 
the four hydrogens, the T^ represents a rotation of the entire molecule. The 
vibrational representations are thus Af + E + 2 T 2 . 

The steps are as follows: 

1 . The point group of the molecule is Tj. This can be factored into D 2 a Cj,,. 
The D 2 is C/ and C 3 ,, is Cj. 

2. A suitable orientation for the displac^menl vectors is shown in Fig. 2. This 
orientation has been chosen so that the basis vectors match the site symmetry. 

.3. The correlations of D 2 and Qr with Tj are shown in Table 4. 

4. From Table 4 it is seen that the A, representation of C3,, correlates with 
the A I and T 2 representations of 7^ while the E representation of C 3 ,, correlates 
with the £, T, and T 2 representations. The T, representation is the representation 
of the rotations, therefore, we need not concern ourselves with it. 


Table 4. 

Correlation of Dj and r'j. 

with Tj 


Di 

G, 


A 

d. 


A 

Ai 

E 

2A 

E 

T, 

+ S 2 

Az + E 

Ti 

+ fl + Bi 

4 1 + £ 
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5. The independent basis vectors within C3,. are 

^''■'X,=A', + y,+Z,=r, 

( 20 ) 

^^'(y,-z,) = y,-z,=p,. 

These are shown in Fig. 3. 

6. The final vibrational functions are (only one component of each degenerate 


function is given); 

<^(a,)=:P‘^»r, =r, +r2 + r3 + r4, (2la) 

0 ,(/2 ) = ^*'^«'^*’'r, = 3 r, -r3-r3 -r,^, (2lb) 

</»(£’) = =ei + e2 + ej + e^, (21c) 

= =ie^-e 2 -e 3 -e^. (2ld) 


I he functions represented by Eqs. (21a), (21b) and (21c) are completely equiv- 
alent to the functions v,, Vj^ and given by Herzberg [15]. That of Eq. (2 Id) 
does not look like one of his forms. However, using the projection operator for 
only the representation of Dj yields 

</>2( t 2) = t *! = <^1 - ^2 - ^.1 + ‘’4 • (22) 

This is one of the V4 vibrations listed by Herzberg. 

Ai kmiwUulgfnwnt. The author would like to thank Dr. T. H. Siddall, 111 and his students for calling 
attention to this problem. 
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Ah initio STO 3G calculations of the electronic structure and interaction energies with water of 
methyl and ethylammonium ions are reported. It is shown that the calculations predict a preferential 
attack at the a-group (relative to the nitrogen), in agreement with experimental facts, and that suc- 
cessive ethylation reduces the favorable energy of hydration. 

Kf}’ words: Hydration of alkylammonium 

Introductioa 

Alkylammonium groups occur frequently in pharmacologically active 
molecules; well-known examples are the cholinergic and adrenergic drugs. 
Generally, the nature of the alkyl substituents has a critical influence on the 
activity of the drug. For instance, in acetylcholine, replacement of the methyl 
groups of the cationic head by either ethyl groups or hydrogen atoms greatly 
reduces parasympathomimetic activity [1,2]. In the adrenergic catecholamines, 
replacement of a hydrogen atom of the ammonium head by methyl and higher 
ulkyl groups leads to a decrease in alpha activity but to an increase in beta activity 
[1,3]. Similar modifications of the alkyl groups also produce changes in physico- 
chemical properties of alkylammonium ions in aqueous solution. These last 
changes have often been discussed in terms of the interactions of these ions with 
the water structure (see e.g. [4-6]). 

This paper presents the results of a theoretical study of the electronic properties 
of methyl and ethyl ammonium ions and of their interactions with water. In 
particular we wish to examine whether there are significant changes in interaction 
with water when the methyl groups of a cationic head are replaced by ethyl 
groups. The calculations have been performed using the SCF ab initio method in 
an .STO 3 G basis [7]. The program Gaussian 70 [8] was used for the computations. 
Standard bond lengths were used (N-C = 1.49A, C-C = 1.51 A, C-H = 1.09A), 
and all angles were taken to be tetrahedral. 

Results 

Atomic Charges o/NfCHjli and NlCjHjlJ 

There is some disagreement in the literature about the distribution of charge 
in alkylammonium groups. PCILO calculations by Pullman and Courrifere [9] 
on acetylcholine, and CNDO calculations by George et al. [10] on alkylam- 
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c- 
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+0.081 


(maan ; +0 089) 


+0.081 


(b) 


I'i^ I Aloinic charges in a| Ictramclhylammonium ion and t>) tetraethylammonium ion. A positive 
charge corresponds to a deficiency of electrons 


monium, show the positive charge distributed over the hydrogen atoms with the 
nitrogen and carbon atoms roughly neutral. This presents a picture of the alkyl- 
ammonium head as a sphere of positive charge, with the nitrogen atom buried in 
the centre, and has obvious consequences for interaction with nucleophiles. 
IN DO calculations on acetylcholine [11] predict on the contrary that the positive 
charge rests on the nitrogen atom and adjacent carbon atoms, which suggests 
different possibilities for attack by nucleophiles such as water. 

The net atomic populations obtained by the ST0 3G calculations for the 
tetramethyl and tetraethylammonium ions are shown in Fig. 1. In both ions 
the nitrogen atom is seen to be negative while the positive charge is located entirely 
on the hydrogen atoms. This last result clearly disagrees with the INDO predic- 
tions but is in accord with the PCILO and CNDO ones. 

In the tetraethyl ion, which has more hydrogens, the positive charge is more 
spread out. but a striking fact is that it is not uniform. Thus the x (methylene) 
hydrogens are more positive than the fi (methyl) ones; -(-0.112 electron units as 
compared to -(-0.089 (mean value) respectively. Moreover, the a carbons are 
less negative than the fi ones, (—0.011 and —0.188 respectively), thus making 
the methylene groups overall considerably more positive than the terminal 
methyl groups or the nitrogen atom. These charge distributions, characteristic 
of ethyl and methyl groups, remain largely unaltered in the mixed ions, thus 
methyl has very similar atomic charges in NlCHj)^ and in 

In as far as hydration of alkylammonium ions is a predominantly long-range 
interaction depending on electrostatic forces, one might hope to predict the site 
of attack by water, or another nucleophile, from these charge distributions. Thus 
it seems most likely that such attack would occur at a position a to the nitrogen 
rather than at this atom itself or at the hydrocarbon chain ends. To definitely 
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F ig 2. Paths of approach of a water molecule to a tetramethylammonium ion. (al direct approach 
towards a CHj group along the prolongation of an NC bond, (b) bisecting approach along the bi- 
sectrix of two NC bonds, (c) axial approach on an NC axis [opposite to approach (alj 

establish the preferred hydration sites we have computed the interaction energy 
of a molecule of water with the alkylammonium ion in different orientations. 
These calculations are described below. 

Hydration of t/ieN(CHj)i Ion 

We have calculated the ab initio ST0 3G energy of the system tetramethyl- 
ummonium ion -(-water, as a function of intermolecular separation, for three 
possible paths of approach shown in Fig. 2. 

The direct approach of water towards a methyl group along the N-C axis, 
(a) in Fig. 2, gives a minimum in total energy at C-O separation of 3.1 A and with 
an interaction energy (relative to the isolated molecules) of - 5.4 kcal/mole. 
.\n approach along a bisector of two C-N bonds, (b) in Fig. 2, shows a more 
favourable interaction ( — 6.4 kcal/mole at N-0 distance of 3.7 A) possibly 
because the oxygen atom can interact simultaneously with two sets of positive 
a-methyl hydrogens. Axial approach along a C-N axis as in (c) in Fig. 2 permits 
simultaneous interaction with three a groups and is even more favourable. The 
minimum occurs at N O separation of 3.4 A and with an interaction energy of 
- 10.3 kcal. The energy curve for this type of approach is shown in Fig. 3. It is 
interesting that the exact orientation of the water hydrogens is not found to be 
very important, leading to differences of less than 0.5 kcal/mole at the minimum. 

The above results show a gain in stabilisation when the water molecule can 
interact with more than one a group. The most favoured hydration site (Fig. 2(c)] 
permits simultaneous interaction with three a groups, and there are four equivalent 
sites of this type. Although the sites where water interacts with only two at groups 
are less favoured, there are six of them, and it is difficult to predict a priori which 
type of fixation will be more effective in the total hydration of NlCHs)^. We 
have accordingly added further water molecules in equivalent positions up to a 
maximum of four (which is the limit imposed by the program) and calculated the 
interaction energy for each complex, relative to the isolated components. These 
results are shown in Table 1 for both types of interaction and it is clear from the 
trends observed that even with six water molecules in the bisecting positions 
the total interaction energy will be less than for the complex with four water 
molecules in the most favoured axial sites. 
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I'lti:. V I'hc calculated slabili/ation energy for the interaction of tetramethylammonium ion with water 
as a function of intcrmolecular separation [water approaches as in Fig. 2, (c)]. A E: stabilisation energy ; 

J: N U distance 


1 able I Calculated energies of interaction of tetramethylammonium ion with water molecules in 
twti difTerent types of site (STO 3G energies in kcal/mole) 


Number of water 

F.nergy of interaction 

molecule!) 

(b) (bisectrix) 

(c) (axial) 

1 

-- 6.4 

- 10.3 

2 

-12.5 

-19.2 

3 

-18.2 

-27.6 

4 

-23 5 

-35.3 


Hydration of the Ethyl-Substituted Ions 

The single ethyl group in (CHj) 3 N CjH, offers the choice of a or ^ attack 
by water as shown in Fig. 4. The fi approach is exactly analogous to case (a) in 
N(CH .,)4 above but yields an interaction energy of (only) — 3.4 kcal/mole at a 
C-O distance of 3. 1 A. The a approach (to the methylene group) is more favourable 
giving - 5.6 kcal/mole at a C-O distance of also 3.1 A. Thus within the ethyl 
group, a attack by water is favoured over fi attack. Between different a positions, 
an at methylene group and an at methyl group are about equally attractive to water. 
In connection with these results it is interesting to note that experimental observa- 
tions of the crystal structures of a number of choline derivatives [12] show the 
halide counter-ion to be almost always located in the vicinity of an a position on 
the alkyl substituents of the cationic head. 

With regard to the total hydration of (CHjljN CjH, , the ethyl group sterically 
hinders approach to one of the most favoured ''axial" sites [Fig. 2(c)] but three 
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Others are available. With these three occupied, the calculated energy of interaction 
is - 26.7 kcal/mole slightly less than for the first three water molecules in 
N(CH 3)4 . The limitations of the program do not permit the addition of one more 
water molecule, but it is clear that this could only enhance the difference relative 
toN(CHj):. 

In the diethyl-substituted ion (CHjlzNfC^Hslz the two ethyl groups may be 
cither syn or anti. In either case two of the “axial” sites are free and two are rather 
stcrically hindered (see Fig. 5). The two water molreules in the hindered sites can 
iKcupy intermediate positions nearer to a bisecting type. Indeed the calculation 
.shows a maximum interaction energy with these two molecules lying 30" above 
and below the plane of the N atom and the two methyl carbons (Fig. 5), with an 
N- O separation of 3.6 A. The energies of interaction of one and two water 
molecules in these positions are given in Table 2 and indicate that the second 
ethyl substituent brings about slight further decreases relative to the tetra- 
methylammonium ion. 

In the triethylsubstituted ion, CH 3 N(C 2 H 5 ) 3 , we have calculated the best 
energy of interaction with one water molecule. This molecule occupies an inter- 
mediate site of the type described above and the interaction energy shows again 
a further reduction (Table 2). 
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Table 2. Calculated hydration energies of methyl and ethylammonium ions as a function of number 
of water molecules and degree of ethylation (STO 3G energies in kcal/mole) 

Number of water tnergy of interaction 

molecules NMe* NMcjEt* NMCjEtj NMeEt,' 


1 

-10.3 

- 9.7 

- 8.7 

-8.2 

2 

- 19.2 

-18.4 

-16.0 


3 

-27.6 

-26.7 

- 

— 

4 

- 35.3 

— 

— 

— 


Conclusions 

The present calculations predict a gradual decrease in the magnitude of the 
hydration energy when the size and number of alkyl groups are increased. This 
trend is well illustrated by the figures of Table 2 and has two causes; 

1) The charge distribution is smoothed out as the size of the alkyl chain 
increases, so that the positive charge located on the hydrogens becomes less 
concentrated. 

2) Successive ethylation introduces steric hindrances, making the most 
favoured “axial" sites of N(CHj )4 less and less available. 

It is interesting to remark that the order of the trend obtained is parallel to 
the order of decreasing blocking activity exerted by quaternary ammonium 
derivatives at the neuro muscular junaion [13]. 


SiiU' AJM in Proof. Eurthcr calculations show that due to the large positive charges on the 
hydrogens, direct (’ 1 1 ... O hydrogen bond formation is possible. Thus a water molecule forms such a 
hydrogen bond of - 10 kcal/mole in NMcj ; of -9kcul/mole at an a position in the ethylated ions 
and of - 6 kcal/mole nlufl position. I'he a preference noted above is thus preserved. It seems unlikely 
that such intcraclioas significantly change the overall hydration described above. Although twelve 
sites for tl-honding exist in NMeT they approach each other rather closely and after addition of four 
water molecules further water molecules introduce such intermolecular repulsions as to reduce rather 
than increase the total hydration energy which remains always slightly lower than that obtained with 
water in the axial type of site described above [ 14], 


Ackiuwlalt/mi'iii.y One of us (Ci. N.J. Port) acknowledges a fellowship from the Royal Society 
under its europcan programme. 
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Vertical ionization potentials, electron alTinities and information about quasi-particles cun be 
obtained by using the technique of the single-particle propagator. The expansion of the self-energy 
part up to third order perturbation theory can be evaluated numerically, but does not lead, in most 
cases, to satisfying results. A theoretical and numerical analysis of the diagrammatic expansion of the 
self-energy part requires the introduction of a renormalized interaction and renormalized hole and 
particle lines. 

Key words: Atomic and molecular structure Klectronic structure Ionization Many-body 
perturbation theory 


1. lotroduction 

Many-body perturbation theories have been applied with success to nuclear 
structure [1], to high-density electron gas [2] and also to a wide range of other 
subjects as phonons, plasmons and superconductivity [3]. In addition, these 
theories have been also applied to atoms and molecules. In the case of atoms 
correlation energies [4, 5], dipole and quadrupolc polarizabilities, shielding 
factors, transition probabilities [4], photodetachment cross sections [6], Fermi 
contact terms [7], open-shell SCF orbitals [29] and ionization potentials [5, 8] 
have been calculated. In the case of molecules the correlation problem [9], natural 
orbitals [30] and ionization potentials [10-12] have been treated (non semi- 
cmpirical calculations). The application of a many-body perturbation theory to 
ionization potentials is more than just an alternative for the usual calculation 
of these quantities, since Koopmans’ defect [11]; the difference between the 
ionization potential obtained by Koopmans’ theorem [13] and the exact one, is 
calculated directly without subtracting large numbers of nearly equal magnitude. 

In previous discussions in [14] and applications to atoms [5, 8] and molecules 
[10] the self-energy part has been expanded up to second order. Extensive calcula- 
lions, however, have shown that, at least for small molecules, the expansion of the 
self-energy part up to second order is far from being able to reproduce the ex- 
perimental results [11, 12, 15], Therefore, a more elaborate form of perturbation 
theory has to be derived which is done in the following sections. Quantitative 
results are discussed for the nitrogen molecule. Further calculations for F^, 
HjO and HjCO are given in [15]. 

* Present Address; Physik-Dcpartment, Technische UniversilSt Miinchen, Deutschland. 
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2. General Theory 

In this section the general theory of Green’s one-particle functions and of the 
self-energy part is discussed which is essential for the following sections. 

In the following text we use the occupation number formalism in which the 
operators Uj and are the annihilation and the creation operators for a particle 
in the state |/> satisfying the anti-commutation relations 

[a„ [a„ aj + = [a,^ , a/] + = 0 , 

. , ( 2 . 1 ) 
(=(i, ff,). 


I^ct a system of N interacting fermions in the ground state be described by 
In the Heisenberg representation the Green’s one-particle function is defined by 

a^(t) = e‘'“ Ui^e" , ^* = 0^(0), 

T ~ Wick time-ordering operator. 

The spectral representation can be written as 


--- f I') e““'' - ‘ 'dU - n 


(2.3) 


( oj + A, + it] I w + li~ir] 


where the relations 



hold*. £}{'* is the ground state energy of the yV-elcctron system and £1''*'*’ and 
£’}''' + *> the energy of a /-th state of the {N — \}- and {N + l)-clectron systems, 
respectively. Hence, the problem of calculating ionization potentials and electron 
affinities is equivalent to the problem of calculating the poles of the one-particle 
C}rcen's functions. Putting the energies corresponding to the molecular geometry 
of the initial .state for E \^~ ' ’ and ** the vertical ionization potentials (VIPs) 
and electron affinities (VtAs), respectively, are obtained. In order to compare 
them with the Franck-Condon maxima of the experimental ionization spectrum, 
they should be corrected for vibrational effects [16]. 

The Green’s one-particle function can be expanded in the time representation 
by means of a perturbation theory which is described in detail in [17-19]. It is 
therefore not considered here. It should be noted that, starting out from the 
equations of motion for the Green’s n-particic functions, an infinite coupled set of 
equations results [20]. The uncoupling of this set of equations yields the same 
result as the perturbation expiansion of the Green’s functions. 

The perturbation series of the Green’s function, however, does not have a form 
which allows the evaluation of its poles. On the other hand the Dyson equation in 

' In order to siinplily. the first ionization potential is denoted by /q. 
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the to-rcprescntation 

G = G° + G°£G, 

G-‘=C"-»-i <2.4) 

is especially appropriate for this purpose. The poles of C correspond to the zeros 
of the eigenvalues of G '. In Eq. (2.4) the quantity £„ is the self-energy part and 
Gu' is the free Green’s function 

Gu-(t, t') = - / <<Po 1 7’ {a^fr) (t')} 1 ^ 

[ / I:e{occ} 

where 4>o is the ground state eigenfunction of Ho and {occ} is the set of the orbitals 
occupied in this state. 

For the above reason I shall be considered in more detail; 

Let the Hamiltonian be given by 



//o = 1 / 1 ( 0 ,^ a,. 

(2.6) 

where 

H^ = ^ 2 Vjjiii Uj ai 

fi, = <<p..(l)|/i(l)|<p,(l)>, 
yijic,=<<p<(i)(pji2mu2)i(p,{\)(p,{2)> 

(2.7) 


are the matrix elements of the one-particle operator h and the two-particle 
operator V, respectively, and {(p,} is a complete set of one-particle wave functions. 
From the perturbation expansion of G and the Dyson equation we obtain the 
expansion of £. The perturbation series of the Green’s function and hence the 
expansion of the self-energy part is greatly simplified by the application of a well- 
known diagrammatic method. The following definitions hold; 

I I * 

(• I »' 

= - '■< (2.8) 

The rules to draw the terms of a certain «-th order of the diagrammatic expansion 
of an element of I are; 

(al) The elements of each Graph are n Fj^^jj-points and (2n— 1) G‘’-lines. 
The elements of one kind can be connected only with elements of the other kind. 

(a2) Graphs, which split into two graphs by removing a single G®-line do not 
belong to I according to the Dyson equation. 

(a3) All topologically not equivalent linked graphs with two free indices 
have to be drawn according to the rules (al) and (a2). 
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a b c 

f 'ig. I . The graphs of the first (a) and second fb, c) order of the expansion of £ 


In Kig. 1 the first and second order of the expansion are reported as an example. 
The graphs which are obtained via (al)-(®3) by replacing the Kyj^y-points by 
the wiggle are called Feynman graphs. Any of the graphs treated here contain.s 
several Feynman graphs, e.g. 



Fxcept for the rules {fi6) and (fil), all the following rules for evaluation of diagrams 
are also valid for Feynman diagrams. 

l/ll) Join the free indices k, k" of an n-th order diagram of the expansion of 
lu iU') with a ' '-line, which shall be denoted by 

1 '■ 

■ «) = I 

i . 

iPl) Draw the (n - 1) horizontal lines between successive pairs of 

F-points according to: 

, X 

X 

Any part of the diagram between two successive K-points is called a block. 

(^3) Each G“-line and "'Mine cut by a horizontal line supplies an 
additive contribution to the denominator of the block, namely: 


1 

1 

■ 1 T 




t 1 

1 

1 



yields the dominator 

+ w-h, — hj + hi -\ — , i,;^{occ}, le{occ} 


I j 1 


(P4) Multiply the interactions Fy,*,), the contributions of the blocks and a 
factor ( — then sum over the internal indices {Z, is the number of hole 

lines, Z, is the number of loops). 

(PS) Each of the n! time ordered diagrams has to be evaluated separately. 

(^6) Each graphs has to be multiplied by 2"* where q is the number of per- 
mutations of two G°-Iines in the diagram leaving the diagram unchanged (identity 
transformation). 
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(pT) The Sign erf the V^j[u,-pomts is not uniquely determined. The proper sign 
of the graph foUows from a comparison with the sign of a Feynman graph which 
is contained in it. 

As an example the terms for the graph of the second order of the expansion of 
Iu ((o) arc obtained with the help of these rules. 


graph (b) = y 


^fii fii . 
tt) + b, — bj. — /i| 


( 2 . 10 ) 


ff j = {s e {occ) ^ {occ}}. ffj = {s ^ {occ} ;/, / e {occ}). 

In the above perturbation theory the Hamiltonian of F.q. (2.6) has been used. 
Analogous results can also be obtained by choosing the perturbation in a 
different way. In this work we choose now the Hartree-Fock operator 


— a,, 

= Qj a,a^-T ( Y. 

\lc(occ) / 


as the unperturbed operator Hq and the canonical HF-orbitals as the one-particle 
wave functions The Sj are here the HF-energies. Very important reasons for this 
choice are the availability of HF calculations and that the HF-energies of occupied 
orbitals of closed-shell systems provide relatively good approximations for the 
VIPs. The absence of bound excited (unoccupied) HF states, as might be the case 
for neutral atoms, leads to a slow convergence of the perturbation expansion [21]. 
The convergence of the expansion for correlation energies of atoms was greatly 
improved by using the F(iV — 1) potential of Kelly [4]. For closed-shell molecules, 
however, with many bound excited HF states we have no reason to assume a 
better convergence of the expansion of the self-energy part especially in calculating 
VIPs. 

A consequent use of the K(N - 1) potential leads to a great expense for systems 
with many electrons since these excited states should be calculated in the potential 
field of N — i other electrons [22] and therefore this potential is different for 
different excited states. 

If the HF operator is taken to be Hq then on account of the first term of 
graphs containing G^(t, t + 0)-lines need no more be considered [18]. This means 
that only b( has to be replaced by e, in the expressions for the graphs and that, in 
addition, the number of graphs shrinks considerably. Graph (b) is the only remain- 
ing graph in Fig. 1, hence Koopmans’ theorem is obtained in the first order of the 
expansion. As already mentioned in the introduction the expansion of the self- 
energy part up to the second order is in many cases far from being able to reproduce 
the experimental results. Therefore we have to use a more elaborate form of 
perturbation treatment. A general way to do so is to renormalize quantities as the 
interaction, vertex and particle- and hole-lines. An example for a renormalized 
interaction is given by the random phase approximation (see Section 4.1). By the 
renormalization of hole- and particle-lines a transformation of G°-lines into 
G-lines is understood. A graph, which is to be “dressed”, is often referred to as 
"skeleton”. By self-consistent perturbation theory we mean the self-consistent 
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solution of the equations 




+ ... 





( 2 . 12 ) 


where the symbol 

t k 

■ . (2.13) 

(■ *' 

is used. 

In all renormalizations attention must be paid to overcounting. 

In the next section the pole strengths of the Green's functions are discussed 
and in Section 4 a self-energy part which is appropriate for calculating VIPs is 
derived. We use the nitrogen molecule as an example throughout this manuscript. 
Additional numerical calculations are given in [12, 15,23]. 


3. Restriction to Low Ejiergy; Main and Secondary Poles 

In the following text some properties of the self-energy part which are essential 
for this work arc mentioned. It should be noted that the self-energy part I also 
has poles. The following notation will be used; the poles of graph (b) in Eq. (2.10) 
with the index set are denoted by X+ 1, j, . . . in the order of increasing energy 
and the poles with the index set <73 are denoted by 1, 2r_2, ... in the order of 
decreasing energy. The energy intervals (£,, T, + ,),/#— 1, will be denoted by the 
index / for 1, by /-h I for —2 and the interval (r_,,r+,) by / = 0. T^ese 
definitions are illustrated in Fig. 2, where a schematic plot of I',(((w) is given. 

in the picture of the Hartree-Fock quasiparticles the poles Z..* for fc^l 
correspond to processes in which one particle is separated and simultaneously 
another one is excited to an unoccupied orbital. In a similar manner the poles 
for k ^ 1 are connected with processes in which one particle is added and another 
one excited. It can be shown that exactly one pole of the eigenvalue D,((fy) of the 
Green’s function G is situated between any two successive poles of the self-energy 



Fig. 2. A .schematic plot of for the dennition of its poles 
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part [12, 24]. This statement is easily verified for the second order of the perturba* 
tion expansion with the help of Eq. (2.10) [12]. An essential consequence of this 
statement is, that the zeros of the eigenvalue of G *(to) which do not satisfy 
the conditions 

( 3 . 1 ) 


have to be treated in a different way than the zeros which do satisfy these condi- 
tions. The present work deals only with such solutions k of the Dyson equation 
which satisfy the above conditions. The remaining VIPs and VEAs are treated 
elsewhere [12, 24]. A common theory for all VIPs and VEAs is developed in [24] 
fnif it leads to a great numerical expense. 

A perturbation expansion of the Green’s one-particle function gives informa- 
tion not only about the energy values of the VIPs and VEAs but also about the 
utility of the one-particle picture for ionization and particle addition processes. 
The desired information is provided by the pole strengths of the Green's function, 
which are considered in the following. First of all, some definitions; P^, is the pole 
strength of the k-th eigenvalue D^(oi) of the Green's function matrix G to the pole 
m the interval I and a,jy is the pole strength of Gjjia)) to the same pole (k, 1). 

P*,= lim Dt((i))-(a)-f%), 

(3.2) 

(Uk is the energy-coordinate of the pole and Siu = S is an element of the 
eigenvector matrix S((o) to the same pole. 

D-‘=S^C-‘S. (3.3) 


By means of the Dyson equation one obtains directly for the pole strength 


d_ 

du) 


n7‘ = l--i7r(^ + «)* 


(3.4) 


where Aj means (S^i4S)** generally. 

In order to interpret the ptole strengths one has to start out from their definition. 
By u.se of Eq. (2.3) one gets 

~Kv’« N^(IV’o)l ’ 

fce{occ},/ = 0, -1, -2,.... 

{occ}, /= - 1, —2, ... , 

and Ivu *) nre true states of the (N -I- l)-particle system and (N — I)- 
particle system, respectively. 

Hence, is the probability to find the state adVo) 
means the projection of a true state on a fictive one. The result of removing a 
HF-particle from the true ground state is described by OjIVoX the true state after 
ionization is described by IVh~ *)• 1° case a,(u is not much less than 1, the remov- 
ing” is nearly identical with the ionization. 
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Analogous conclusions are obtained for the pole strengths a^u, where 

k€{occ},Z=l,2,3 

{occ},/ = 0, 1, ... . 

One has only to replace a, by a*, by vju^‘ and “removing” by “addition". 
For the example of ZV 2 we calculated the following pole strength: 

f’3...o = 0.9i, 

>,,..0 = 0.94. 

In order to compare those pole strengths of D with those of G we must know the 
values of Sm. 

All numerical results indicate that the eigenvectors of G associated with 
eigenvalues which have pole strengths, P*,, not mud, less than 1, may be 
approximated very well by unit vectors. This is mainly due to the fact that the 
inequality 

|(fi( + r„)-(ey + r^j)|>|rj, (3.6) 


is satisfied for all our examples. 

The eigenvectors of G were calculated for the example of Nj with the self- 
energy part in second order and are compiled in Table 1. 

If the ionization is well described by the “removing” of a quasi-particle in the 
state k. then the corresponding Green's function in the range of the solution must 
show a similar form as the free funedon The self-energy part can be decom- 

posed into imaginary and real piart for real values of lo according to 




(3.7) 


Table I. nigcnvccloni ot <7 'at M = calculated with the self-energy part in second order for N:. 
The basis-set used is described in [ 1 1 ] 


Species 

k 

2n, 

2(7. 

In. 

3(7, 


3(7, 


2n. 


t).‘W.t2 

0 

0 

0.0346 

0 

0 

0.0011 

0 

2(t„ 

0 

0.9V95 

0 

0 

0 

-0.0031 

0 

0 

In, 

0 

0 

1.0000 

0 

0 

0 

0 

0.0329 


- 0.1146 

0 

0 

0.9990 

0 

0 

0.0069 

0 


0 

0 

0 

0 

1 

0 

0 

0 

ia. 

0 

-0.0121 

0 

0 

0 

0.9999 

0 

0 

4<r^ 

-0.0025 

0 

0 

0.0050 

0 

0 

0.9980 

0 

2n, 

0 

0 

0.0038 

0 

0 

0 

0 

0.999l< 

5<T- 

0.0224 

0 

0 

0.0265 

0 

0 

0.0631 

0 

4<t, 

0 

0.0294 

0 

0 

0 

-0.0146 

0 

0 
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Starting out from the Dyson equation and expanding (e+£\ about 
= + to the linear term and expanding £1 about tOy to the constant 

term one obtains 


D^[(o»(Ou) 


tO-tOH + iTu' 


+ /u(a7«to*,) 





-I. -to*, = VIP 
+ 1, — to*, = VEA 



(3.8) 


where /u(m) is a correction function for the higher orders of the expansion about 
This expansion leads to the above result only if S is independent of I' for 
,(-♦0^. But this is true, because S has no poles in the open interval between two 
successive poles of I. Hence, if fuit^xiDu) is unessential and P*,%i. then 
D*(foi*to*,) has the form of a quasi-particle propagator. The corresponding 
quasiparticle has a finite life time t*,. 

Equation (3.5) and the important relation 


k.I 


which is proved by removing the unit operators between the Heisenberg operators 
(I* and , in Eq. (2.3), imply, that, if D* takes the form of a quasi-particle propa- 
gator, there is only one dominant pole strength, P*, for each eigenvalue D* of C. 
This pole shall be referred to as main pole, the remaining poles shall be called 
secondary poles. The properties of the secondary poles are treated extensively 
elsewhere [12,24]. 


4. Inclttsioa of Hi^r Orders 

The expression for the graph of the second order of the expansion of the self- 
energy part has already been given as an example in Section 2. All numerical 
calculations for Ne, N^, F^, HjO, CjHj and CO^ [11, 12, 15,25] show uniquely 
that the expansion of the self-energy part to the second order docs not at all 
suffice to evaluate the VIPs via the Dyson equation. As an example the VIPs of Nj 
calculated with the self-energy part of second order are compiled in Table 2. 

For the above one cannot expect that taking in account the third order will be 
sufficient. An evaluation of additional orders turns out to be completely useless, 
ius the number and the magnitude of the expressions go up explosively with the 

lablc 2. Results for the three lowest ionizations of N,. R2 = VIP calculated with self<tiergy part in 
second order. RF = VIP calculated with the present theory. All energies in cV 


Species 

Exp. 

VIP [28] 

R2 

RF 

2c^ 

18.78 

17.00 

18.59 

lx. 

16.98 

16.96 

16.83 


1S.60 

14.44 

15.50 
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a b c 

Kig. 3. The graphs of Ihird order of the expansion of £ 



1 2 3 4 5 6 



7 8 9 10 



11 12 13 


fig. 4. The graphs of fourth order of the expansion of £ 


order of the expansion. The graph of the second order contains already 4 terms 
with 3 indices each. The graphs of the third order reported in Fig. 3 contain 
84 terms with 5 indices each. One notes, however, that these graphs can still be 
calculated numerically. The necessary numerical methods are described elsewhere 
[12, 15]. The graphs of the fourth order, reported in Fig. 4, contain already 3120 
expressions with 7 indices each. Therefore it is not possible to evaluate the total 
fourth order numerically. 



Ionization Potential, of awed-Sbell Atoms and Molecules 249 

One has to find out which graphs yield the important contributions, and then 
to calculate or, at least, to estimate these to infinite order. 

As a first step towards the solution of this problem it is reasonable to investigate 
the essential results of the solid-state physics and nuclear physics with respect to 
their application in atomic and molecular physics. 


4./. A Short Comparison with Electron Gas and Nuclear Matter 

It is common in the treatment of metals to introduce a scaling parameter r, 
describing the volume per electron in an electron gas. It can be shown that, in 
the high-density case (r,->0), the sum of the ring diagrams (“RPA”) 


2 = CX .{7) 


hl 

L3^ 


(4.11 


describes the self-energy part sufficiently well [26, 19]. With r, denoting the Bohr 
radius the volume per electron in the electron gas is 

(4.2) 


Let R„ be the radius of the «-th Bohr orbit and N,„ the number of electrons 
considered, then from 


R, • r, ■ Z 


eff 


(4.3) 


it follows that: 


,,27-1 


(4.4) 


In regard of the inner electrons with Z,ffPl the relation r,<$l follows from 
Hq. (4.4). Thus, it is reasonable to evaluate the correlation energy for such atoms 
by means of a model of a high-density non-uniform electron gas. Considering 
only the outer-shell electrons on the other side, one obtains, e.g. for phosphorus 
r, * 1 .3. Therefore, the approximation of the self-energy part by ring diagrams 
does not work well in evaluating VIPs of atoms and especially not of molecules. 
It should be mentioned here that Brueckner [27] already tried to evaluate cor- 
relation energies of atoms with the help of a model of a high-density non-uniform 
electron gas. He obtained the important result that it has no sense to consider the 
atom as an uniform high-density electron gas and that the density gradient does 
not converge in the case of inhomogenity. 

For the treatment of nuclear matter, however, circumstances are different. 
As before, it is also here common to introduce a parameter similar to With a 
standing for the effective range of the interaction and standing for the average 
distance between the interacting particles one speaks of low-density, if rja^ 1. 
Galitzki [26] showed that each hole line in a graf* of the self-energy part is 
associated with a factor a/ro. The sum of the graphs containing only one hole line 
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which are catled ladder graphs, dominates in the low density case. 


E 




N / 

} k 


y\/\/w( 




/ 


(4.5) 


Theoretical as well as numerical comparisons of 



show, however, that, for atoms and molecules, the contribution of the first 
mentioned graphs are comparable with those of the second mentioned graphs and, 
as a rule, even exceed them [12]. 

All these considerations lead to the result that atoms and molecules are located 
in the region between intermediate density and high-density, which means in a 
region, where it cannot he expected that just a few graphs dominate. This renders a 
reasonable evaluation of the self-energy part much more difficult. 


4.2. Antigraphs and Renormalized Interaction 

All graphs of third order and a number of graphs of fourth order have been 
evaluated for the systems Ne, Nj, Fj, HjO, COj, C 2 H 2 and H 2 CO. The contribu- 
tions of some of these graphs were of the same order of magnitude as the contribu- 
tions of the graphs of second order. If we assume the convergence of the perturba- 
tion expansion, some of the graphs must compensate each other at least partly. 
This is confirmed by numerical results. The assumption that the contributions af 
the single graphs go down with increasing order of the expansion cannot be 
maintained. Hence, it is useless to consider as many graphs of a certain order of the 
expansion as possible without closer examination. It should be examined whether 
there exists a small “parameter” which gives us an idea how to select the important 
terms in the expansion of I. In order to do so first of all some of the specific 
features of graphs of third order are considered in more detail. Each graph is split 
into its 6 time orders where the nomenclature given in Fig. 5 will be used. 
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D1 D2 D3 D4 D5 D6 


Fig. 5. TTie notation of the time ordered graphs of third order 


In the following only diagonal elements of the self-energy part of third and 
higher orders are considered (see Section 3). It is easily shown, that, for i = j the 
relations 


A3 = A4,A5 = Ab, 

X2 = X3,X4 = X5,X = C,D 


(4.8) 


hold. There remain 12 different time ordered graphs. 

It is rather difficult to determine additional exact relations, if it is possible 
at all. Expressing the terms of the graphs Cl — C6 and /4 1 — /1 6 in an appropriate 
way facilitates relations as, e.g. 


|C1|<|C6| 

/41,C6<0 

A2,Ci>0 


UJ » Cl,, k € {occ} 
for ail k . 


(4.9) 


As one can see from the explicit expressions, it is diHicult to build up relations for 
D\-D6 and between D and C graphs, as the D-graphs contain 8 expressions each, 
which cannot be collected as easily as for the C-graphs. Only simple relations like 


D1<0,D6>0 


(4.10) 


may be established [12], 

In order to determine additional relations among the graphs we make the 
approximation that the most important contributions to X arise from one occupied 
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Table 3. The contributions of the graphs of third order for [eV]* 


Orb. 

A\ 

A2 

2.^3 

2.A5 

Cl 

Di 

2.C2 

2.D2 

2.C4 

2.D4 

C6 

06 


-1.78 

1.73 

0.41 

-0.39 

0.10 

-0.13 

0.29 

-0.25 

-0.10 

-1.79 

-2.35 

2.10 

30, 

- 1,70 

1.77 

0.42 

-0.44 

0.15 

-0.16 

0.35 

-0.25 

-0.12 

-1.23 

-1.56 

I ..34 

In. 

- 1.80 

1.77 

0.44 

-0.41 

0.32 

-0.30 

0.77 

-0.64 

-0.08 

-0.11 

-0.61 

0.65 

In, 

1.76 

I..39 

0.38 

- 0.39 

0.27 

-0.46 

0.03 

0.16 

-0.63 

0.66 

-0.40 

0..32 

-V, 

1 16 

1.10 

0.11 

-0.11 

0.21 

-0.19 

0.03 

0.33 

-0.03 

0.04 

-0.03 

0.03 


1.35 

1.27 

0.17 

-0.17 

0.29 

-0.27 

0.02 

0.36 

-0.03 

0.04 

-0.02 

0.02 

2n. 

- 1.52 

1.40 

0.22 

-0.23 

0.54 

-0.68 

0.18 

0.07 

-0.05 

0.07 

-0.04 

0.04 

5"- 

-1.70 

1 52 

0.31 

-0.29 

1.04 

-1.20 

0.09 

0.66 

-0.12 

0.11 

-0.08 

0.07 


i , - ■ 37,9(1 eV, i , , = 24.f<6 cV. 


* I'uch graph hus been evaluated at m = main p<ile. 


orbital and one unoccupied orbital of suitable symmetry. With this approximation 
we deduce relations which are confirmed by a large number of numerical results. 
As well ah initio calculations for the above mentioned systems as semi-empirical 
MF'-calculations for a larger number of molecules [25,23] were available. The 
graphs of third order have been calculated in all these cases. As an example, the 
data of these graphs for the nitrogen molecule are compiled in Table 3. The 
numerical and theoretical results indicate that the following relations are valid: 


0^/41 % -A2,0^Ci » -Dl 
0 ^C6 % -Z)6,/43* -/15, 
C2»-D2 ke{occ} 
C4«— D4 l(^{occ} 

(I) % (UjQ , |w — r jh 1 1 > 0 . 


Hemx:. there exist pairs of graphs distinguishing themselves by nearly compensat- 
ing each other. Such graphs shall be referred to as antigraphs. Although they do not 
completely compensate each other, both together have to be considered as one 
quantity in the perturbation theory. In third order there exist 5 dilTerent pairs of 
antigraphs. 

With xT' and 3 *"’ standing for a pair of antigraphs and an arbitrary graph of 
M-th order which is no antigraph, respectively, the self-energy part can be written: 

^..M= IM..+ I [C](c (4.12) 

Both time ordered diagrams of the self-energy part of second order may be 
considered as antigraphs, too, since 



hold. 


to 10*0 
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This pair of antigraphs of second order, x?\ is essential for most orbitals and 

S= 1.2. 3, 4, 5 (4.14) 

is valid for these orbitals, which indicates that the first sum converges quickly 
and can be estimated quite well by summing up to third order. Therefore, if the 
graphs of third order are calculated explicitly, then only graphs for n^4, 
have to be considered. We try to take account of the essential contributions of 
these graphs by introducing a time dependent effective interaction and re- 
normalized hole- and particle-lines. The renormalized interaction shall be 
symbolized by v ^ 

(4.15) 


This renormalized interaction contains all graphs beginning with two free indices 
at the time t' and ending with two free indices at the time t: 



In this equation the factor of rule (/16) in Section 2 is explicitly put in front of the 
graph. 

It is evident, that the renormalized interaction satisfies the recurrence formula 


s Art) 





X 


(4.17) 


Numerical results prove that the calculation of by use of Eq. (4. 1 7) converges 
slowly. It is useless, for this reason, just to evaluate a few orders and it is, therefore, 
necessary to estimate the rest. 

Substituting the interaction by the renormalized one and paying attention to 
repetitions of graphs one gets in second order 



All fu-dependent graphs of third order 2 is well as the graphs (1) and (2) in Fig. 4 
are contained in the renormalized graph of second order. 

Analogously y 




(4.19) 



254 


L. S. Cederbaum 


By use of the antigraph hypothesis one obtains 



for the renormalized graph. It means, that graphs which arise from the graphs of 
third order which are not antigraphs are considered. 

For i^{occ} an analogous expression results [12]. It must be observed, 
however, that the error of the estimation arises in the fourth order, because all 
<i}-dependen( graphs of third order are considered explicitly in Eq. (4.20). 

All drawn graphs on the right hand side of Eq. (4.20) are of the type ^1"*. These 
graphs have been numerically evaluated for all above examples and provide 
extremely large contributions [12, 15]. 

In the following we want to try to evaluate the renormalized graph of second 
order. 

First, we have to make use of the fact that the following series are equal; 


analogously 



(4.21) 



(4.21a) 
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In crude approximation these series may be estimated by geometric series. The 
quotient of the first two terms of the series in Eq. (4.21) and the series in Eq. (4.21a) 
shall be referred to as and q{*>, respectively. 



In order to estimate the renormalized graph in Eq. (4.20) the graphs 


(4.22) 


(4.22a) 



(4.23) 


are left, which give only small contributions to the examples considered. Bui this 
must be checked for each new example. 

For the example of the quotients q**' and q*'’* are: 


= - 0.89, q',-*. = - 0.99, = - 0.87 . 

= -0.30, = -0.50, q^^. = "0.33 . 


This means that, as C4 yields only a small contribution, the contribution of the 
effective interaction is approximately given by the terms of second order and the 
half of 2 ■ D4. 

The graph of second order is the first graph of the expansion, which depends 
on (v. The constant graph C in Fig. 3 is the first graph which does not depend on aj. 
Renormalizing this graph according to Eq. (4.19) one obtains in fourth order the 
odependent graphs i i 



(4.24) 


ITiese graphs have a special meaning which is explained in the next section. 

The graphs in Eq. (4.19) which do not depend on (o, are not of importance 
unless the corresponding antigraph relations in Eq. (4.11) are not satisfied suf- 
ficiently (Appendix A). 

4J. Self-Consistent Perturbation Theory 

In Section 4.2 a renormalization of the interaction has been described. Numeri- 
cal calculations show that the obtained results for VIPs are largely improved by 
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considering the renormalizatioa For further improvement we also consider the 
renormalization of hole- and particle-lines. The renormalization of the “skeleton” 
O is reduced to the HF-problem by use of Eq. (2.1 1) with 

E = 0-0 

If we choose but the self-energy part of second order for a skeleton for the self- 
consistent perturbation theory, the calculation contains the graphs; 


i: = 0-0^ 0 

This becomes evident, if the single iteration steps are carried out by use of Eq. (4.26) 
and the diagrammatic Dyson equation (2.12). 

By noting G,y(t, t') according to Eqs. (2.2) and (2.3), the renormalized graphs 
in the <(j-spacc may be given straightforwardly by the use of the rules of Section 2 
[12]. The expressions for the graphs are more simplified and better illustrated by 
starting out from a different consideration described in the following. 

The characteri.stic equation 

] 

'| 4 »(> = 0; |(P,>= 1, (4.27) 

\o/ 

is renormalized : 

C '\<p„-> = 0: \q>,,y = C„ZS,,,\(p,y. (4.28) 

being an arbitrary constant for the moment. The new “one-particle” functions 
{</?*(} are not orthogonal. Choosing 

|Q,|^ = n, (4.29) 

and considering Eqs. (3.9) and (3.5), one obtains the completeness relation 


II9>«><VJ = 1. (4.30) 

k.l 

Hence, {^ 4 ,} is a set of functions well adapted for the description of the 
renormalizing process G°-»G. Starting out from the skeleton we can describe 
the renormalization by very simple rules: 
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Only internal indices are transformed and following transformation properties 
hold: ^ 

l/c^{occ},/=-i, - 2 .... 
l<c^{occ}, / = 0, 1 .... 


£*, k e {occ}, -► - 4, 
£», k 4 {occ}, -► - Au 


(4.31) 


trr’i' 

The self-energy part given in Eq. (4.26) can be directly expressed: 


1 1 


(^ij'k/ ^IJ‘/k) ' ^JJk/ ^^lj’kf~ ^tf/k) ^JJk/ 

+ y — ‘JZ i£'”_ 1L>: + y _< H'. IJX ..JJT. (4 37t 

ff, (U — /j.j + <4y|. + /4j|- (0— /4^.|+ /yj. + 4,- 


The sets of indices <t, o,, ffj are to be taken from Eq. (4.31). As the self-consistent 
calculation of Eq. (4.32) is numerically too lengthy, it cannot be carried out 
without additional simplifications. By use of a finite number of unoccupied 
orbitals the sets of indices go up with the number of iteration steps. If the one-pole 
approximation is well satisfied (Section 3), we may write 


2:^2) y Pj-^kPAKjkf- ^jfk) ^jjkf 

lk,/e(occl 01 Aj’ fj- 

JXoccI 


(4.33) 


+ y Py PkPsiVirkf-ViysAViyk r 

k.r nocci a)-Ij. + A^ + Aj- 

J'eiucc) 

P, being the pole strength of a main pole. The introduction of the one-pole ap- 
proximation for the graph of first order yields the simple relation 


-:>o 


Ke{occ} 


(4.34) 


The numerical evaluation of this relation leads to small differences between big 
numbers. In order to get rid of this inaccurateness cill constant graphs of third 



258 


L. S. Cederbaum 


order are to be calculated explicitly. Nevertheless, an interesting conclusion can be 
deduced from Eq. (4.34): the contribution of these graphs in the one-pole ap- 
proximation is negativ for i = j. 

For the example of nitrogen the self-consistent calculation with the self-energy 
part given in Eq. (4.33) only slightly improves the results. The final results of the 
present perturbation theory for the VIPs of Nj are reported in Table 2. 


7. Summary 

The method of the Green's functions provides a new approach to the calcula- 
tion of ionization potentials and electron affinities. Moreover, it makes it possible 
to investigate one-particle properties of the system. An integral equation relating 
the Green's functions with the self-energy part gives us freedom to collect certain 
graphs to infinite order with the help of the perturbation expansion of the self- 
energy part to finite order. The problem to evaluate the Green's functions has 
hence been reduced to an investigation of the graphs of the self-energy part. 

Expanding the self-energy part to the first order of perturbation theory yields 
Koopmans' theorem. Already in the second order of the perturbation expansion 
additional poles of the Green's functions are obtained, which cannot be explained 
by Koopmans' theorem. These ionization potentials correspond to ion states the 
expansion of which in terms of electron configurations contains mainly such 
configurations which differ by more than one orbital from the configuration 
describing the ground state of the initial molecule in the one-particle picture. 
VIPs of this type and VIPs in their energy region are not considered here, but 
have been investigated and calculated elsewhere [12]. Here, only these poles of 
the Green's functions are investigated which are situated far from the poles of the 
self-energy part. 

In order to find these poles, first of all the second order of the self-energy part 
has been taken into account [10 12]. The numerical results, however, prove that 
the second order is Jar from heinfi able to reproduce the experimental results. By 
going over to the third order the results were improved, but then it was evident that 
it is useless to evaluate only a finite number of orders. 

Theoretical considerations and numerical calculations revealed that it is 
necessary to introduce an effective interaction as well as renormalized particle- and 
hole-lines in order to estimate the contributions of the graphs of higher orders. 

Applications; As mentioned above, the theory has been applied to closed-shell 
molecules successfully [11,12,15]. For open-shell systems the theory may be 
applied as well, but the question, if the approximations, used here, are reasonable, 
has still to be investigated. 

One of the main advantages of this perturbation treatment, compared with the 
calculation of the total energies of the corresponding states, is that only a small 
correction term has to be calculated and therefore less accurate wavefunctions are 
sufficient to obtain satisfactory results. It is already shown that in most cases 
reasonable values for Koopmans' defect can be calculated even with semiempirical 
CNDO-wavefunctions [23, 25]. 
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Appendix A 

For some cx^ples the antigraph relation A3 a -/15 is not as wcU satisfied 
as the other relations in Eq. (4.1 1). In case the contribution of A3 + A5 is consider- 
able, ft)-indcpendent graphs have to be taken into account for the calculation of 



The estimation of these graphs may be performed analogously to the evaluation 
of the renormalized graph of second order. 
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Modes of Interconversion in the Cycloheptene Ring 
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The possible modes of intercon version for cycloheptene have been studied by carrying out calcula- 
iions in the CNDO/2 and MlNDO/2 approximations. 

The transition state of lower energy is found along an asymmetrical pathway from the chair form, 
which is the most stable conformation, to the twist-boat form; the calculated activation energy agrees 
w ith the experimental data obtained from DNMR measures. The possibility of a change in the inver- 
'.lon mechanism for benzocycloheptene is also discussed. 

Key words; Cycloheptene conformation - Bcnzocyctotveptcne. inversion i>f 


1. Introduction 


In cycloheptene there are two families of conformations. The chair family 
contains the regular symmetrical chair (C) which is relatively rigid and cannot 
undergo pseudorotation [1]. The boat family contains the regular symmetrical 
boat (B), the twist-boat (TB) having a Cj axis, and the biplanar form (II) in which 
carbon atoms Ci, Cj, C 3 , C<,, and C^ arc coplanar (Fig. 1 ); the forms (M) and 
(TB) arc intermediate in the pseudorotation itinerary between the pair of equiv- 
alent boat conformations (B and B*). 

Several modes of interconversion can be considered with different tran.sition 
stales (Fig. 1 ). 

Our earlier calculations by Hendrickson’s treatment [2] found the chair form 
favoured over the boat by l.l9kcal/mole and over the twist-boat by 1.71 kcal/ 
mole [3], while previously Paunez and Ginsburg [4] using only a potential func- 
tion for nonbonded H . . . H interactions calculated the boat to be more stable than 
the chair by 0.67 kcal/mole, and Allinger et al. [5] found the boat preferred by 
0.94kcal/mole. 


Q- 




[m] 



Fig. I. Interconversion pathways between various forms of cycloheptene 
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Direct evidence for the structure of cycloheptene was obtained from a study 
of its Raman and infrared spectra [ 6 ]; it was concluded that the cycloheptene 
exists in the chair conformation in the crystal, while additional bands obsmed 
in the liquid at room temperature were attributed to the boat form. Dynamic 
nuclear magnetic resonance (DNMR) spectroscopy [7] has proven to be a power- 
ful tool for the study of the ring inversion in cyclic molecules; St-Jacques and 
Vaziri [ 8 ] indicate that in 4,4,S,6,6-pentadeuteriocycloheptene there are two equiv- 
alent chair forms in equilibrium, separated by an energy barrier of 5.0 + 0.3 kcal/ 
mole; the free energy profiles corresponding to the interconversion pathway are 
qualitatively discussed by the same authors. 

In a more recent work Allinger and Sprague [9] with an extension of the force 
field method previously applied to saturated hydrocarbons, calculate the chair 
favoured by 0.57kcal/mole over the twist form and by 3.37 kcal/mole over the 
boat form. Three interconversion pathways are also studied in detail; a symme- 
trical mode involves wagging of the C 7 C,C 2 Cj plane through the form (I) having 
six coplanar carbon atoms ( 1 , 2, 3, 4, 6 , 7) and an energy barrier of 5.16 kcal/mole 
was calculated ; a second symmetrical mode involves wagging of the C 4 C 5 C 6 plane 
through the form (III) having five coplanar carbon atoms (3, 4, 5, 6 , 7); the energy 
of this form was estimated to be of 10.26 kcal/mole ; therefore it is an higher energy 
pathway contrary to suggestions of Kabuss et al. [10] and of Glazer et al. [11], 
A third asymmetrical mode involves a direct interconversion between the chair 
and the twi.st-boat forms through an asymmetrical intermediate (IV) having six 
coplanar atoms (1,2, 3, 4, 5, 7), for which an energy of 8.87 kcal/mole was evaluat- 
ed [9]. 

Since the force field method requires a great amount of parameters and is 
founded on a classical basis, we will consider energetical and geometrical aspects 
of the possible modes of interconversion for cycloheptene within the framework 
of the molecular orbital method by carrying out all-valence electron SCF calcula- 
tions in the CNDO/2 and MlNDO/2 approximations. 


2. Method of Calculation 

The numbering system adopted is shown in Fig. 2. Bond lengths were assumed 
invariant as in the previous work [3]. Carbon atoms C 7 , C,, C 2 , and C 3 were 
considered always coplanar. 



Fig. 2. Numbering system for cycloheptene 
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The following independently variable parameters were selected for the energy 

calculations: 

- in the conformations with a plane of symmetry (C, B, 1 , III), the trigonal angle 

= tetrahedral angle and the dihedral angles (p and <p' (between 

the plane C3C4C6C7 and the planes C7C,C2C3 and C^lC^C^ respectively). 

- in the TB form, the angles ^i( = <52), = and the dihedral angle between 

the planes C7C,C2C3C, and C3C4C5 (or CsC„C7). 

- in the biplanar form II, the angles ^,( = ^2), and . 9 ,( = .')^) and the dihedral 
angle between the two planes. With >95 # 0 ^ and ¥=^1 the energy variation 
calculated are irrelevant. 

- in the other asymmetrical forms, the angles ^,( = 6 ,), 9 „ .94, . 9 ,. and the tor- 
sional angles wjs 0)34. 

The hydrogen atom positions were determined as functions of internal angles 
.9 by imposition of orthogonality between the hybrid orbitals on the carbon atom. 
The convention defined by Hendrickson [ 2 ] was used for the torsional angle signs. 

The total energy was minimized with respect to couples of variables interpolat- 
ing the function with an elliptical paraboloid. The CNDO /2 calculations were 
performed by emploing the program QCPE 91 with usual paramelrization ; the 
MINDO calculations by modifying the program OCPE 137 (MINDO/1) in a 
MINDO /2 version with he parametrization indicated in Ref. [ 12 ]. 

3. Results 

Interconversum pathway a. Symmetrical mode from the chair (C) to the boat 
(B) through the form (I) having six coplanar atoms and the transition state (TS)„, 
followed from pseudorotation to the twist-boat (TB) form. The potential function 
for this pathway is shown in schematic Fig. 3 , and detailed in Fig. 4 A for the rate 



t IS .3 A and B. Schematic interconversion pathways. (A) CNDO/2 method. (B) MINDO/2 method, 
- pathway ».- ■ • pathway b, pathway c. - - pathway, d 
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l itt 4. (A I. Syniincincal miidc in pathway a: (Bl Pscudorotation in pathway a. 
('NI)( ) 2 method.* • • MIN DO, 2 method 


I able I (ieoinelry (angles in degreesi and energies (in keabmole) in the symmetrical mode of inicr- 
eonversion pathway a (CNDO '2 method) 
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determining step (symmetrical mode) as function of the torsional angle CO 34 and 
in Fig. 4B for the pscudorotation step as function of the torsional angle lOti- 
Geometrical data and energies relative to the form (C), which is the most stable 
conformation, are reported in Tables 1 3. Angle values are rounded off to 0.5 
degrees since smaller angular variations do not affect the energy significantly. 

Interconversion pathway b. Symmetrical mode from the chair (C) to the form 
(I), followed by asymmetrical mode to the TB form through the transition stale 
(TS)k (Fig. 3). The potential energies for this pathway are detailed in Fig. 5 as a 
function of <034 as the reaction coordinate. Geometrical data and energies of some 
conformations are reported in Table 4, 
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Table 2. Geometry and energies in the pseudorotation itinerary (CNDO/2 method) 
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Table 3. Geometry and energies 

in the interconversion pathway a (MINI3() 
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l ii;. 4 (Al. Synimclrn.al nUHli; in palhway a; (B) IV'udorotation in pathway a. 
('NI)O 2 method.* • • MINDO.l method 


I able I. ( icoiiiciry (uiittlc. in <lej>rccs| and ciicr(ncs (in kcal mole) in the symmetrical mode of inter- 
toiiversioii pulliway aiCNIX) 2 method) 


) drill 

IC) 

(1) 



II \ 

(IS). 

u* 

(B) 

(ii (1. 

127 t 

1 14 8 

I.V4.8 

i.rv4 

1.12 7 

111,4 

124.5 

124.8 


1 1 VO 

1 18 S 

118 0 

118.0 

II 7,5 

1 17,0 

1 16.0 

113.0 


II.VS 

ll.'i.S 

1 160 

1 16.0 

1 160 

1 16.0 

115.5 

116.5 


liss 

1 1 111 

mo 

mo 

1125 

111,5 

1 14.5 

1 16.0 

nlj , ■ (f* . , 

SSlI 

0.0 

1 11.0 

I 22.0 

1 27.5 

+ 11,0 

-r 44.0 

60.5 

(l),4 -- l»„ . 

1 71 

-1 .15.0 

1 26 5 

1 18.0 

+ |40 

+ 4.0 

1.5 

- 14.0 

"'41 = I'lSf, 

()S s 

82 0 

- 81 5 

- 74.5 

74 0 

- 76.5 

72.5 

- 60.0 

F. 

0 0 

1 ,1 

4 1 

4,7 

4.4 

4,4 

4.4 

.1.1 


determining step (symmetrical mode) as function of the torsional angle (O 34 and 
in Fig. 4B for the pseudorotation step as function of the torsional angle aj(,T 
Cleometrical data and energies relative to the form (C). which is the most stable 
conformation, are reported in Tables I 3. Angle values are rounded off to 0.5 
degrees .since .smaller angular variations do not affect the energy significantly. 

I nteraiiwersion pathway b. Symmetrical mode from the chair (C) to the form 
(I), followed by asymmetrical mode to the TB form through the transition state 
(TS)* (Fig. 3). The potential energies for this pathway are detailed in Fig. 5 as a 
function of (u ,4 as the reaction coordinate. Geometrical data and energies of some 
conformations arc reported in Table 4. 
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Table Z Geometry and energies in the pseudorotation itinerary (CNDO/2 method) 


Form 

(B) 

Pi 

Pi 

Pi 

P* 

(11) 

(TB) 

II 

124.8 

125.8 

129.2 

129.8 

129.4 

128.3 

128.9 

•Ij 

113.0 

114.0 

114.0 

113.5 

115.0 

111.0 

113.5 

•’4 

116.5 

115.5 

116.5 

118.0 

117.0 

116.0 

115.5 


116.0 

115.0 

115.5 

114.5 

115.0 

116.0 

116.5 


116.5 

115.5 

115.5 

115.5 

115.5 

115.0 

115.5 

3, 

113.0 

115.0 

115.5 

116.0 

116.5 

115.5 

113.5 


+ 60.5 

+ 58.5 

+ 51.0 

+ 51.0 

+ 53.5 

+ 57.0 

+ 32.0 

<*^34 

- 19.0 

- 17.5 

- IZO 

- 15.5 

- 25.0 

- 66.5 

- 76.0 

0^45 

- 60.0 

- 63.0 

- 65.5 

- 61.0 

- 52.0 

0.0 

+ 42.0 


+ 60.0 

+ 68.5 

+ 75.0 

+ 78.0 

+ 82.0 

+ 73.5 

+ 42.0 


+ 19.0 

+ 9.0 

- 3.0 

- 11.0 

- 22.0 

- 59.5 

- 76.0 

Uhl 

- 60.5 

- 54.0 

- 43.0 

38.0 

- 30.0 

0.0 

+ 32.0 

f 

3.1 

3.4 

4.1 

4.0 

3.1 

1.7 

0.7 


Tabic 3. Geometry and energies in the intcreonversion pathway a (MINDO/2 method) 


Form 

(C) 

(1) 


dy 

“j 

«4 

(B) 

(11) 

(TB) 

11 

127.4 

132.3 

(.32.3 

129.5 

128.5 

127.0 

125.6 

127.9 

128.2 

3.1 

120.5 

122.5 

122.5 

121.5 

121.0 

120.5 

120.0 

118.0 

120.0 

34 

118.5 

119.0 

119.5 

120.0 

120.0 

119.5 

119.5 

1 18.5 

119.0 

3, 

116.0 

1135 

lt.5.5 

117.0 

119.0 

119.0 

119.5 

118.5 

119.0 

3„ 




= 3* 




119.0 

119.0 

3, 




= 3j 




120.5 

120.0 

<4323 

- 44.0 

0.0 

+ 11.5 

+ .3.5.0 

+ 41.0 

+ 47.5 

^ 525 

+ 51.0 

+ 28.5 

<«J4 

+ 625 

+ .32.5 

+ 22.0 

- 1.0 

6.0 

12.0 

- 18.0 

- 60.5 

- 66.0 

W 4 S 

- 62.0 

- 72.0 

- 69.0 

- 61.5 

- 56.5 

- 53.5 

- 49.0 

0.0 

f 35.0 





-■s -^4, 




+ 62.5 

+ 35.0 

0)67 




= -< 0,4 




- 52.0 

- 66.0 

(0,1 








0.0 

f 28.5 

L 

0.0 

3.0 

4.1 

5.9 

6.2 

6.4 

6.6 

4.0 

3.5 



• MlNUO/2 method 
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Table 4. Geometry and energies in the interconversion pathway b 


Form 

CNDO /2 method 


M IN [K )/2 method 


bf hj ^3 ^5 

h, 

fcj bj 64 j, 


(5, 


13.1.6 

133.0 

1312 

1.10.8 

131,7 

131.6 

130.8 

130.5 

IKK, 


121.0 

121.5 

122.5 

1210 

115.5 

125.0 

125.5 

127.0 

124.5 

12:1 


116.5 

117.5 

117.0 

119.0 

118.0 

120.0 

119.5 

119.0 

120.5 

12l< 

lU 

112.5 

112.5 

1 1.1.0 

116.5 

120.5 

113,5 

113.5 

114.5 

120.5 

111! 


115.5 

115.5 

114.0 

115.5 

115.0 

119.0 

119.0 

118.5 

119.0 

iim. 

•h 

IIS.O 

116.5 

116.5 

116.5 

116.5 

122.0 

121.5 

121.5 

121.0 

1210 


•1 7 5 

+ 1.1.5 

4 20.0 

+ 33.0 

+ 48.0 

4- 7.0 

+ 11.0 

+ 17.0 

4- 33.5 

4 .19(1 

Cl , 4 

4 24(1 

4 155 

- 5.5 

- 19.5 

49.5 

4 - 22.0 

4- 15.5 

- 5.5 

- 26.5 

- .n.5 

CJj, 

74.5 

- 6S.0 

63.5 

- 41.0 

- 13.0 

- 65.0 

- 62.0 

- 56.0 

- 28.5 

- IX.'i 


r S.5.5 

4- XX.O 

4 - 90.5 

+ 84.0 • 

4 74.0 

4- 74.5 

4- 77.0 

4- 78.0 

4- 69.0 

4 6(i,i 


. 40.0 

- 4.15 

- 46.5 

- 49.5 

- 53.0 

- 37.0 

- .19.5 

- 42.0 

- 44.5 

- 47 II 

C|.., 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

Ol' 

/•; 

.1.x 

4.1 

4,2 

4.0 

2.0 

.1.7 

4.0 

4.6 

4.7 

44 



i'ig. h. (A) pathway c; (B) pathway d. - t'NlM)/2 method;* •- - • MIN DO/2 method 

Other huerconversion Pathways. The symmetrical mode which involves wagg- 
ing of the C 4 C,Cfi plane through the form (Ml) having five coplanar carbon atoms 
(pathway c) and the asymmetrical mode with direct interconversion between the 
chair and the twist-boat forms through an intermediate (IV) having six coplanar 
atoms (atom 6 out of plane) (pathway d) are higher energy processes; the partial 
data obtained are shown in Fig. 6 and reported in Table S. 

4. Disciisstoo 

The transition state of lower energy is found along the pathway b with both 
methods of calculation (Fig. 3). The calculated values of dH* for the chair in- 
version (4.25 kcal/mole by the CNDO/2 method and 4.75 kcal/mole by the 
MINDO/'2 method) are slightly lower than the experimental value of d (r'‘ = 5.0 
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Table 5. Geometry and energies in the intereonversion pathways c and d 


Form 


CNDO/2 method 


MINDO/2 method 


(HI) 

C 2 

(IV) 

(III) 

(IV) 


121.9 

121.5 

121.1 

133.3 

121.5 

133.5 

S 3 

ItZO 

112.0 

112.0 

124.0 

118.0 

124.5 

S* 

120.5 

120.5 

120.5 

121.0 

122.0 

121.0 

s, 

125.0 

125.5 

124,5 

121.0 

123.5 

125.5 

s* 


= S 4 


112.5 

= S 4 

114.5 

s. 


= S 3 


110.5 

= S 3 

114.5 

a>23 

- 70.5 

- 71.0 

- 71.5 

0.0 

- 65.5 

0.0 

U)34 

+ 58.5 

+ 54.0 

-+ 49.0 

0.0 

+ 51.0 

0.0 

U>43 

- (1.5 

0.0 

+ 11.5 

- 35.5 

0.0 

- 33.0 

W 56 


= -W 43 


- 1 - 80.0 

= -“45 

+ 71.0 



= -(O 34 


- 72.0 

= -IU 34 

- 63.5 

0>71 


= -0)J3 


+ 32.0 

“ -IU 23 

+ 29.0 

£ 

8.8 

9.4 

8.9 

7.9 

8.2 

6.8 


± 0.3 kcal/mole found in pcntadcuteriocyclohcptene [8]. Since JG* and AH* 
are expected to be essentially equ§l, probably within experimental errors [8] (and 
indeed dS’‘ = 0.2eu. in 5,5-difluorocycloheptene [11]), the agreement is very 
satisfactory. It is noteworthy that in proximity of the transition state (TS)* one 
observes a change in the sign of the dihedral angle o)u (Fig. S); it means that there 
is a biplanar conformation with the atoms C2C3C4C5 and C6C7C,C2C3 in two 
planes intersecting across the straight line C2C3. 

The transition state (TS), suggested by Allinger [9] is found only by the CNDO/ 
2 method with energy somewhat higher (5 kcal/mole); its structure is about bi- 
planar with atoms C2C3C4CS and CsC^CiC, in two planes with the atom C5 
alone in common; also in the lower-energy pseudorotation process, the coforma- 
tion with the highest energy value is characterized by a change in the sign of the 
torsional angle aJ(,^ (Fig. 4B). The MINDO/2 method, on the contrary, along the 
pathway a suggests that the boat form is the transition state, but it is reasonable 
to suppose that the inversion, after the form 1 is reached advances along the prev- 
iously mentioned pathway b which is energetically preferred. 

Also the biplanar intermediates (111) and (IV) are higher energy conformations 
and probably coincide with the transition states of the pathways c and d respec- 
tively. 

As for the geometrical data, the small differences in the values calculated by 
the two methods are a consequence of the intrinsic properties of methods; really, 
higher bending constants are to be expected from CNDO/2 than from MlNDO/2 
and consequently the angles calculated for the minimum energy forms by the for- 
mer method are generally smaller than those obtained from the latter method. 
A comparison wjth experimental data is not possible because they are not known, 
but the MINDO values should be the more reliable. 

A recent proton magnetic resonance study of bcnzocycloheptene [12] showed 
unambiguously that the seven-membered ring exists as a chair conformation and 
a value of 74-76" was obtained for the torsional angle 0)34 from the coupling 
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constants. In the chair form of cycloheptcne we calculate a value of 71.5° by the 
CNDO/2 method and of 62.5' by the MINDO/2 method; the agreement is fair 
when one takes into account that the trigonal angles in cycloheptene should be 
larger than in benzocycloheptene and consequently a diminution of torsional 
angles 0 ) 34 , and w*, is necessary for the ring closing. 

The higher AG* value observed in the inversion of benzocycloheptene (10.9 
kcal/mole [ 8 ]) was qualitatively interpreted previously [ 8 , 9] on a different basis. 
We think that the replacement of the double bond by the benzene ring should 
stretch the bond C’lC, and decrease the internal angles and C 2 CiCt. By 

going from the chair (C) to the transition states (TS)„, (TSl^, and (IV), a remarkable 
increa.se in the value of trigonal angles in the seven-mem bcrcd ring occurs, whilst 
a decrease is observed in the transition state (111). Then in benzocycloheptene an 
increase in the inversion barrier along the pathways a, b, and d is very likely; the 
pathway c might become the mo.st probable. 

The possibility of this change in the inversion pathway would be able to account 
for the different values of AG* in .some disubstituted benzocycloheptenes (10.3 
kcal/mole in 3,3-dimcthyl-, 1 1.3 kcal/mole in 4.4-dimethyl-, and 1 1.8 kcal/mole in 
.‘i,5-dimethyl-l,2-bcnzocyclohcptcnc [10]). An increase of the internal tetrahedral 
angle on the carbon atom with gcminal methyl groups brings an energetically 
unfavoured approaching of the substituents; in the transition state (TS)h we re- 
mark (Table 4) that .9, > ,94 > .V,; on the contrary, in the intermediate (III) the 
magnitude order (Table 5) . 9 ,>, 94 >, 9 , is in agreement with the observed free 
activation enthalpies. 

We are planning to test if the .same calculation methods can confirm this change 
of inversion mechanism in benzocycloheptene. in spite of the bigger molecular 
entity and of the higher energy values; preliminary results agree with our previ- 
sions. 
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A Possible Triplet Ground State in Diazines 

G. Wagniere 
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Within the frame of closed-shell and restricted open-shell ab initio SCF calculations l.l-dihydro- 
diazine H 2 N = N has a triplet ground state. This result, though not unsuspected from simple 
valence theory, is critically discussed and possible chemical implications are briefly mentioned. 

Key words: Diazine Triplet ground state - Singlet-triplet separation - Cheletropic cleavage 


Introductioa 

The electronic structure of cis- and frflM.v-diiinide and of 1,1-dihydrodiazine 
has already been the subject of a number of theoretical investigations [I- 6]. 
These molecules, though difTicult or even impossible to isolate, are of particular 
interest for more than academic reasons: They are isoelectronic with such chem- 
ically important species as oxygen, formaldehyde and ethylene. Cis- and trans- 
diimide are the parent molecules of the chemically important class of the azo 
compounds [3, 7, 8]. The aminonitrenes, related to 1,1-dihydrodiazine, undergo 
cheletropic reactions liberating nitrogen [9- H]. Although all isomers of 
are thermodynamically unstable with respect to N2 and [4], some spectro- 
scopic data on NjHj is known [4, 12 14] which confirms the existence of the 
irans form. 

In the present note we wish to report that within the frame of closed-shell and 
restricted open-shell SCF calculations [15] 1,1-dihydrodiazine has a triplet 
ground .state. This coincides with the situation assumed to prevail in general in 
nitrenes [16]. We also compare the singlet-triplet splitting of the (htt*) and (na*) 
excited states of the different N2H2 isomers. The lowest excited states of cis- and 
fruns-diimide are ^(nn*), '(nn*), and In this context we will not consider 

the higher excited states, with the exception of ‘(aji*). 


Calculations 

The ah initio calculations were performed with the program IBMOL-5 [17] 
using a Gaussian-type basis. For all three isomers the geometry was considered 
as planar and, as in Ref. [3], the following values were adopted: r(NN)= 1.240 A, 
r(NH) = 1 .021 A, -4: (NNH) =112" 39'. The orbital basis consisted for the calcula- 

* The ab initio calculations were performed at the IBM Research Center, San Jose, California. 
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tions listed under I in a nitrogen 1 1 5, 7p derived set and a hydrogen 65 set [18] 
contracted to a (S, 3/2) set (see Tables 1 a and 1 b). Tlw computations designated 
by 11 started from the same contracted basis, augmented by polarizatimi functions 
in the plane of the molecule, and p^, of exponent ot= l.CXX) on each hydrogen 
atom, and by diffuse s, p,, p,, p, functions of exponent a = 0.030 on each nitrogen 
atom. 


Tabic 1 a. Orbital exponents of the uncontracted bases [18] 


■"n 

Pn 


22mi.2 

82.7715 

82.702833 

34 IM.*! 

19.3820 

12.418535 

776.383 

• 5.997t3 

2.825682 

219.966 

2.14.355 

0.798266 

71.7952 

0.820810 

0.258165 

2-5.8175 

9.92954 

3.94843 

1. 11085 

0 436520 
0.160920 

0.316980 

0.118820 

0.089859 


I able I b C'ontraclion coulTiciunts listed in the <ic()ucncc corresponding to Table I a. Most values are 
taken from atomic .S(T calculations [18] 




Pn 


5h 

/i 

0.(8K)22l X 

0.1X12359 

/I 

0.002lX)4 


0.(K)I7I5 

0.017447 


0.015.333 


0.008‘«I8 

0.07462.5 


0.07.5518 


0.036023 

0.212116 


0.2567.3.3 


0.115506 X 

'2 I.IXXXX) 

/z 

0.497645 


0.277557 / 

0.397308 


0.296084 

/; 

0.423141 

0.167249 




0.271130 




/t 

t.tXIIXKI 




/4 

1 .OOINX) 




/^ 

(.00000 





Table 2. Comparison of the total energy in a.u. of the lowest closed-shell SCK state 


Calculation 

H 

H=N 

H 

N=N 

H ' '' H 

H 

N=N 

H-' 

1 

- 109.96338 

- 109.94822 

- 109.94019 

II 

- 109.98092 

- 109.96639 

-109.95317 

WF'A GLO in situ* adjusted [4] 

-109.93017 

-109.92913 

-109.92233 

WT A F.xtcndcd GLO* [4] 

- 109.95274 

-109.94423 

- 109.94145 


Geometry determined by energy minimization. See Ref. [4]. 
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Table 3. Calculations I, II. and WFA [4] give energies in eV of the open-shell SCF states relative to 
the lowest closed-shell SCF state. The resulte listed under RHK [3] were obtained by a limited Cl 

calculation 


Calculation 

State 

N 

H 

y' 

=N 

N: 

H'' 

Z 

/ 

z 

II 

H 

\ + 

W'' 

=N 

1 


% 

1.678 

'B, 

2.127 


-0.171 



'B. 

3.017 

■B, 

3.659 

‘Aj 

1.273 



"B. 

3.697 

’B, 

3.656 

•'A, 

5.566 


‘(ir-a*) 

■B. 

12.435 

■B, 

12.441 

‘A, 

5.732 

II 



1.755 


2.198 


-0.090 


'(«-«*) 


3.077 


3.722 


1.328 




3.689 


3.651 


5.430 


‘(a-n*l 


1 1.263 


11.372 


5.593 

RHK [3] 


'B. 

3.01 


2.07 




‘(n-ir*) 

'B. 

3.92 

‘B^ 

3.36 





"B. 

6.53 

'B, 

6.45 



WFA [4] 


‘B. 

3.223 







‘B. 

3.838 






With the purpose of assessing the influence of methyl substitution on the energy 
of the (nn*) states some semi-empirical SCF-CI calculations within the CNDO 
approximation are included (see Table 4). The difference between the parametriza- 
tions a and b concerns solely the core matrix elements. In case a they are determin- 
ed following Wratten [19], in case h they arc increased in their absolute value so 
as to depress the energy of the lower a orbitals [8, 20]. 


Results and Conclusions 

In our calculation the geometry of the molecules was assumed Fixed and no 
search for the minimum of the SCF energy with respect to the geometric parame- 
ters was undertaken. Nevertheless, with our orbital basis II the total ground state 
energy of cis- and rran.v-diimide turns out to be between 0.01 and 0.03 Hartrees 
lower than the better values listed in Ref. [4], which, though obtained using a 
Gaussian lobe basis, correspond to minima of the respective potential curves. We 

believe that minimization of the SCF energies with respect to geometry should 

+ 

not basically affect at least our qualitative conclusions. The finding that in H 2 N = N 
the SCF energy of the state lies below the one of the closed-shell ‘A, state is 
not unsuspected. This situation is in some sense analogous to the one encountered 
in the oxygen molecule. The 2h] (n) and 2^2 (t^*) orbitals of the diazine are related 
to the highest filled Cj, (xj and nf) orbitals of oxygen (see Fig. 1). Because of the 
breakdown in cylindrical symmetry the degeneracy is of course lifted in the di- 
azine. But the orbital energy gap is not as large as in the other N 2 H 2 isomers. The 
different environments of the two nitrogen atoms in the diazine leads to a relative 
localization of the molecular orbitals on one side or another of the molecule. In 
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N*N 





t i>! I Quulitalivtf picture of orbitals fur t, I -dihydrodiazinc 


the lower I h^ orbital this locali/ation takes place on the 



side, as this favors 


II N btynding. In 2/), the localization must, for orthogonality reasons, be on the 
other nitrogen. The very large orbital coefficients of 2/), (n) on this latter nitrogen 
ittom, i.e., the ’‘one-sidedness” of the M(X concomitantly reduces the antibonding 
efTcct of the node bisecting the N N axi.s. The resulting molecular orbital may 
therefore be rated as quite characteristically nonbonding. 

We notice that the improvement of the orbital basis, on going from I to 11, 
reduces the SC'F energy difference between and Furthermore it cannot 
be ruled out that electron correlation will push '/I, below •*/42. Nevertheless it is 
conceivable that the state might remain within thermal accessibility from the 
‘/t, ground state. However, we know of no simple way of assessing this possibly 
crucial difference in electron correlation energy. 

The results of SCF' C'l CNDO calculations have been included for two 
reasons. F'irstly, to a.ssess the influence of methyl groups on the {nn*) state energies. 
Secondly, to see in general where the average state energies come to lie 

with respect to the lowest closed-shell (ground) states. Within the ZDO approxima- 
tion the singlet-triplet splitting cannot, of course, be computed. Table 4 shows 
these average energies to be very comparable to the ah initio SCF values, but in 
general to lie somewhat higher. As our semiempirical conclusions are incomplete 
without an attempt to estimate the magnitude of the singlet-triplet separation, 
and for the sake of a general comparison, we include the results of Table S. The 
"simplified estimate” applies to (mr*) and (arr*) configurations described by MO's 
of the form ; 


n. — — - — (p., + p.i ) . 

• i2(t+S) 


nz = 




(Pzl -Pzi)^ 


n 


= n* 


1 

p 27 n-T) 

^z=Pz2- 


(Pvl ~Pv2)’ 


« = Py2- 


ii) = 
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Table 4. Energies in eV of the (n-*R*) states in N^Hj and NjfCHjlj as obtained by semiempirical 
SCF-Cl-CNDO calculations. The singlet and triplet states are degenerate because of the ZDO 

approximation 


H 


H 

\ + 


Parametrizatioo 

z 

II 

z 

\ 

X 

N=N 

H'" '^H 

N=N 

H'" 

a 

3.10 

4.07 

1.77 

b 

2.90 

3.83 

1.43 


CH, 

N=N 

HjC^ 

N=N 

HjC'^ N:h, 

H 3 C 

■v, + - 

N=N 

HjC'" 

a 

2M 

3.21 

1.94 

h 

2.29 

3.14 

1.59 


Table 5. Singlet-triplet reparation in eV. Values for the “simplified estimate" are based on functions 
as indicated in the text under i) and ii) 

Calculation 

State 

N=N 

H'' 

H 

N=N 

H'"' '"H 

H 

'n=n 

1 

{n-*n*) 

1.34 


1.53 

1.44 


(a-* It*) 

8.74 


8,78 

0,17 

II 

(It -*11*) 

1.32 


1.52 

1.42 


|ii-»ir*) 

7.57 


7.72 

0.16 

RHK [3] 

(n-*it*) 

0.91 


1,29 


WFA [4] 


0.62 




"simplified estimate 

(n-it*) 

i) 

1.98 


ii) 2.24 


(It— It*) 

10,91 


I..38 


* Sahni, R. C'., Cooley, J. W.: Tables for Molecular Integrals, TN D-146 II. 
Use of the Mulliken approximation for integrals not listed therein. 


The AO's are nitrogen Slater-type orbitals of exponent 1 .950. If, as indicated, 
we take the results of Table 4 as averages of the respective singlet and triplet ener- 
gies and apply our “simpliried estimate" to then, then in 1,1-dihydrodiazine the 
lowest ^.42 state lies at about a) 0.65 eV, h) 0.3 1 eV above the closed-shell ' A , state. 
For the dimethyl compound the corresponding values are a) 0.82 eV, b) 0.47 eV. 
This admittedly sketchy second procedure would indicate that the thermal acces- 
sibility of the lowest triplet state in diazines is rather unlikely. 

The possible chemical consequence of a very low lying triplet state in diazines 
might be, for instance, that the cheletropic cleavage [9-1 1] of cyclic compounds 
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of the type shown below leads to diradical formation: 


I N = N 

' Triplet 


+ N, 


To determine unambiguously the course of such a reaction requires apparently 
much more elaborate computations on one hand, or suitable experiments on the 
other. 


A( kniiwU-Jfiemeni . The authnr thanks the IBM Research Center, San Jose, for its hospitality and 
the IBM World Trade Corporation for financial support. He is grateful to Dr. Enrico Clementi for 
letting him use the program 1BMOI.-5 and for helpful discussions, and to Dr. Herbert Popkie for use- 
ful advice. 
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Transition energies, ionization potentials, dipole moments and oscillator strengths have been 
calculated for pyridine, pyrazine, pyrimidine, pyridazinc, 3-cyanopyridine and 4-cyanopyridine by 
modified INDO-Cl. Triplet radiative lifetimes have been calculated for these molecules. 

Key word.s; Ionization potential - Oscillator strength Spin-orbit coupling Azabenzenes 


1. Introduction 

Setni-empirical SCF all-valence-electron calculations to estimate transition 
energies of nitrogen-containing heterocyclic compounds have been performed by 
several authors. Del Bene and Jafft’s CNDO-CI calculations [1, 2] does not 
provide S—T splitting for n-m* transitions. Giessner-Prettre and Pullman [3] 
have used the INDO method with original parameterization [4] to calculate 
the transition energies of pyridine. The INDO method does give the S-T 
splitting, although the calculated values were too large. Yonezawa et al. [S] 
performed semi-empirical calculations on some azabenzenes taking all overlap 
integrals into account explicitly. Ab initio SCF MO calculations for the ground 
state of pyridine and pyrazine have been made by dementi [6, 7] and by 
Petke et al. [8]. In the present work, using a modified INDO -Cl method, the 
transition energies, oscillator strengths, ionization potentials and dipole moments 
are calculated and compared with existing experimental data. 

Previous treatments of spin-orbit interaction in the singlet-triplet forbidden 
transitions of azines [9—12] always took the lone pair (n) orbital as a localized 
hybrid orbital at the nitrogen atom. Yonezawa et al. [5] have studied the 
azabenzenes considering both of a and n MO's explicitly. In the present work, 
using the spin-orbit coupling (SOC) perturbation on the INDO -Cl wave- 
functions, the singlet-triplet transition probabilities, the major sources of its 
intensity and the lifetimes of the triplet states are studied. 

* Taken from work presented to the Graduate College, Texas A&M University (by S.-Y. C.) in 
partial fulfillment of the requirements for the Ph. D. degree. 
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2. CaktilatkMis 

Ground State 


The INDO method in its original parameterization was unable to give good 
transition energies without some refinement, and some (a, n) transitions were 
inserted between the diflerent (it, n*) states. Our INDO calculations with some 
modifications of the original parameterization give improved results. These 
modifications are described as follows; 

The monocenter coulombic integrals arc the same those used by Yamaguchi 
and Fueno [13]. The parameters (y^^) for hydrogen, carbon and nitrogen are 
12.845, 11.715 and 12.860 respectively. 

To evaluate the two-center coulombic integrals, we use a modified 
Mataga and Nishimoto type algorithm. The formula is 

Vab = vv> = „ .f. cET 

Raii/0.529 167 + 0 - exp ( - hR.\^ 

where e is the electronic charge; is in A units; the factor exp( — is 
added to cause the integral curve to fall off with increasing distance 
h and c are determined for different atomic centers of A and B and are listed 
in Table 1. Parameter a is determined using the valence state ionization 
potential and electron affinity A,, in the same valence state as follows; 

(i) For the case of homonuclear interaction, we use a as did Mataga and 
Nishimoto. 

(ii) For the case of hctcronucicar interaction, we take the weighted average 

<' _ ^bVbb 

a 


where d's arc the atomic orbital exponents by Slater’s rule. 

The resonance integrals are taken the same as formulated by Jaffe [1]. 

where the factor k is u.sed to separate the a and n type overlap integrals. 
Fur <7 levels the value of k is unity, for n levels the value of k found more 
suitable in our calculation is 0.595. The bonding parameters are 9eV for 
hydrogen (the original CNDO value), 17 eV and 26 eV for carbon and nitrogen 
(the Jaffe's values) respectively. 

The terms, - I(/b + '4„), of the core integrals are taken from Hinze and 
Jaffe's valence state data, except that the 2p, integral was decreased to decrease 
the stability of n-bonding; see Table 2. 


Table I. 1'he constants in the exponential factor exp { — hR') Tor computation oT 

Atomic-center N-N N- C N-H C-C C-H H-H 

constants 


b 0.82.S0 0.7964 0.8125 0 7713 0.7843 0.9730 

c (V7 068 0.7 0.7 0.7 0.5 
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Table 2. Some parameters in the INDO matrix elements (eV) 


Atom 

-1/2 (7. + A,) 

5 

7».., 

P. 

G' 

F* 

C Original INDO 

14.051 

5.572 

5.572 

7.284 

4.727 

This work 

14.960 

5.805 

5.000 

6.180 

3.886 

N Original INDO 

19.316 

7.275 

7.275 

9.416 

5.961 

This work 

19.536 

7.550 

6.250 

7.750 

5.070 


Early attempts to utilize INDO with JalTd's parameterization and the values 
of G‘ and given in original INDO paper [4] placed the n orbital higher than 
occupied n orbitals in pyridine molecule. This disagrees with the non-empirical 
results [6, 8] and the measured ionization potential definitely favours the n 
nature of the first ionization [19]. To overcome this dMiculty, we used smaller 
values of G‘ and to increase the delocalization of n electrons and to get 
better results in spectroscopic properties. The values of G‘ and F^ are given in 
Table 2. 


Excited State Thansitiom and Intensities 

The excited states are generated by Cl [14] among configurations formed by 
single electron excitation from occupied MO's into unoccupied or virtual 
orbitals determined in the ground state calculation. The number of configurations 
to be treated in the Cl matrix is limited by a preset energy criterion. The energy 
criterion is usually between 9 and 10 eV or high enough to contain some («t, n) 
transitions. Good agreement of calculated excited state energies with experiment 
is the criterion used to optimize the parametrization in the ground state basis 
functions. 

The effect of SOC in organic systems is small enough to be treated by the 
first-order perturbation theory. Mtkriure’s [15, 16] central-field approximation 
is used in which the spin-orbit interaction for light atoms is expressed as : 

i 

In the present treatment we shall need the expectation values of the spin-orbit 
interaction over the radial part of the 2p atomic orbitals. The integral is: 

The values of it for carbon and nitrogen are taken from Hartree-Fock atomic 
parameters [17] and are (Jc = 31.95 cm"' and = 75.59 cm ' ' respectively. 


3. Results and Discussioa 

Orbital Energies and Ionization Potentials 

The molecular orbital energies, bond orders and charge densities calculated 
by the present method are listed and discussed in the Chapter IV of Ref. [18]. 
The predicted molecular vertical ionization potentials (IP) via Koopmans’ 
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Table 3. Calculated and observed dipole moments (Debyes) 


Molecule 

Calc. 

Da 

D, 

Obs. 

Pyridine 

0.91 

1.73 

2.64 

2.21* 

Pyrazine 

0.0 

0.0 

ao 

0.0 

Pyrimidine 

0.96 

1.79 

2.75 

2.40*’ 

Pyridazine 

1.83 

3.27 

5.10 

3.97‘ 

.l-cyanopyridine 

2.33.x 

2.06x 

4.39x 

- - 


-0.37y 

0.83y 

0.46>’ 


4-cyanupyridinc 

1.58 

0.28 

1.86 

- 


* Cumpcr.C.W.N^ VogcTA.I., Walker.S.; J. Chcm. Soc, 3621 (1956) 
l.andoU-H(lrnstein: Zahlenwerte and Funktionen, Bd. 1.3. Berlin-Gdttingen-Heidelberg: 
Springer 1951 


theorem are in reasonable agreement with the experimental data. The IPs of 
non-bonding electron for pyridine, pyrazine, pyrimidine and pyridazine are 
10.89, 11.01, 10.76 and ll.oiOeV comparing with the observed values 10.45, 
10.15, 9.42 and 8.91 eV respectively. The IPs of non-bonding elearon for 
3-cyano and 4-cyano pyridines are 1 1.26 and 11.24eV respectively. 


Dipole Moments 

The total electronic dipole moments are divided into two parts, 

where the term D^, represents the contribution due to the formal charges and the 
term is the one form atomic polarization resulting from mixing of the 2s 
and 2p orbitals in same atom. 

Our calculated values agree satisfactorily with the experimental data, and 
have the same relative ordering as obtains experimentally; see Table 3. 


Excitation Energies 

Table 4 represents the calculated results for some lower excitation energies 
d£ and oscillator strengths f. The calculated lower n-*n* and n-*n* transition 
energies are in good agreement with experimental data except for the lowest 
n-*n* transitions in pyrazine and pyridazine. The calculated singlet-triplet 
splitting in the lowest n-*n* and n-*n* transitions are reasonable in comparison 
with observed values. 

Recently, Hoover and Kasha [20] concluded that the lowest triplet of 
pyridine is in fact n-*n* and not and from the phosphorescence in 

ethanol glass at 77 K, the lowest triplet was assigned to be ^y4,(n, it*) for 
3-cyanopyridine and (n, n*) for 4-cyanopyridine. This is in agreement with 
the results obtained in this work. 



Table 4. Excitation energies J£(eV) and oscillator strengths/ 



Calc 

d£ 

/ 

Obs. 

Je 

/ 


Calc 

Je~~ 


Obs. 

JE~ 


Pyridine 





Pyrazine 





‘fi. 

4.22 

0.045 

4.31 

0.003* 


3.28 

0.08 

3.83 

0.01** 

'Bz 

5.00 

0.013 

4.75 

0.04* 


4.61 

0.05 

4.69 

0.1* 

‘A, 

5.61 

0.001 

6.17 

0.2'’-* 

■B.. 

5.39 

0.0003 

4.81 

weak* 

'A, 

7.26 

0.01 



‘B,. 

7.06 

0.016 

6.31 

0.15** 

'B2 

7.68 

0.55 

6.82 

1.3''-* 

‘Bj. 

7.65 

0.514 

7.52 

l.O* 


7.69 

0.083 




182 


3.32' 


% 

3.58 


3.68" 



3.41 




’•4. 

3.66 




"B,. 

3.43 




’B, 

4.12 









Pyrimidine 




Pyridazine 





3.89 

0.076 

3.85 

0.0069*' 

'£i 

3.92 

0.115 

3..30 

0.0058** 

'A. 

5.19 

0.0002 



'A, 

5.50 

0.008 

4.90 

0.02* 

'B, 

5.21 

0.01 

5.00 

0.052* 

'B, 

5.65 

0.019 



‘■-•i 

5.81 

0.01 

6..34 

0.005' 

‘B, 

5.78 

0.0038 

6.2 

0.10* 

'fi. 

6.06 

0.0031 

6.49 

0.016* 

■Bj 

7.52 

0.22 

7.10 

i.of 

'A, 

7.47 

0.13 

7.25 

1.0' 


7.58 

0.06 



'B, 

7.50 

0.0054 



"fii 

3.39 


3.01'’ 


% 

3.56 


3.63* 


'Bj 

.3.81 




'4: 

3.98 




"42 

3.93 




'-1, 

4.02 









.3-Cyanopyridinc 




4-Cyanopyridinc 




>r 

4.36 

0.029 

4.4" 

weak 

■fi. 

4.03 

0.028 

3.99 


• r 

4.93 

0.0002 



'Bi 

4.98 

0.027 

4.6" 

(2840) 

1.4' 

5.01 

0.019 

4.7' 

(22.30) 

'A, 

6.88 

0.27 



'A' 

7.14 

0.37 



'B 2 

7.40 

0.33 



'A' 

7.31 

0.39 




7.46 

0.052 



•’4' 

3.68 


3.34' 



3.66 

3.30' 



'4" 

3.85 




^A, 

.3.72 




■'4' 

4.13 




"B, 

.3.99 





Underline denotes n->7c* type state; double underline denotes type state; the rest are 

n-»n* type states 

■Sponer.H., Rush.J.: J. Chem. Phys. 20, 1847 (1952) 

'’Picket, L.W., Corning, M.E„ Wi^er,G.M., Semenow, D. A., Buckley,J.M.; J. Am. Chem. Soc. 
75, 1618(1953) 

‘Kleven,H., Platt,J.R.: Univ. of Chicago Tech. Repl. (1953 - 54) 

"Evans, D.F.: J. Chem. Soc. 3885 (1957) 

'Mason,S.F.; J. Chem. Soc 1240 (1959) 

'Parkin,). E, lnnes,K.K.: J. Mol. Spectr. 15, 407 (1965) 

■Goodraan,L.: J. Chem. Phys. 46, 4731, 4737 (1967) 

^Hochstrasser, R. M., Marzzacco,C.: J. Chem. Phys. 46, 1155 (1967) 

'Jan6,H.H., C>rchin,M.: Theory and applications of ultraviolett spectroscopy. New York: 
John Wiley 1964 
'See Ref [20] 
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Spin-orbit Coupling Mechanism 

The contributions to the singlet-triplet transition moment by the perturbing 
singlet and triplet states are obtained by a spin-orbit coupling (SOC) perturbation 
calculation between singlet and triplet manifolds after CT and summed [18]. 

For the transition of jr*)->So ® molecules having symmetry of the 
C 2 „ point group, such as pyridine, pyrimidine, pyridazine and 4-cyanopyridine, 
the perturbing singlet and triplet states are in the symmetry of ‘B 2 , '^4,, 
■'A 2 and 

In D 2 * symmetry (pyrzaine), the perturbing states for (n, n*)-+So are 
’B,^ 'Bjb, ^Bj, and ^Bj,. For the ^A' (n, in 3-cyanopyridine, which 

has the .symmetry of C\ point group, the perturbing states are and ^A". 

As is to be expected, the polarization of the transition ^(tc, ?[*)-» Sq is 
perpendicular to the molecular plane, while the polarization of ^(rt,7t*)-»So is 
parallel to the molecular plane. For pyrazine and pyrimidine the transitions arc 
polarized mainly along the N — N axes in agreement with experimental 
results [21, 22]. 

It is interesting to note that the contribution to the singlet-triplet transition 
is found to be from the component, r= + 1 and r = — 1, of the triplet state 
wavefunction. No contribution to Ti-*Sa is found from r=0 component of 
triplet states. 


The Radiative Lifetimes of Thiplet State 

The radiative lifetimes of triplet states arc calculated by using the Mulliken 
approximation [23], 

2V rr <'■== + *• - 1 orO) 


and arc given in Table 5 along with experimental estimated values. 

It is generally known that the values calculated from this approximation are 
not directly comparable to the observed values. Competing radiationless 
processes usually will cause the observed lifetime to be shorter than the 
calculated lifetime. 


Tahic 5. RaUiuUvc lifetimes of the triplet states 


Molecule 

Triplet .states 

C'ale. (see.) 

Obs. (sec.) 

Pyridine 

“B,(n. a*) 

0.054 V 


Pyra/ine 

a*) 

0.052 V 

0.02* 

Pyrimidine 

’B, («.«*) 

0.072 y 

0.01 - 0.02" 

Pyridazine 

^B,(n. a») 

0.050 y 

0.05' 

.t-Cyanopyridine 

■’/(■(a, a*) 

5.1.5 z 

3.3“ 

4-Cyanopyridinc 

^B,(n. a*) 

0.0.18 y 

0.004“ 


‘Cioodman. L.. Kasha, M.: J. Mol. Speetr. X 58 (1958) 
Vioodman.t... Krishna, V.G.: Rev. Mod. Phys. 35, 541 (196J) 
'Hochstras.<ier.R. M.. Mar7z.aceo.C.: J. Chera. Phys. 46 , 4155 (1967) 
“See Ref. [20] 
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A minimal basis set, contracted from an extensive set of primitive Gaussian type functions (GTF), 
vas used to expand the molecular orbitals (MO) within the framework of self consistent field (SCF) 
heory. The results revealed that aziridine is formed in its first excited triplet state (T,) when 
thylene is reacted with triplet nitrene. The equilibrium geometry of aziridine in its 7', state had a 
etrahedral CCN bond angle. 

Key words: Aziridine Addition reaction of triplet nitrene 


Introdoctioii 

Nitrenes have long been considered as important intermediates in organic 
:hemistry. Much of the progress in nitrene chemistry has been made by 
nvestigation of the parallels between nitrene and carbene species. According 
o a qualitative theory, originated by Skell [1], the stereospecificity of carbene 
lycloaddition to olefins may be related to the multiplicity of the electronic state 
)f the carbene molecule. The extension of Skell’s method into nitrene chemistry 
las been previously studied experimentally by several authors [2, 3], 

Any general nitrene species (R — N) may exist in several electronic states 
vhich are iso-configurational in electronic structure. As an illustration one can 
;onsider the simplest nitrene (N — H) whose three lowest electronic states are 
)btained by assigning the two electrons in the In-shell to different spin orbitals. 

T i 

UN-H UN-H UN-H 

T ti T 

T" 'A ‘I" 

Increasing Energy ► 

Both experimentally and by SCF — MO calculations the triplet state is found 
o be the most stable species for N — H [4], Electron spin resonance results 
ilso indicate that the triplet is the ground state for many other nitrenes [5]. 

The basic hypothesis advanced by Skell and adopted in the above ex- 
erimental work [2, 3] is that (a) the singlet species should react in one single 
tep process to yield the three-membered ring stereospecifically while (b) the 
riplet species should initially form a diradical intermediate which possesses 



284 


W. Joieph Haines and Imre O. Ciizmadia 


small barriers to rotations about single bonds with the result that by the time 
ring closure does occur all stereochenucal integrity will have been lost. These 
ideas are well represented by Fig. 1. 

The fundamental question we are primarily concerned in this communica- 
tion is whether the first excited triplet state (Ti) of aziridine is indeed in a 
ring distorted nuclear configuration as implied by Fig. 1. 


ConputatkMMl Method 

The Gaussian orbital basis used in this study was formed by variationally 
fitting sets of Gaussian type functions (GTF) to Slater type orbitals (STO) [6, 7]. 
As described and examined by Klessinger [8] these basis sets are not expected 
to give absolute energies approaching the Hartree-Fock limit but one hopes 
that these basis sets represent a near optimal compromise between computa- 
tional efliciency and results which might parallel more exact energy surfaces. 

In the basis set cho.sen each Is orbital was expanded in terms of 5 primitive 
C}au.ssians 5 

I - 1 

F.ach Is Slater orbital and each 2p Slater orbital was expanded in 3 primitive 
Gau.ssians. 

i~i 

( = I 


The contraction coefficients and orbital exponents for the primitive 
Gaussians as determined for expansions of the above basis functions (BF) are 
those published by Klessinger [8]. For aziridene this represents 76 primitive 
GTF contracted to 20 BF. 

The SCF - MO computations for species with closed electronic shells were 
performed according to Roothaan [9] and the energies of the singlet and 
triplet excited electronic configurations, involving the promotion of an electron 
from orbital b to orbital a, were calculated by the virtual orbital technique [9] 

= £o + (c« - e») -J^ + 2K^ 

£^-.a = Eq (®a ~ •fab 

where c,, and e. are the occupied and virtual orbital energies respectively, 
is the coulomb and is the Exchange integrals over these {a and b) 
molecular orbitals. The SCF MO calculations on nitrate were performed 
according to Roothaan's open shell formalism [10]. 

All SCF - MO computations were performed using the above basis set with 
the IBMOL-IV program system on an IBM 360/6S computer system at the 
University of Toronto. 
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ResoHsaad Dtacaasioa 

The calculations on the ground state of aziridine were performed at the 
experimental geometry determined by microwave spectroscopy [11], thus no 
attempt at optimization of geometry for this particular basis set was made. 
The value found for the total energy is somewhat higher than the results from the 
Double Zeta quality work [12, 13]. The character of the individual molecular 
orbitals is however the same as found in the more accurate calculations [12, 13]. 


R-ii; 

SINGLET + 
NITRENE 
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CIS 

AZIRIDINE 


R-^.f 
TRIPLET + 
NITRENE 
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R-A-t 
TRIPLET + 
NITRENE 



CIS 

AZIRIDINE 

cisoid 


Kbj^Kc 




Irons olefin frontoid 


Kd“-Ko <Kb-Kc 

Fig. I. Schematic description of nitrene addition to olefins 



Fig. 2. (a) Coordinate system for aziridine in its equilibrium nuclear configuration 
(b) Illustration of the ring distortion in aziridine (The extent of ring distortion is measured by the 

angled) 
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The highest occupied orbital, 8 a, is predominately the nitrogen lone pair as 
evidenced from the contour plots in the plane containing the N-H bond and 
perpendicular to the CCN triangle. 

The SCF - MO calculations on NH (^£' and C 2 H 4 and CjHjN 
('/4 ,) yielded the following total energy values - 54.75080, - 54.62938, - 77.74336 
and -132.55322 hartree respectively. The first excited triplet state (Tj) of 
aziridine was calculated by the virtual orbital technique [9] as —132.20843 
hartree. These energy values allow one to draw a state, or more precisely a 
electronic configuration, correlation diagram (Fig. 3). As shown in Fig. 3 the 
cyclization is clearly favourable for the singlet NH reaction but there is a strong 
indication that the triplet reaction should precede through an intermediate of 
some distorted geometry which -has a lower energy than the Ti in the ground 
equilibrium nuclear configuration. This ring distorted species may then be 
deactivated to the S,, state without passing through such a highly unfavourable 
energy level as the one shown Fig 3. 

A partial geometrical optimization has been carried out on the ring distorted 
aziridine which is illustrated in Fig 2b. Rotation about the CN bond showed 
that the proton attached to the nitrogen is now in the CCN plane and it points 
away from C^. The CNH bond angle was found to be nearly tetrahedral 
similarly to the bond angles about Ci. The CH^ moiety involving Cj was 
chosen to have 120 bond angle (the HCH bond angles in aziridene are 117") 
and its plane was taken to be perpendicular to the CCN plane. 



Fif;. 3 . Energy relationships between aziridine and its fragments 
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CCN BOND ANGLE 



Fig. 4. Energy cross-section showing the effect of ring distortion upon the .9, and T, states of 

aziridinc 


All further energy surface investigations were aimed at finding the minima 
for the first excited singlet and triplet (5| and T,) states. The designation S, 
and Ti will be most convenient because in many geometries considered no 
non-trivial elements of symmetry are present. Calculations were then performed 
at CCN angles of 80^, 100' , 1 10' and 120'. These points are shown in Fig. 4 
where a ring distortion angle, 0, (as illustrated in Fig. 2) is introduced for 
convenience. At each of these CCN angles the other bond angles were adjusted 
according to the previous paragraph. This result clearly indicates that in the 
first excited singlet and triplet states have the open (diradical) structure in 
contrast to the electronic ground state (Sq) which has only one minimum at the 
equilibrium nuclear configuration {cf. Fig. 2). 

This conclusion supports Skell’s hypothesis that ethylene and triplet nitrene 
yields an open diradic^ structure in the primary step (cf. Fig. 1) and it is also in 
general agreement with the recent investigation of the ethylene and sulfur atom 
addition reaction [14]. 

Semi-quantitative studies by Hayes and Siu [IS, 16] have considered 
symmetrical ring-open forms of aziridine (CH 2 = NH — CHj) and postulated 
a 30% diradical character (as opposed to a resonating n-system 

CH 2 = NH— CH 2 f±CH 2 — NH=CH 2 ) character for this open form. Salem 
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had previously demonstrated [17] that such diradical systems would have 
equal preference for concerted and non-concerted modes of ring closure and 
hence open forms with large diradical character should possess srruill degrees of 
stereochemical preference. 
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A series of approximate LCAO SCF methods intermediate between the INDO and the NDDO 
schemes is proposed. The suggestion is based upon the decomposition of integrals in multipole-multi- 
pole type interactions. 

Aey tvords; Approximate LCAO .SCF - Multipole-multipole interactions - INDO DRINDO - 
NDDO 


1. Introduction 

In recent years considerable efforts have been dedicated to studies of the 
CNDO (Complete Neglect of Differential Overlap) and the INDO (Intermediate 
NDO) approximate LCAO- SCF schemes [1-4]. On the other hand, only a few 
calculations have been performed using the less approximate NDDO (Neglect of 
Diatomic DO) scheme [1,4]. Apparently the complications of the latter are judged 
to be disprofiortionately large compared with the gain expected in the reliability 
of the calculation. Most of the many additional integrals to be computed are un- 
important, and they do not appear to be readily accessible to parameterization. 

Of the few attempts made so far in bridging the gap between the INDO and 
the NDDO approximation schemes most have been plagued by the inadequacy 
of their not being invariant to the choice of local coordinate systems. The PNDO 
(Partial NDO) method [5] offers an example of this [4]. 

In the present paper a number of approximation schemes, all of which lie be- 
tween the INDO and NDDO levels of approximation and all of which possess 
the desired invariance properties, is presented. 


2. Proposak 

The basis of the schemes to be proposed is the multipole expansion of the po- 
tentials from one-center charge distributions. To remove two-center charge distri- 
butions, the NDDO approximation is initially invoked. The remaining two-elec- 
tron integrals are either integrals involving orbitals from only a single atom, or 
integrals which may be interpreted as representing the electrostatic interaction 
energy of two reasonably well separated one-center charge distributions (^a 
Cb)- The former integrals are all retained, as in the INDO method, while for the 
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latter the following expression is obtained when the usual expansion of l/rjj 
[6a] (around center A, say) is employed; 


f((?A- Cb) = J i eA(»’i>eB(r2)/ri2 dVi tfuj 




</ri|<ft>2 . 


( 1 ) 


For non-overlapping charge distributions (r^ = r, and r> = rj), the expression in 
parentheses is the term in the classical multipole expansion of the potential 
from Pa [6b]. The fact that charge distributions do overlap in molecular inte- 
grals will not affect the argument given below. 

When approximations are introduced into (1) the problem of coordinate in- 
variance arises. The value of the integral should not depend upon the position of 
the origin and upon the orientation of the coordinate system chosen to describe 
the charge di.stributions and l/r| 2 . Since the integral is calculated exactly in the 
NDDO scheme, all coordinate systems will yield identical results in that case. 
For the IN DO or the CNDO method, on the other hand, only the spherical term 
(the / = 0, or the monopole term) is retained. The integral is assigned a non-zero 
value only if the spherical average of (and of around the chosen origin 
differs from zero [7], This truncation of the multipolc expansion destroys the 
origin invariance. (This may easily be seen by considering the interaction of two 
point charges.) However, the problem is not serious when two atomic charge 
distributions are involved. In this case the natural choice for an origin is at either 
of the nuclear positions. It follows that computations with these two origins 
should yield the same result, and this implies in general, except for cases where 
the two charge distributions arc identical and symmetrically arranged, that the 
integral must be calculated from the spherical averages of the two charge distribu- 
tions around the respective centers. The orientation of the coordinate system 
employed in such a calculation is obviously immaterial; a spherical object looks 
the same in any direction from the center. 

The approximations involved in the INDO method may be considered as an 
operator approximation for l/r,^ suitably corrected to fullfill invariance require- 
ments. However, one may adopt another point of view by expanding each of the 
charge distributions in spherical harmonics around the respective centers; 

t'A(»')= S Z ^in,(r)Y,jO,(p)= X (2) 

i - o « -- - 1 r = o 


and similarly for (^i,. Inserting these expansions into (1) one obtains 

= I J J QA(ri)QB\r2)/r,i dr, di’2 = L 

k.t k,l 

with 


( 3 ) 

( 4 ) 


The two-center interactions retained in the INDO scheme, /qo. may be cha- 
racterized as monopole-monopole types. However, the expansion of integrals in 
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multipolc-multipole type interactions may be continued to any order without 
loss of coordinate invariance. This follows directly from the addition theorem 
for spherical harmonics [6 a]: 


P,(cosa) = ^ T,,(02.v>2) • (5) 

The angle oi between the radius vectors of the two points does not depend upon 
the coordinate system as long as the origin is fixed. Thus by inserting (5) into (4) 
all explicit reference to the coordinate system is removed. Each term in the double 
sum in (3) is therefore coordinate system invariant and the summation itself may 
be truncated in any manner. Of course, in molecular calculations the truncation 
must be symmetric in the sense that inclusion of /„ implies that also be included. 
Thus the interactions retained are classified according to the multipole-multipole 
type. 

The above analysis leads to the following proposal for the assignment of values 
to two-center integrals: 

Firstly, the total charge of each of the charge distributions is calculated. The 
corresponding monopoie-monopole type interaction energy, defined in such a 
way that it depends only upon the nature of the two atoms, is then computed. In 
addition, an analysis is made of whether or not the charge distributions have any 
multipole moments relative to their respective centers. For any that have the 
corresponding multipole-multipole (i.e. monopole-dipole, dipole-dipole, mono- 
pole-quadrupole, etc.) interaction energies of given types are added. These should, 
of course, depend upon the relative orientation of the multipoles, but otherwise 
only upon the atoms involved and the distance between them. 

Such a procedure will be coordinate invariant. It may be .shown to be invariant 
under hybridization transformations as well [3]. 

When the detailed form of the atomic charge distributions is taken into account 
it can be seen that for a finite basis set the expansion in (2) must terminate at some 
finite /. For a basis set containing s- and p-orbitals only, the highest non-vanish- 
ing term that may occur in (2) is the quadrupole term (/ = 2). This is easily .seen 
using the coupling rule for spherical harmonics [8], Thus a calculation retaining 
interactions up to and including the quadrupole-quadrupole type in this case 
would be equivalent to the NDDO scheme. As a consequence, the decomposition 
of integrals into multipole-multipole interactions will give rise to only a finite 
number of approximation schemes that are intermediate between the INDO and 
the NDDO schemes. 


3. The DRINDO Scheme 

In the simplest of the approximate LCAO-SCF schemes proposed above 
monopole-dipole interactions are included in addition to the monopoie-mono- 
pole terms. This scheme may be given the name DRINDO (Dipoles Retained 
INDO). The field which is made self-consistent in the DRINDO scheme is con- 
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structed taking into account the main effects of the polarization of atoms in molec- 
ular environments. 

In the following a basis set of unhybridized atomic orbitals (AO’s) consisting 
only of s- and p-orbitals is assumed. The symbols v and A denote general AO’s, 
while s, a and i (or j) denote specific AO’s. For atom A, is the s-orbital, tr^B is 
the p-orbital pointing towards atom B, and i\, i = x, y, z, are the p-orbitals directed 
along the axis of the local coordinate system on A. 

With this basis set, the two-electron, two-center integrals which, according to 
the DRINDO procedure, should be retained are: 

['’a '’aUb ^b1 = 7ab 
[*'a ‘aI^-B ^b] = ■ ^Ab) 

and <ab ifc unit vectors directed along the i-axis on A and from A towards B 
respectively. If it is assumed that the s- and p-orbitals have the same radial dep)end- 
cncc the exprc.ssion for is : 

‘^A = C-''a'’abIs’b'''b2 • 

As noted by Dixon [9], it would be inconsistent to include the integrals (6) 
while neglecting the monopole-dipole interactions with the atomic cores. Thus 
the integrals 

^'aI^bI'a^ “‘^Ai^Ai ’^AB) 


where is the attractive core potential from atom B, must also be included, d\ 
being given by 

— C'aI1^bI<^ab) • 

The matrix elements of the Fock operator in the DRINDO approximation 
are now readily constructed. Using superscripts to indicate the centers of the orbi- 
tals the following expressions arc obtained for the one-center elements; 

Fr = 2^5 (e,, ■ X . 

p-AA^f-iNDo e^^{P^^5l + dl). 

Here is the corresponding matrix clement in the INDO approximation, 

Pf" denotes an element of the charge and bond order matrix, while the gross 
electronic population Pbb on atom B is defined as: 

PBB = Zf^?- 

A 

The two“centcr matrix elements arc given in a similar notation by: 

I 

— i^B(^BA ■ 

J 
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{ 

~~ ■ *B>) 

The above expressions do not describe the manner in which the result of corre- 
sponding INDO and DRINDO calculations differ. However, an investigation of 
how two atoms, one of which is a hydrogen atom, interact in the two schemes does 
yield informations on this point It is well-known that the total energy expression 
in the INDO approximation can be partitioned into monatomic and diatomic con- 
tributions [3]. This is retained in the DRINDO scheme. Since the additional inte- 
grals included in the DRINDO approximation all involve two centers, it follows 
that the monatomic terms are unchanged. If h denotes the hydrogen l.v-orbital, 
the difference between the diatomic contributions from the atom pair A and H is; 

£DR.ndo _ £,ndo ^ 2PAA |p„„[/,h|.ser] - <.sl ^ |,t>| - P^hlsa'i . (7) 

The charge distributions (hh) and 2/^*(sff) can, for the present discussion, be 
regarded as a point charge and a point dipole respectively. Thus the first term on 
the right-hand side describes the electrostatic interaction between the net charge 
on the hydrogen atom and the effective dipole on A. 

The last term in (7) is a bond term of second order. This term will be important 
only if the two atoms are bound together. In a localized description where both 
bond orders involved may be derived from a single molecular orbital describing 
the bond we have; 

pTp^!^=PH»pr,''^- ( 8 ) 

The bond term thus removes from the electrostatic term half of the interaction be- 
tween the electronic charge on hydrogen and that part of the dipole on A which 
is due to the two bonding electrons. The electron does not interact with that por- 
tion of the dipole which it has produced itself. 

For atoms far apart, the difference (7) is dominated by the pure electrostatic 
interaction. For atoms bound together, however, the situation is reversed. In this 
case the bond term which involves the gross electronic population rather than the 
net charge will usually play the major role. This term describes an attraction be- 
tween the two atoms which, according to (8), increases with increasing sp-mixing 
in the bonding hybrid. 

The above analysis indicates that the results of a DRINDO calculation will 
deviate from those from the corresponding INDO calculation by having; 

1. Enhanced hybridization and thus increased polarization of atoms. 

2. Smaller computed bond distances, in particular for short bonds (AH-bonds) 
where monopole-dipole interactions ate largest. 

3. Larger electron density on atoms bound to polarized (highly electronegative) 
atoms such as nitrogen, oxygen and fluorine. This will lower the electrostatic 
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repulsion between the atoms by roughly twice the amount with which the bond 
attraction is decreased. 

The quantities 5\ and which constitute the difference between the DRINDO 
and the INDO schemes may be treated in various ways. They are easily calculated 
theoretically [10], but they may also be parameteri^ semiempirically. For ex- 
ample, corresponding to the Ohno-Klopman expression [11, 12]: 

‘/’aB = [f^AB + (<?A + Pb)^] * 

one may use 

“ '^aI^ + (Ca I'GbI^] * “ [(f^AB +^^1^ +{eA + Cb)^] *} • 

This expression behaves correctly in the limits and Rab~* 0. is an 

atomic parameter which may be either treated as such or calculated theoretically 
from 

^A = 2l.f'A»‘A/>A‘/'i- 


4. Concluding Remarks 

The approach employed in the present work differs somewhat from that follow- 
ed by Pople and co-workers. These latter authors were concerned about the form 
of the individual charge distributions in the integral (1). Here, on the other hand, 
attention has been focussed on the types of interactions between the charge distri- 
butions. The emphasis has thus been shifted from attempts to approximate charge 
distributions to attempts to approximate integrals. 

The second member of the series of approximations proposed above is the 
scheme in which dipole-dipole and monopole-quadrupole type interactions are 
included. These both decrease asymptotically proportionally to the inverse third 
power of the distance. Of the additional terms included the dipole-dipole type will 
probably be the most important, since no cancellation between electron-electron 
and electron-core interactions takes place in this case. 

When quadrupoles are introduced the inconvenience that charge distributions 
(even from an unhybridized basis set) may possess both a monopole and a quadru- 
pole arises. Invariance with respect to rotation of local coordinate systems requires 
that all quadrupoles be retained. On the other hand, the inclusion of monopole- 
quadrupole terms leads to a difference between the direct interactions of s- and p- 
electrons with the surroundings. This difference has been asserted to be important 
by several authors [5, 13]. Rather complex local transformations of ^f-type func- 
tions have to be performed in this case. However, problems of this kind do not 
constitute major obstacles to the applicability of the approximation scheme, and 
it appears that the multipole-multipole decomposition of integrals is a convenient 
way of approaching the NDDO level of approximation in a manner which, by its 
very nature, suggests a detailed semiempirical parameterization scheme. 

Acknowledgement. The author wishes to thank Dr. A. E. Hansen for his stimulating interest in 
the present work. 
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The theory of molecules in molecules introduced in previous articles is applied to study the hydro- 
gen bonding interaction in the linear configuration of the dimer of FH. The transfer of localized mole- 
cular orbitals as well as the majority of the additional approximations introduced to save computational 
time can be justified and shown to lead to results in good agreement with those of ah initio calculations. 
An energy analysis of the effect of the hydrogen bond formation on the localized orbitals is given. It is 
seen that the effect is small, the major contribution to the binding energy is given by a first order per- 
turbation treatment. 

Key words: Transferability of localized orbitals - Molecules in molecules - FH ... FH hydrogen 
bonding interaction - Energy analysis 


1. Introductioa 

In two previous articles a theory of molecules in molecules has been developed 
which permits the construction of the wave function of a molecule from the wave 
functions of fragment molecules, [1,2]. (These papers will be referred to as I and II). 
The fundamental concept in this theory is the concept of the localized molecular 
orbital. Localized molecular orbitals (LMO’s) are known to have the property of 
approximate transferability among structurally related molecules [1-14], a fact 
which is substantiated also by experiment [ 1 5]. In the formation of any “large” 
molecule A-B from molecules A -X and B-Y (where A, X, B, and Y are any mole- 
cular fragments) according to 

A-X -I- B-Y = A-B -F remainder 

one can distinguish in A-X and B-Y a spatial region which is only insignificantly 
affected by the formation of the new bonds and which - to a good approximation - 
can be transferred unaltered. In a one-particle approximation this means that the 
LMO’s describing the inner shells and lone pairs of electrons and bonds in this 
region can be transferred from the wave functions of the fragments to the wave 
function of the new formed molecule. Further on there will be a spatial region - it 
has been called the region of interaction - where the electronic rearrangement due 
to the formation of the new molecule must be accounted for. The corresponding 
molecular orbitals have to be redetermined and cannot be transferred. 'TTie wave 
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function of the new molecule thus takes the form of an antisymmetrized product 
of LMO's transferred from the fragment wave functions and of the molecular 
orbitals (MO's) determined for this molecule. A projection operator is used to 
obtain MO’s in the region of interaction which are orthogonal to the core orbitals. 
This condition of orthogonality is incorporated into the deflning equations by 
the method of outer projections [16]. A similar approach has been suggested by 
Huzinaga and Cantu [17]. 

In order to give the possibility to save computational time further approxima- 
tions have been introduced; 

I ) The expansion of the MO’s in the region of interaction is truncated to include 
only those basis functions which are regarded as essential for their expansion. 
This subset is denoted by F. Basis functions whose centers are distant from the 
region of interaction will contribute only insignihcantly and can be excluded from 
the entire set of ba.sis functions. 2) The LMO’s in the projection operator for 
orthogonality to which orthogonality can be expected because of their spatial 
separation from the region of interaction are taken out of the projection operator 
and the expansion of the remaining LMO’s is restricted to the same subset F of 
basis functions mentioned above. 3) The nonorthogonality of the MO’s is neglect- 
ed. 4) The C oulomb integrals between a LMO transferred for one of the fragments 
and a LMO transferred for the other one are calculated by a point charge approxi- 
mation and the corresponding exchange integrals are neglected. These approxima- 
tions lead to a reduction of the dimension of the matrices to be diagonalized and 
to the neglect of a part of the basic integrals. 

In the subsequent section the method of molecules in molecules (MIM) is 
applied in various forms to study the hydrogen bonding interaction of two FH 
molecules. The results are compared with more exact SCF results. 


2. Application to FH- FH 

In I the interaction of two FH molecules has been examined along the coordi- 
nate FH ■ ■■ HF which yields a repulsive potential curve. In this article the theory 
of molecules in molecules is applied to study the hydrogen bonding interaction 
along the coordinate FH-FH. The investigations serve two purposes. The approx- 
imations introduced in 1 and II and briefly described in the previous section have 
to be justified and to be examined for their range of validity. The theory of mole- 
cules in molecules can give information on the energy contributions of the indivi- 
dual inner shell, lone pair, and bond orbitals to the total energy change of a process 
in a relatively nonarbitrary way. This question which is of piarticular interest to 
chemists will be investigated as well. The experimentally observed structure of 
(FH )2 is bent with an angle of 140' ± 5' between the two FH molecules [18]. The 
linear as well as the bent geometry have been theoretically treated e.g. by Dierck- 
sen and Kraemer using a large basis set of Cartesian Gaussian functions [19]. The 
potential curve for the angular variation is very shallow having energy variations 
of approximately 10~ ^ a. u. and can be reliably calculated if at all only with a large 
basis. In this article the hydrogen bonding interaction will be examined only for 
the linear configuration of (FH) 2 . 
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Table 1. Total SCF energies for the linear configuration of the hydrogen bonded dimer of FH. The 
bond distance of the two FH molecules is kept luted at ite experimental value of 1.7328 a.u. (all values 

in atomic unitsl 


Rff 

£«t> 

4.5 

-200.043665 

4.75 

-200.047530 

5.0 

-200.048932 

5.25 

-200.049255 

5.5 

-200.048825 

6.0 

-200.047361 

8.0 

-200.042473 

13.0 

-200.0.39773 

X 

-200.0.38991 


The basis set used in the present calculations consists of 9s-type [20] and 5p- 
type [21] Gaussian lobe functions on the F atoms contracted to 5s-type [20] and 
3p-type [21] functions and of 4s-type functions on the H atoms contracted to 3 s- 
type functions [20]. The basis set differs slightly from the one used in I and gives a 
lower energy of — 100.019495 a.u. for the experimental bond length of 
R= 1.7328 a.u. This compares with the best value reported in the literature of 
£“*"= — l(X).07O46 a.u., which is believed to represent the Hartree-Fock (HF) 
limit [22]. The bond length of the two FH molecules is held fixed at its experimen- 
tal value in all calculations, only the distance between the two molecules is varied 
for the linear structure in the range from Rpjr = 4.5 to 13.0 a.u. The total SCF 
energies are given in Table I and the corresponding potential curve is plotted in 
Fig. 1, curve a. The SCF calculations result in a binding energy of B = 6.4kcal/ 
mole and a bond length of Rfrp = 5.25 a.u. The more extensive calculations of 
Diercksen et al. give a binding energy of B = 4.5 kcal/mole at a bond length of 
Rff = 5.5 a u. [ 19]. The experimental result is B„p = 6.0 kcal/mole [18], the bond 
distance being known only for the cyclic hexamer (Bp, hexamer) = 4.85 a u. [23]). 

The theory of molecules in molecules has been applied to this system in a 
number of approximate forms which will be described in the sequence of decreas- 
ing accuracy. In order to be able to transfer LMO’s from the wave functions of the 
separate FH molecules to the dimer the canonical MO’s of the SCF calculation 
on FH are localized using the method of Boys [24]. For the proton donor mole- 
cule F,H, all LMO’s are transferred except the FH bond orbital, which is re- 
determined. For the proton acceptor FH molecule (F^Hj) the three lone pair 
orbitals are recalculated, the F inner shell and the FH bond orbital are transferred. 
If all basis functions are included in the set F (there are altogether 34 contracted 
functions in both molecules taken together) this approximation is denoted by 
4, 2, 4 r 34. In this notation is given the number of LMO’s transferred for molecule 
F,Hi (4), for molecule FjHj (2), the number of MO’s to be determined in the region 
of interaction (4) and the number of basis (unctions included in the set F. If the re- 
type basis functions on the fluorine atom F, are excluded from the expansion of 
the MO’s in the region of interaction, the approximation 4, Z 4 F 28 is obtained. 
Since the three lone pair LMO’s on the fluorine atom F , are identical in the remain- 
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l•'lg. I. I’otciuial energy curve for HH HI I, approximation 4, Z 4r34 (for notation and definition of 

a, h. c. d. e sec text) 


ing (T-type basis functions the orthogonality conditions on the orbitals in the inter- 
action region can be satisfied by including only one lone pair LMO in the projec- 
tion operator for orthogonality. In the approximation denoted by 4, 2, 4 T 26 the 
contracted .s-type basis functions on the atoms F, and H 2 are taken out as well as 
as the n-type basis functions on atom F,. If in addition all remaining basis func- 
tions are removed from atom H 2 (this is the atom which is at the greatest distance 
from the region of interaction as defined above) the approximation 4, 2, 4 T 24 is 
obtained. In the crudest approximation which does not allow for any electronic 
rearrangement all MO’s are transferred; 5, S, 0r34. This corresponds to a first 
order perturbation treatment. 

The results for the approximation 4, 2, 4 T 34 are plotted in Fig 1 (curves b, c, 
d, and e) together with the exactly calculated SCF potential curve a. The letters in 
Fig. 1 have the following meaning: b: energy value calculated exactly, nonortho- 
gonality of the MO’s taken into account [2S], c'.asb only the nonorthogonality 
is neglected ; d and e correspond to b and c but involve the point charge approxima- 
tion in the calculation of the interaction energy between the two sets of transferred 
LMO's. Curves b and c are quite good approximations to the SCF result giving a 
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TaWe 2. Binding energies B and bond distances for the hydrogen bonded dimer of FH. In all cases 
the energy value at 13 a.u. has been taken as reference value for infinite separation of the two 

molecules. (For the noution see text) 


Method 

B (kcal/mole] 

Bpp [a. u.] 

SCF 

6.0 

5.25 

4.2,4r34(b) 

4.9 

5.5 

4,2,4r34 (c) 

4.8 

5.5 

4,2,4 r34(d) 

19.2 

4.75 

4,2,4r34(e) 

18.6 

4.75 

4,2.4r28 (b) 

4.9 

5.5 

4.2,4r28 (c) 

4.8 

5.5 

4,2,4/’28(d| 

19.2 

4.75 

4, 2, 4 r 28(e) 

18.9 

4.75 

4,2,4r26(b) 

4.4 

5.5 

4,2,4r26(c) 

4.5 

5.5 

4, 2, 4 /'26(d) 

18.4 

4.75 

4,2,4r26(e) 

18.2 

4.75 

4. 2, 4 /’24(b) 

5.1 

5.25 

4, 2, 4 /■24(c) 

3.7 

5.5 

4,2,4r24(d) 

22.2 

4.75 

4, 2,4/’ 24(e) 

15.9 

5.0 

S,5,0r34(b) 

4.4 

5.5 


binding energy of B = 4.9 kcal/mole (b) and B = 4.8 kcal/mole (r) and a bond 
length of Rpf - 5.5 a. u. {b and c). The SCF results are B = 6.0 kcal/mole and 
Bpp = 5.25 a. u. In all cases the binding energy has been calculated as the difference 
of the energy value at Rpp = 13.0 a.u. and at the energy minimum. This has been 
done because for the other approximations the energy value at Rpp = 13.0 a. u. has 
to be taken as the reference value for the following reason. As has been remarked 
in II the truncation of the basis set results in a nonorthogonality of the MO's 
calculated for one of the fragments to the transferred LMO’s of the same fragment 
even at infinite separation of the two fragments. This constant part of the ortho- 
gonality error has the consequence that the energy value in the theory of mole- 
cules in molecules, does not approach the value for R-»c» and further 
on the energy values (b) and (c), i. e. with the nonorthogonality taken into 

account or neglected, respectively, do not go to the same limiting value. Only the 
differences £**"* - £®^ and £“'“ {b) — £“'“ (c) become constant for R-» oo and a 
parallel shift of the potential curves is obtained. The approximations 4, 2, 4 r 34 d 
and e reproduce astonishingly well the SCF value of the bond length ; Rpp = 4.75 
a.u. (for d and e) but the binding energy is too large by a factor of about three: 
B= 19.2 kcal/mole (d) and B= 18.6 kcal/mole (e). The binding energies and bond 
distances for all approximations investigated are summarized in Table 2. 

The energy values calculated in the approximation 4, 2, 4 T 28 agree extremely 
well with the results of approximation 4, 2, 4 T 34. The potential curves are not 
plotted because in the scale employed they would be indistinguishable from the 
curves in Fig. 1, which can thus be taken to represent this result as well. This ap- 
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I'lg. 2 Potcnliul energy curve for h'H FH. approximation 4, 2, 4 /’ 2(>. (For notation and definition of 
a, h, c, d.esee text, a refers lo the right scale, h. c, d. and e refer to the left scale) 


proximation does not introduce any additional error which is indicative of the 
fact that the two sets of lone pair orbitals on the fluorine atoms F, and F 2 are well 
separated and a modiHcation of the lone pair orbitals on the atom F 2 is mainly 
restricted to the tr-type basis functions of their expansion. 

For the approximation denoted by 4, 2. 4 T 26 the potential curves are plotted 
in Fig. 2. The letters a, b, c, d, and e have the same meaning as described above. The 
curves show a wider spread because of the effects on the limiting value of the total 
energy introduced by the truncation of the basis set. But because results h and d 
and results c and e involve the same approximations (except for the point charge 
approximation which becomes exact at infinite separation of the two molecules) 
they should go to the same limit as K-» oo, which is seen to be the case. The binding 
energies and bond lengths calculated in this approximation compare quite well 
with the results of the approximation 4, 2, 4 f 34 (Table 2). Also the potential 
curves on the whole show a very similar behaviour. This is satisfactory. 
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I'ig. 3. Potential energy curve for FH FH, approximation 4, 2, 4 /'24. (For notation and definition of 
a. b, c, d, e sec text ; u, c, e refer to the left scale, b and d to the right scale! 


The results for the approximation 4, 2, 4 T 24 (Fig. 3, a, h, c, d,e as defined 
above) do not introduce new features compared to the previous one and can there- 
fore be described in the same way. The approximation is poorer demonstrated by 
the fact that the potential curves deviate stronger from a parallel shift of the SCF 
(xitential curve or the curves of approximation 4, 2, 4 F 34. The binding energies 
and bond lengths in Table 2 consequently show a greater deviation from the values 
of the other approximations and results b and c as well as d and e differ more sub- 
stantially than in the previous cases where the agreement can be considered to be 
very go^. This indicates that the approximations are justified and it is first the 
case 4, 2, 4 r 24 which leads to a departure from this agreement. 

The last case to be considered is the approximation 5, 5, 0 f 34 in which all 
LMO’s have been transferred (Fig. 4, a, b, c,d,e as defined above). Only the poten- 
tial curve corresponding to the exact calculation of the energy with the nonortho- 
gonality of the MO’s taken into account has been plotted in Fig. 4. It is the only 
reasonable result and it is astonishingly good. This first order perturbation treat- 
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ment gives a binding energy of B = 4.4 kcal/mole and a bond length of RpTr= 5.5 
a. u. which compare quite well with the SCF values in Table 2. The nonorthogon- 
ality of the MO’s cannot be neglected in the neighbourhood of the energy mini- 
mum, nor can the point charge approximation be expected to work. 

Comparing the results of approximations 4, 2, 4 r34 and 5, 5, 0 T 34 in Figs. 1 
and 4 one arrives at the conclusion that the major improvement beyond a first 
order perturbation calculation has not been achieved by the approximation 
4, 2, 4 r 34. Since the effect of the hydrogen bond formation cannot be important 
for the inner shell orbitals (this will be substantiated in the next paragraph) it 
must be the lone pair orbitals on the fluorine atom F, and the FH bond orbital in 
the molecule FjHj which account for the larger part of the remaining energy 
change contrary to what one would assume. The energy change arising from a 
modification of these orbitals must be larger than the energy change due to the re- 
calculation of the other lone pair and bond orbitals (bond orbital in F|H, and lone 
pair orbitals in F 2 H 2 ). In the energy analysis discussed in the next paragraph this 
will be seen too. An explanation might be that the charge transfer connected with 
the formation of the hydrogen bond is mainly a charge migration from the bond 
orbital in the proton acceptor molecule F 2 H 2 to the proton donor molecule. The 
fluorine atom F 2 will serve only as a charge transmitter not donating charge itself 
because of its high electronegativity. This point will not be examined further here. 
The theory of molecules in molecules could have been applied in two ways which 
are compatible with the requirement that the neglect of the nonorthogonality of 
the MO's should be a justified approximation. One path has been followed in the 
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present work. The second possibility would be to transfer all LMO’s of the proton 
donor molecule and to recalculate the MO’s of the proton acceptor molecules 
except for the inner shell MO. This would have given a better approximation to 
the SCF potential curve th^ the one of case 4, Z 4 f 34. But little further informa- 
tion would have been derived and it was not regarded worthwhile to calculate 
this additional potential curve. 


3. Energy Analysis 

In the beginning of this section it has been mentioned that this theory of mole- 
cules in molecules is capable of giving information on the energy contributions 
of the individual LMO’s to the total energy change of a process. To formulate this 
problem precisely it must be stated in the following form: Given any LMO in a 
fragment molecule, what is the contribution to the total energy if this LMO is re- 
calculated in the region of interaction compared to a transfer of the unmodified 
LMO, i.e. what is the energy change beyond a first order perturbation treatment. 
The answer depends to a certain degree on the order in which the LMO's are 
included in the region of interaction, but because of the localized character of the 
transferred orbitals the result cannot be altogether arbitrary. 

For the purpose of this energy analysis additional calculations have been per- 
formed at the theoretically determined bond distance /?pp = 5.25 a.u. In these 
calculations all basis functions have been included in the set T. In the first of these 
additional calculations denoted by (4, 5, 1) only the FH bond orbital in the mole- 
cule F,H, is redetermined, all other MO’s are transferred. In the calculation de- 
noted by (5, 2, 3) only the three lone pair orbitals on the fluorine atom F 2 are re- 
calculated. In approximation (4, 1. 5) the FH bond orbital in F,H, is redetermined 
and for molecule FjHj all LMO’s except the inner shell orbital. In approximation 
( I, Z 7) only the inner shell orbitals and the FH bond orbital in the molecule FjHj 
are transferred. (I, 1, 8) denotes the approximation in which only the two inner 
shell orbitals are transferred. Approximations (0, 1, 9) and (1, 0, 9) finally serve to 
estimate the effect of the hydrogen bond formation on the inner shell MO on atom 
Fj! (0, 1,9) (the inner shell on atom Fj is transferred) and in the other case on the 
inner shell MO on atom F, : ( 1, 0, 9). These calculations are not complete to answer 
any question, but the main questions of interest to a chemist can be answered. The 
energy expectation values have been collected in Table 3 and the results of approx- 
imation 4, 2, 4 r 34 = (4, Z 4) and 5, 5, 0 T 34 = (5, 5, 0) have been added. The letters 
h, c, d, and e have the same meaning as defined above. The analysis is given for the 
exact calculation of the energy with the nonorthogonality of the MO’s taken into 
account (b), the analysis for the other cases c, d, and e cannot be given because the 
approximation (5, 5, 0) does not supply a reasonable reference. In all cases the 
reference value for the binding energy calculation is the energy value at infinite 
separation of the two molecules. From Table 3 one can extract the following infor- 
mation, which is summarized in Table 4. 

1) At the distance = 5.25 a.u. a first order perturbation calculation gives 
already a binding energy of B = 4.6 kcal/mole, which is equal to 77% of the energy 
decrease due to the formation of the hydrogen bond (6.4 kcal/mole). 
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Table 3. Total energies for the hydrogen bonded dimer of FH in the SCF and in several forms of i 
MIM approximatioa Rfj is kept fixed at the theoretical minimum energy distance of » S.2S a 
(For notation see text; all values in atomic units) 


Method 

F^(b) 

£*"“(c) 

£““(d) 

£““(e) 

(5,'5.0) 

-200.046393 

-200.055430 

-200.11 1568 

-200.1162 

(4.5, 1) 

- 200.046699 

- 200.046719 

-200.031426 

-200.0310 

(5, 2.3) 

-200.047184 

-200.047000 

-200.108410 

-200.1074 

(4, 2,4) 

- 200.047494 

-200.047204 

-200.069063 

-200.0686 

(4, (,.5) 

- 200.048729 

- 200.048672 

-200.043227 

-200.0431 

(I. 2, 7) 

- 200.047877 

-200.047876 

-200.056233 

-200.0562 

(1. 1,X) 

-200.049(42 

-200.049)42 

-200.049153 

-200.0491 

(1,0,9) 

-200.049233 

-200.049233 


— 

(0. 1.9) 

-200.049164 • 

-200.049164 

- 

— 

•St T =(0,0, 10) 

-200.049255 

-- 

— 

— 


Table 4. Contributions to the total hydrogen bonding energy of two FH molecules (at the distar 
K^, ^ 5.25 a.u.) obtained by modifying the LMO's in the proton donor molecule F,H, and in t 
proton acceptor molecule (all values in kcal/mole) 


Modified LMO 

AE 

None 

4.6 

[.one pair LMO’s in F,H, 

0.24 

Hond l.MOin F,H, 

0.19 

Lone pair LMO’s in FjH^ 

0,5 

Bond LMO in FjH, 

0.78 

Inner shell I.MO in F,Hi 

0.014 

Inner shell LMO in F 2 n 2 

0.056 


6.38 


2) The modification of only the FH bond orbital in the proton donor mol 
cule gives beyond a first order perturbation treatment an energy lowering 
0.1 9 kcal/mole. 

3) Modifying only the three lone pair orbitals of the proton acceptor molecc 
yields an energy lowering of 0.5 kcal/mole or 0.1 7 kcal/mole per lone pair LMi 
It is seen that the effect of the hydrogen bond formation on the lone pair orbitt 
of the proton acceptor molecule is greater than its effect on the FH bond orbil 
of the proton donor molecule by 0.3 1 kcal/mole. 

4) If the FH bond orbital in the proton donor molecule and the three loi 
pair orbitals in the proton acceptor molecule are modified together, the eneri 
lowering is 0.69 kcal/mole, which is within 10"* a.u. the sum of the data given 
2) and 3). Localized molecular orbitals thus describe each separated regions of 
molecule. 

5) If in addition to 4) the FH bond orbital in the proton acceptor molecule 
redetermined a further energy lowering of 0.78 kcal/mole results. 

6) If in addition to 4) the lone pair orbitals in the proton donor molecule a 
recalculated one obtains compared to 4) an energy lowering of 0.24 kcal/mole i 
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O.OSkcal/mole per lone pair orbital The effect of the hydrogen bond formation is 
consequently greater on the FH bond orbital of the proton acceptor molecule 
than on the lone pair orbitals of the proton donor molecule by 0.54 kcal/mole. It 
is somewhat surprising to see that the sum of 5) and 6) is a larger energy contribu- 
tion than the sum of 2) and 3) and that the modification of the bond orbital in F 2 H 2 
is energetically most important. This point has been discussed above. 

7) If only the inner shell LMO’s are transferred and all other MO’s recalculated 
the energy lowering compared to 4) is 1.03 kcal/mole. The energy lowering of 5) 
and 6) are thus additive to within 10'* a. u. which should be the case because of 
the separation of the two molecular regions described by the FH bond orbital of 
the proton acceptor molecule and the lone pair orbitals of the proton donor mole- 
cule. 

8) When all MO’s are redetermined except the two inner shell LMO’s the 
energy difference to the SCF result is 0.07 kcal/mole. This can be decomposed 
exactly into a very small contribution of 0.014 kcal/mole due to modifying the 
inner shell LMO of the proton donor molecule and a larger contribution of 
0.056 kcal/mole due to modifying the inner shell LMO of the proton acceptor 
molecule. The reason for this difference is presumably that the greater energetic 
effects of the hydrogen bond formation on the proton acceptor molecule cause 
also a larger influence on the F 2 inner shell LMO compared to the F , inner shell 
LMO. 

These data supply some valuable chemical information on hydrogen bonds 
involving hydrogen fluoride. 


4. Conciusioos 

The theory of molecules in molecules has been applied in various approximate 
forms to study the hydrogen bonding interaction between two FH molecules. 
Most of these approximate forms have been reasonably successful and one can 
draw the following conclusions from these applications. The transfer of LMO s 
from the fragment molecules to the molecule to be calculated has been justified 
again in the present case. This approach gives a satisfactory answer also in the 
case where all LMO’s of the fragments are transferred, accounting already for 
about 75% of the binding energy between two FH molecules, if no further approxi- 
mations are made. The modification of the LMOs in the fragments gives only 
small energy contributions ranging from 0.2 -0.8 kcal/mole except for the inner 
shell LMO’s. whose contributions are smaller. The energetic importance of the 
modifications of the LMO’s decreases in the sequence: bond orbital in the proton 
acceptor molecule, lone pair LMO’s in the proton acceptor molecule, lone pair 
LMO’s in the proton donor molecule, bond orbital in the proton donor molecule. 
This order has been discussed above. The energy analysis has also shown that 
LMO’s describe separate regions in a molecule and that energetic effects due to 
modifying orbitals describing different regions are additive to a high accuracy. 

The truncation of the basis set for the expansion of the MO’s in the region of 
interaction and in the projection operator for orthogonality (approximations de- 
noted by r 34 r 28, r 26. and T 24) leads to satisfactory potential curves which do 
not deviate strongly from a parallelly shifted SCF potential curve and reproduce 
the binding energy and bond distance to a satisfactory degree. The agreement 
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deteriorates only for the approximation 4, 2, 4 T 24. A number of basis functions 
can thus be left out from the basis set for the expansion of the MO’s in the region 
of interaction: This result is not of particular importance for the small molecules 
considered in the present investigation, but the validity of this approximation al- 
ready in this case raises the expectation that it may become a key to saving com- 
putational time. 

For the purpose of saving computational time it is further on necessary to 
neglect the nonorthogonality of the MO’s, otherwise all integrals will appear 
again in the expression for the total energy even if they are not required for the 
self-consistency process in the calculation. This approximation has been justified 
by the calculations in the same way as the truncation of the basis set. For all ap- 
proximations the potential curves reproduce satisfactorily the binding energy and 
bond distance of the hydrogen fluori^ dimer and run parallel to the SCF potential 
curve to a satisfactory degree (only the approximation 4, 2, 4 f 24 has a somewhat 
poorer quality). The neglect of the nonorthogonality in the calculation of the total 
energy expectation value is thus valid in the same cases, for the same distances and 
to the same accuracy as the truncation of the basis set is valid. This was remarked 
already in 11. 

The point charge approximation for the calculation of the interaction energy 
between the two sets of transferred LMO’s is the weakest point of the present 
version of the theory. But as mentioned before it can be refined in several ways; it 
has been chosen because it represents the simplest method possible. The approxi- 
mation does not fail, however. The bond distances are fairly well reproduced as 
can be seen from Figs. I to 3, they are too small by about 10% compared to the 
SCF value, whereas the binding energies turn out too large by a factor of about 
three. The essential feature, however, is that the bonding is reproduced, even if the 
point charge approximation is used. In a forthcoming article [26], in which the 
theory of molecules in molecules is applied to study the hydrogen bonding inter- 
action between an ammonia molecule as proton acceptor and a water molecule as 
proton donor, it will be seen that the point charge approximation is not applicable. 
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Point charge models for LiH. CH«. and HjO are presented. The models preserve the correct 
total charge and dipole moment of the molecules. Relations between spherical Gau.ssian wave func- 
tion values and point charge model values of a variety of one-electron molecular properties are deriv- 
ed. The errors inherent in some of the point charge model values are of two types: those which may be 
large hut are easily evaluated and those which are small and diminish rapidly as the distance from the 
molecule increases. The models are shown to be a reliable means of calculating one-electron properties 
and possible uses of the models are suggested. 

Key words; Point charge models - One-electron properties 


1. Introduction 


In a recent paper Hall [1] has proposed a point charge model for molecules. 
The model preserves the correct total charge of the molecule and the dipole mo- 
ment. The model also gives a good approximation to the electrostatic potential 
outside of the shell of the molecule. In this paper we examine the point charge 
model as a means of calculating a variety of one-electron properties. As examples 
the results for LiH. CH 4 . and HjO are presented. Lithium hydride was chosen as 
a very simple ionic system, methane because of its high symmetry, and water be- 
cause of the presence of lone pairs. 

The electron density in a closed shell molecule is defined by 

e(r) = 2Y.P^<P.(r)<PM), ( 1 ) 

Mt 

where p„ is an element of the density matrix and is calculated here from an SCF 
wave function. The factor of two appears as a result of summing over the two spins. 

is an orbital with centre r,, exponent a, and normalized to 1 . If (p, and (p, arc 
spherical Gaussian orbitals then their product is a spherical Gaussian with centre 
at 

r„={x,r. + (i,r,)/{a. + ix,). 


and exponent 


a., = («,-(- a,). 


Thus e is a sum of spherical Gaussians. The basis of the point charge model is an 
approximation to gir), namely 

e*(r) = 2Xp«S„5(r-rJ, 


( 2 ) 
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where S„ is the overlap integral. The total number of electrons IV, is found by inte- 
grating Q over all space: 

N = Je(r)dr = 2 P„J«?>.(r) <p,(r)dr = Je*(r)dr . 

sr 

The electronic dipole moment is 

/* = J rQ(r)dr = 2 £ p.,S„ r„ = / rQ*{r)dr . 

St 

The total charge is thus divided into charges of known magnitude and position. 
The.se charges satisfy the essential conservation laws that the values of N and /i 
are preserved. 

For the purpose of the following discussion we assume a set of point charges 
= 2p„ S„. In practice since Z„ = Z„ and r„ = the number of charges in the 
model can be reduced. 


2. The Point Charge Model and One-Electron Properties 

When discussing one-electron properties it is convenient to select as origin 
the point, at which the porperties are evaluated. For a system of point charges Z^ 
situated at points the following properties may be defined: 


Multiple moments 

M= (3) 

A 

Potenlial 

rz*/lr*|. (4) 

k 

F.lectric field 

(5) 

A 

Electric field gradient 

- Yl^-k0KOk-d^„rl)l\rl\. ( 6 ) 

A 

In (4) (6) rl = (.v* -I- yl y- r* ) and the primed summation indicates that any term 
with f* = 0 is omitted. A or a in (5) and (6) may each be x, y, or z. The dipole, second 
and third moments are obtained from (3) by setting u-l- u-l-w to 1,2, and 3 re- 
spectively (m, i\ and w are integers). 

The general expression for the electronic multipole moment at the origin is 


Me = 2'£ p„ <<pjx''y'’z'^l (P,> . 


(7) 


If <p, and (p, are spherical Gaussian orbitals we may rewrite (7) using standard 
formulae [2] as 


l«'2| (2i— 11" 

Mt i^o y^^st) 


( 8 ) 




i = o 


(2aJ* 


In (8) [u/2] is the largest integer Sm/ 2, and x„, v„, z„ are the components of r^- 
From this latter equation we see that the components of the dipole moment have 
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the form 


^ S Pn — P* • 


(9) 


We will use symbols superscripted with an asterisk to represent point charge 
model values. The diagonal elements of the second moment tensor are of the same 
form as namely , . 

Q„-2S,,S,(x>+— ) 

= ( 10 ) 

Mt tt 

= (2:, + iEZ„/a„. 

if 

The off-diagonal elements of this tensor are of the form 

= 2 E P« y« = Q*y ( ‘ 0 

if St 

The third moments are of three types of which and will serve as 

examples. 

Rxxx = 2 E P,,S„(xl + 3x.,/(2a.,)) 


= Y.^„xi+\Y,z„xjct„ 

sr sr 

= Rtxx^\'L2„xJa„ 

^xyy = 2 E P« (y* + 1 /2a„) x„ 

at 

~ E y»< 5 E ■*«/*« 

at 

= ■«*.,. + 2 E2.i^b/“«- 
f^ayi ~ 2 E Pat ^at ^at ^at *at E ^at -^al .^at ^at 


( 12 ) 


(13) 


(14) 


The formulae for the potential, electric fields and electric field gradients in- 
volve the function F„(a) defined as follows 


t 

F„(a) = J H^"exp( - au^)du . 


Useful related functions are 


and 


Thus 


'Mt 

FJa) = I M^"cxp(-aM^)dM , 

'r , , (2m- l)!!/7t\* 

- -2|2,r 


f.(«) - 


(2m-l)!!/7tV = 


- FJa) . 


2{2ay \a) 

For large values of a FJa) is approximately exp( — a)/2a. 



314 


A. D. Tail and G. G. Hall 


The electronic part of the potential is 


= 2l^%-4lp„S„(^yFo(a.,r^) 
irj ,, \Tt / 

= I ^JK\ - 7^ L /“.t ^0 (“.,»•«) 

« j/ 7t It 

= Z 2.1 ^o(<x„r^,) ■ (15) 

l/jt „ 

The x component of the electric field is typical of the three components and is 
defined as 

= 2 Z p,, S,, 4a„ x„ (“j] F , (a„ r^, ) 

«i \ ^ / 


“ Z 2.« T/" Z 2»i a'jjFj (otj, r„) 

S( ^ tt .« 

= £? - Z 2,. -v« ai, f 1 (a« ) • 

|/ tt St 


Finally the electronic components of the electronic field gradient tensor are 

<ixa J.J ' 

= 2 Z pA ^ {6A„(T„a„Fj(a„rji) 

- (3 F, (a„ r,^,) - cxp( - a„ r^))} 

Z 

~ Z ijlsj 


- 3 Z 2 « a., ^ j { 62 ,, tr., a„ F^ (a„ r^) 

- ^a.( 3F, (a., r*) - exp( - a„ r^,))} . 

4 _ 

= tit - .- 7— Z 2„ 4 {62,, a„ a„ F^la,, r^) 
3 ^ TT 

- ^i,(3Fi («„ 4) - exp( - a„ ril))} . 
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In ( 1 7) and ff can each be jc, y, or z. Examination of (9H 1 7) shows that each 
one-electron property can be expressed as the point charge model value plus a 
correction. This correction is zero for the dipole moment, ofT-diagonal elements 
of the second moment tensor and for TTie correction is obviously the error 
obtained by using only the point charge value. The error in is constant. The 
errors in the remaining multipole moments are related in that the error in 
is exactly three times the error in R^„. Naturally if the evaluation of a third mo- 
ment produces zero then the point charge model also gives zero and the error is 
zero. In general the enor in these third moments increases with distance. 

Inspection of (1 5H 1 7) shows that the error involved in the point charge model 
decreases exponentially at large distances. The error decreases more rapidly than 
the actual value. The exponential term which appears in the correction to the 
diagonal term is the contribution from the singularity at r„ = 0. and cannot be 
represented by the point charge model. 


3. Examples of Point Charge Models 

In this section we present the results obtained from simple spherical Gaussian 
wave functions for LiH, CH4, and H2O. We have used the smallest basis sets 
compatible with quantum mechanical principles and chemical intuition. All of 
the values are in atomic units and in the Tables powers of 10 are represented by 
numbers in parenthesis. The contribution from the nuclei of each molecule is in- 
cluded in each property. 


Lithium Hydride 

The nuclear geometry for LiH is Li at (0, 0. 0) and H at (0, 0, 3.02). The basis 
set consists of two spherical Gaussian orbitals which give a minimum energy 
when placed at (0,0, -0.008251) and (0,0,2.72101) with exponents 2.00085 and 
0.178880 respectively. The density matrix has diagonal elements of 1.01454 and 
off-diagonal elements of —0.121437. The point charge model is given in Table 1. 
The dipole moment has a non-zero r-component of — 2.47 1 84. The value of Q„ 
and Qyf is —3.07599 whereas gjj, and Q*,. are both zero. The value ofg.. is 
- 8.97608 and that of g* is - 5.90008. The error in Q*^ is thus - 3.07599. These 
values are constant along the x- and y-axes. The values of Q„ at points on the 


Table I . Point charge model for LiH. All the charges are on the e-axis 


Charge 


2 

3.00000 

(0) 

0.00000 (0) 

1.00000 

(0) 

3.02000 ( 0 ) 

-2.02907 

(0) 

-8.25054 (-3) 

5.81430 ( 

-2) 

2.15726 (-1) 

-2.02907 

(0) 

2.72101 (0) 
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Table 2. Q„ for LiH at points along the x-axis 


X 


Qh 

0.0 

0.00000 (0) 

0.00000 (0) 

t.2 

2.96621 (0) 

2.96621 (0) 

2.4 

5.93242 (0) 

5.93242 (0) 

3.6 

8.89863 (0) 

8.89863 (0) 

4.8 

1.18648 (-1-1) 

1.18648(41) 

6.0 

1.48311 (4 1) 

1.48311 (41) 

12 

1.77973 ( 41) 

1.77973 ( 41) 


Table 3. 

Potential at points on the x-axis of LiH 

X 

V 

V» 

1.2 

4.91008 (-1) 

4.82258 (-1) 

2.4 

1.29874 (-1) 

1.28673 (-1) 

3.6 

4.90567 (-2) 

4.89960 (-2) 

4.8 

2.29694 (-2) 

2.29683 (-2) 

6.0 

1.23908 (-2) 

1.23907 (-2) 

12 

7 38334 (-3) 

7.38334 (-3) 


x-axis are presented in Table 2, and although we have given them to only six 
significant digits the agreement is to ten digits which, in our case, is machine 
accuracy. Of the third moments R^y,, R„^y, Ry^^, and R^^yy are zero. As R*^^ and 
/?*,,, are zero R^^^ and R^yy represent the errors in the point charge model values, 
the error in RJ,, being three times that in R^yy and The value of the latter is 
in general non-zero; inspection of (13) shows that at points on the x-axis R^.. 
has a linear depx;ndence on x, hence it is zero at the origin. At x = 1 .2 R^.. is 
10.7713 and R*y, is 7.08010. The error in is 3.69119 at this point. 

The potential at points along the x-axis is given in Table 3. The value of Ey 
is 7.ero on the x-axis and as the value of the y co-ordinate of each point charge is 
zero E* is zero. The x- and z-components of the electric field on the x-axis are 
presented in Table 4. Non-zero electric field gradients are shown in Table S. 


Tabic 4. Filectric field at points on the .x-axis of LiH 




E* 

E, 

Ei 

1.2 

6.73672 (- I) 

6.55240 (-1) 

8.57307 (-2) 

1.05315 (-1) 

2.4 

1.20862 (- 1) 

1,18.394 (-1) 

5.80802 (-2) 

6.08786 (-2) 

3.6 

3.47653 ( - 2) 

3.45886 (-2) 

3.02142 (-2) 

3.03477 (-2) 

4.8 

1.29986 (-2) 

1.299441-2) 

1.60428 (-2) 

1.60452 (-2) 

6.0 

5.80397 (-3) 

5.80393 (-3) 

9.20809 (-3) 

9.208101-3) 

12 

2.93884 (-3) 

2.93884 (-3) 

5.684251-3) 

5.684251 -.3) 
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Table 5. Electric field gradienu for LiH at points on the x-axis 


X 



9» 

9*„ 

1.2 

-1.27896 (0) 

-1.20748 (0) 

6.08082 (-1) 

5.46033 (-1) 

2.4 

- 1.39458 (-1) 

-1.38217(-1) 

5.33014 (-2) 

4.93308 (-2) 

3.6 

-3.15923 (-2) 

-3.13441 (-2) 

9.88093 (-3) 

9.60795 (-3) 

4.8 

-9.56834 (-3) 

-9.55963 (-3) 

2.71412 (-3) 

2.70716 (-3) 

6.0 

-3.56406(-3) 

-3.56412(^3) 

9.67387 (-4) 

9.67322 (-4) 

7.2 

-1.54122 (-3) 

-1.54122 (-3) 

4.08172 (-4) 

4.08172 (-4) 

X 

9.. 

9.*. 

9x. 

9?, 

1.2 

6.70882 (-1) 

6.61451 (-1) 

3.66529 (-3) 

-1.44757 (-2) 

2.4 

8.6IS64(-2) 

8.88862 (-2) 

-2.92345 (-2) 

-3.51444(-2) 

3.6 

2.l71l3(-2) 

2.17361 (-2) 

- 1.67l20(-2) 

-- 1.71060( -2) 

4.8 

6.85439 (-3) 

6.85247 (-3) 

-7.95850 (-3) 

-7.96738 (-3) 

60 

2.59686 (-3) 

2.5%80(-3) 

-3.96437 (-3) 

-.3.96437 (-.3) 

7.2 

l.l3305(-3) 

1.13305 (-3) 

-2.1.3352 (-3) 

-2.13352 (-3) 


Methane 

The geometry of the methane molecule is close to that of Arrighini, Guidotti. 
Maestro, Moccia, and Salvetti [3]. The protons are situated at {a, a, a), (a. - a, -a) 
{-a, a, - a), and (-a, -a, a), the value of 1.19350 for V corresponds to a C-H 
bond length of 2.0672. The basis set consists of five spherical Gaussians; one on 
the carbon nucleus with an exponent of 9.30694 and one in each C-H bond at 
1.23654 from the carbon nucleus. The exponents of the bond orbitals arc 0.356102. 


Table 6. Point charge model for methane 


Charge 


X 

y 


1.00000 

(0) 

1.19350 (0) 

1.19350 (0) 

1.19350 (0) 

1.00000 

(0) 

1.19350 (0) 

-1.19350 (0) 

-1.19350 (0) 

1.00000 

(0) 

-1.19350 (0) 

1.19.350 (0) 

-1.19350 (0) 

1.00000 

(0) 

-1.19350 (0) 

-1.19.350 (0) 

1.19.350 (0) 

3.9.3691 

(0) 

0.00000 (0) 

0.00000 (0) 

0.00000 (0) 

-3.11650 

(0) 

7.13916(-1) 

7.13916(-1) 

7.1.3916 (-1) 

7.33820 ( 

-1) 

7.13916(-1) 

0.00000 (0) 

0.00000 (0) 

-.3.11650 

(0) 

7.139I6(-1) 

-7.I39I6(-I) 

-7.1.3916(-1) 

7.33820 ( 

-1) 

0.00000 (0) 

7.13916(-1) 

0.00000 (0) 

7.3.3820 ( 

-1) 

0.00000 (0) 

0.00000 (0) 

-7.13916(-1) 

-3.11650 

(0) 

-7.13916(-1) 

7.13716(-1) 

-7.13916(-1) 

7.33820 ( 

-1) 

0.00000 (0) 

0.00000 (0) 

7.13916(-n 

7.33820 ( 

-1) 

0.00000 (0) 

-7.13916(-1) 

0.00000 (0) 

7.33820 ( 

-1) 

-7.13916(-1) 

0.00000 (0) 

0.00000 (0) 

-3.11650 

(0) 

-7.13916<-1) 

-7.I3916(-1) 

7.13916(-1) 

3.15441 ( 

-2) 

2.63092 (-2) 

2.63092 (-2) 

2.63092 (-2) 

3.15441 ( 

-2) 

2.63092 (-2) 

-2.63092 (-2) 

-2.63092 (-2) 

3.15441 ( 

-2) 

-2.63092 (-2) 

2.63092 (-2) 

-2.63092 (-2) 

3.15441 ( 

-2) 

-2.63092 (-2) 

-2.63092 (-2) 

2.630921-2) 
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The density matrix for CH^ has dements as follows' n r 
=1.03154, p^ =p^ (i<5J<5, -aJTPW, and ' p. 

an? -ddfW^/. Tie po/hrcAaj]genio<k/ consists oTthiuaeteen 

in Table 6. ^«ted 


As expected, the dipole moment for CH4 is zero. The diagonal second mo- 
ments are equal at - 5.61731 and gj, = 0.0922448. QJ^^ and are constant 
along the C-H bond direction. Ca* is zero. There are only three distinct values 
for the third moments. As a consequence of the symmetry of methane = r 

= R^y, is unique and the six remaining third moments are equal. Values of 
the third moments at points along a C-H bond are directly proportional to the 
distance from the carbon nucleus, with the exception of R^y, which is constant at 
2.26433. Thus only R^y^ is non-zero at the origin; at (1, 1, 1) 16.8519. and 

= 5.61731. The corresponding values of R*^^ and are -0.276734 and 
-0.0922448 respectively. At (1,1, l)|/?Jx>| = ICJJ and although the 

dimensions differ. 

The symmetry of CH4 is reflected in the various electric field components 
and electric field gradients. At points along the C-H bond direction = E,, = £.. 


I uhlc 7. Potential, electric field and electric field gradient at points (a. a. a) for Cli^ 


9.70.t2l (- I) 
I.I4K40(- I) 
.1.224141 2) 

1..14I71 (-2) 
6.67148 I -.1) 
.1 70789 ( - .1) 
2.22998 ( - 3) 
1.42316 (-3) 
9.5 1476 (-4) 
6.60445 ( - 4) 
4.72856 (-4) 
.3.47481 (-4) 
2.61087 (-4) 


7.38475 ( - U 
1,04007 (-1) 
.3.20187 (-2) 
l..34l53(-2) 
6.67148 (-3) 
3.70789 ( - 3) 
2.22998 ( - 3) 
1.423l6(-.3) 
9.5 1476 (-4) 
6,60445 (-4) 
4,72856 (-4) 
3.47481 (-4) 
2.61087 (-4) 


1.83964 (0) 

1. 237.52 (-1) 
2.177031-2) 
6.89731 (-.3) 
2.82885 (-.3) 
1.344461-3) 
7.079721- 4) 
4.023841-4) 
2,42691 1-4) 
1.53521 1-4) 
1.009971-4) 
6.866.391-5) 
4.800701-5) 


1,41718 10) 

9.887161-2) 
2.112581-2) 
6.89095 1 - 3) 
2.8288.3 1 - 3) 
1.344461-3) 
7.079721-4) 
4.023841-4) 
2.42691 1-4) 
1.5.3521 1- 4) 
1.009971-4) 
6.866.39 I - 5) 
4.800701-5) 


-6.63272 10) 

-2.46351 1-1) 
-2.899861-2) 
-6.817821-3) 
■ 2.284531-3) 
-9.238781-4) 
-4,246091-4) 
-2,144741-4) 
-1.165291-4) 
-6.711041-5) 
-4,05.391 1-5) 
-2.54851 1-5) 
-1.657.371-5) 


-5.73.344 10) 

-1,867.361-1) 
-2.710591-2) 
-6.79531 1-3) 
-2.284531- 3) 
-9.238781-4) 
-4.246091-4) 
-2.144741-4) 
-1.165291- 4) 
-6.711041-5) 
-4.05391 1-5) 
-2.54851 1- 5) 
-1.657371-5) 


I'able 8. Spherical Gaussian basis set for water. The molecule lies in the xz-plane with O at the origin 


Exponent 


9.145991+ 1) 
1.341431+1) 
4.645121-1) 
4.645121-1) 
4.748361-1) 
1.01826 10) 
1.01826 10) 


0.00000 10 ) 
0.00000 10 ) 
7.885.31 1-1) 
-7.88531 1-1) 
0.00000 10) 
0.00000 10) 
0.00000 10) 


0.00000 10) 
0.00000 10) 
0.00000 (0) 
0.00000 10) 
0.00000 10) 
5.000001-2) 
-5.000001-2) 


0.00000 10) 
0.00000 10) 
6.05061 (-1) 
6.05061 1-1) 
-2.523601-1) 
0.00000 10 ) 
0.00000 10) 
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the diagonal elements of the electric field gradient tensor are zero and the off 
diagonal elements are equal. The values of the non-zero properties are listed in 
Table 7. 

filter 

The geometry employed for the water corresponds to an internal HOh angle 
of 105° and an O-H bond length of 1.81417. The molecule lies in the xz-plane 
with the oxygen nucleus at the origin and the positive z-axis bisects the internal 
hOH angle. The basis set consists of seven spherical Gaussians and is defined in 
Table 8. 

The density matrix and point charge model arc given in Tables 9 and 10. 

Table 9. Density matrix for HjO (lower tnanglel 

M(WJ4('2) 

7.14320 (-1) 

.S|60SI(-4) I.609I4(-4) 2.12016 (0) 

s 16081 (-4) 1.60914 (-4) - 1.58862 (-1) 2.12016 (0) 

6 867061-2) -2.93275 (-1) -1.57053 (0) -1.57053 (0) 3.09698 (0) 

1 4:7531-2) 3.530451-2) 7.ll939(-2) 7.119391-2) -1.066641-2) 9.84933( + l) 

1.4:7351-2) 3.530451-2) 7.119.39(-2) 7.119391-2) -1.06664(-2) -9.84l93(+l) 9.84933( 


Table 10. Point charge model for water 


Charge x 


.3.976731+2) 

0.00000 10) 

0.00000 

(0) 

0,00000 10) 

1.00000 10) 

1.43928 10) 

0.00000 

(0) 

1.10440 10) 

1,00000 10) 

-1.43928 10) 

0,00000 

10) 

1.10440 10) 

6.983331-5) 

.3 984601-3) 

0.00000 

10) 

.3.057491-3) 

-8.911951-5) 

2.6.39151-2) 

0.00000 

(0) 

2.025091-2) 

-4.24031 10) 

7.88531 1-1) 

0.00000 

10) 

6.05061 (-1) 

6.983331-5) 

-3.984601-3) 

0.00000 

(0) 

3.05749 1 - 3) 

-8.911951-5) 

-2.639151-2) 

0.00000 

(0) 

2.025091-2) 

3.566221-1) 

0.00000 10) 

0.00000 

(0) 

6.05061 (-1) 

-4.24031 10) 

-7.88531 1-1) 

0.00000 

10) 

6.05061 1- 1) 

1.446841-2) 

0.00000 10) 

O.OOtXX) 

10) 

-1.. 30342 (-.3) 

2.496131-1) 

0.00000 10) 

0,00000 

10) 

- 8.627.59 1 - .3) 

4.56760 10) 

3.899321-1) 

0,00000 

10) 

1.716.391-1) 

4.57670 10) 

-3.899321-1) 

0.00000 

10) 

1.716.391-1) 

-6.19396 10) 

0.00000 10) 

0.00000 

(0) 

-2.523601- 1) 

-5.4.30721-3) 

0.00000 10) 

5.50543 1 

-4) 

0.00000 (0) 

-5.163741-2) 

0.00000 10) 

3.527661 

-3) 

0.00000 10) 

-1.855121-1) 

2.470251-1) 

3.43364 1 

-2) 

1.895491-1) 

-1.855121-1) 

-2.470251-1) 

3.43.364 1 

-2) 

1.895491-1) 

3.753931-2) 

0.00000 10) 

3.409901 

-2) 

-8.025571-2) 

-1.969871 + 2) 

0.00000 (0) 

5.000001 

-2) 

0.00000 10) 

-5.430721-3) 

0.00000 10) 

-5.505431 

-4) 

0.00000 10) 

-5.163741-2) 

0.00000 (0) 

-3.527661 

-3) 

0.00000 10) 

-1.855121-1) 

2.470251-1) 

-3.433641 

-2) 

1.895491-1) 

-1.855121-1) 

-2.470251-1) 

-3.433641 

-2) 

1.895491-1) 

3.753931-2) 

0.00000 10) 

-3.409901 

-2) 

-8.025571-2) 

-1.969871 + 2) 

0.00000 10) 

-5.000001 

-2) 

0.00000 10) 
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It is important to note that this model of water differs markedly from all 
previous point charge models. The point charge corresponding to each lone pair 
has the value — 197 whereas earlier models had a maximum value of —2 corre- 
sponding to the two electrons. This large charge is neutralized by the large charge 
of 398 on the oxygen nucleus. The result of this feature is that the electric field 
around the lone pair has a much stronger angular dependence than is given by 
earlier models. 

Recent calculations on the water dimer [4-6] have shown that the most 
favourable configuration for the approach of the two monomers is along a line 
containing an Q -H bond of one and which bisects the external hOH bond angle 
of the other. With these calculations in mind we have calculated one-electron 
properties along the line of an 'O-H bond and along the negative z-axis of our 
molecule. 

The dipole moment for fljO based on the present wave function is 0.275483. 
The low symmetry of the molecule dictates that and are constant, 
and Q,.. are zero in the two directions investigated. ^tlso zero along the nega- 
tive z-axis. The values of Qyy, and Q*y are — 3.36956, 0.21 3646, — 4.56893, 

and -0.985721 respectively, the error in the point charge values being — 3.58321. 
As in the previous examples in the O H bond direction is proportional to 
the distance from the oxygen nucleus where it is zero. At a point P on the O-H 
bond, with co-ordinates (0.651613, 0.0, 0.5), Q*, is —0.179508 and agrees exactly 
with Q^.. Q„ is non-zero at the origin and has a value of —4.26952 whilst 
Q* = -0.686313. However at P we find Q„ and Q*, have both decreased by 
0.275483, which is the numerical value of the dipole moment, doubling the 
distance from O causes a drop in both properties of twice this value. The values 
of Q„ and Q*, along the z-axis are tabulated in Table 1 1 . 

The third moments and are all zero in the O-H bond 

direction, and, on the negative z-axis, only R.„ and are non-zero. R„., 
and Ryyy have a linear dependence on the distance from the oxygen nucleus along 
the O- H direction. Both are zero at the origin and at P have values of 6.58694 
and 2.911 n respectively. and are —0.417643 and 0.642309 at the same 


'['ahic 1 1. Second moments Tor HjO along the z-axis 


- 

Q:. 


0.0 

-4.26952 

-0.686313 

-0.8 

- 3.82875 

-0.245541 

-1.6 

-3.38797 

0.195231 

-2.4 

-2.94720 

0.636003 

-.t.2 

- 2.50643 

1.07678 

-4.0 

-2.06566 

1.51755 

-4.8 

-1.62489 

1.95832 

-5.6 

-I.I84II 

2.39909 

-6.4 

-0.743341 

2.83986 

-7.2 

-0.302569 

3.28063 

-8.0 

0.138203 

3.72141 





Table 12. Third moments for H 2 O at points in the O-H direction. 
Molecule is in the .xz-plaiie 


Point Charge Models for LiH. CH«. and HjO 
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point. At the origin is — 1.03766 and R*,, is -0.000172836, at P the corre- 
sponding values are 1.24681 and 0.492688. The values of R^„ and J?,,. and 
point charge values at points in the O-H direction are presented in Table 12. 
Ry,, has a linear dependence with distance along the negative z-axis as well as in 
the O-H bond direction, at (0, 0, — 0.8) R^^ is — 4.69280 and R*y^ is - 0.788750, 
the non-zero values of both at the origin have been given above. In Tables 13-15 
we give the values of the potential, non-zero electric Helds and Held gradients. 


4. Discussion 

For each of the molecules we have examined it is possible to derive the observ- 
ed relationship between the various multipole moments from the definition given 
in (8). The relationship between Q,, at points in the O -H direction for HjO and 
the dipole moment, is perhaps fortuitous, but can be derived from the appropriate 
expression. Since the errors produced by the point charge model in the multipole 
moments are closely related it should be possible to construct the quadrupole 
and octupole moment tensors using Buckingham's definitions [7], with the know- 
ledge that given elements are exact and the error in others is precisely known. 
Naturally, knowledge of the basis set and density matrix from which the point 
charge model was obtained permits theexact evaluation of the multipole moments 
from the point charge model. The advantage is that the calculation based on the 
point charge model is easier to perform than that based on the original wave 
function. 

The results presented for the potential and its derivatives show that the error 
involved in the point charge model is small and diminishes rapidly. Whereas the 
multipole moments are, in most cases, well represented by the point charge model 
at any point in space whether or not that point is within the confines of the nuclear 
framework, the potential and its derivatives are only accurate outside the shell of 
the molecule [ij. A contributory factor to this feature is the inability of the point 
charge model to include terms which arise from the Dirac delta functions which 
appear in 

One question that must be answered concerns the accuracy to which molec- 
ular properties can be calculated using the spherical Gaussian model. Recent 
work by Dixon and Tait [8] suggests that even the simplest form of spherical 
Gaussian model provides reliable information about molecular structure. It is 
known that the Frost model [9] gives about 84% of the Hartree-Fock energy, 
and there is evidence [8] to support the thesis that one-electron properties can 
be obtained as a more-or-less constant percentage of the values obtained in more 
accurate calculations. 


5. Coaclosion 

From the results presented in Tables 1-15 we conclude that the point charge 
model proposed by Hall [1] may be used to calculate one-electron properties 
with a high degree of accuracy. Where errors occur it is possible to evaluate them 
exactly without recourse to the complete spherical Gaussian wave function. 



Table 15. Electric field gradients in HjO 
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A molecular dynamics study of liquid water by Rahman and Stillinger [lO] 
has stimulated interest in point charge models. They have used a simple point 
charge model for the water molecule to provide the electrostatic contribution to 
the effective pair potential. The point charge model examined in the present 
paper offers the possibility of providing a highly accurate model from which this 
contribution may be calculated without substantially modifying the molecular 
dynamics program. 

Another possible application of the present point charge model is the investi- 
gation of problems of chemical reactivity. BonaccorsL, Pullman, Scrocco, and 
Tomasi [1 1] have shown that the study of isopotential curves for large hetero- 
cyclcs reveals a discrimination between the different possible sites of protonation 
on the same molecular skeleton. They suggest that such studies may provide a 
method of comparing protonation sites of different kinds and also sites on different 
molecules. The key to such investigations is an efficient means of calculating the 
potential at many points around the molecule; the point charge model is well 
suited to this task. 


Aflimwlcdf/i-mcni.s. 'the authors wish to thank Dr. Ci. W. Schnuelle for the wave function for 
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Etude theorique de I’isomerisation syn-anti 
dans la Formaldoxime 
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Theoretical Study of the syn-anti Isomerization of Formaldoxime 

Semi empirical CN DO and “ab initio" methods are applied to the analysis of syn-anti isomerization 
mechanism of formaldoxime. Semi empirical calculations arc carried out with complete geometry 
optimization and lead to predicted inversion barrier equal to 37.5 kcal/mole. A biceniric partitioning 
of the total energy and the expression of the density matrix in hybride basis set reveal the chemical 
origin of the shape of the potential line. 

Key words: Oxime nitrogen inversion Formaldoxime 


Introduction 

L’existence d’isotneres syn-anti autour de la double liaison C=N dans les 
oximes est experimentalement connue dc longue date [23]. 

Le mecanisme de cette isomerisation a suscite recemment de nombreuses 
etudes exp6rimentales en particulier par voies spectroscopiques [1-9], Les 
interpretations theoriques proposees [7- 11] considerent en general les deux 
modeles limites: 

a) rotation pure autour de la liaison C=N entrainant une rupture de la 
liaison n 

b) inversion dans le plan moieculaire via un etat de transition oti I'azote est 
hybride sp. 

De surcroit un changement de Petal de multiplicite de la fonction d'onde au 
cours du mecanisme ne peut etre ecarte d priori [4, 12]. 

En fait on peut definir la notion intuitive dc «chemin de reaction » comme la 
trajectoire orthogonale (generalement unique) joignant deux cuvettes via au 
moins un col de I’hypersurface representative de Penergie totale du systeme 
ctudie. Cette hypersurface est fonction d’un ensemble de coordonnees internes 
lineairement independantes qui deiinissent la structure moieculaire. On peut 
envisager autant de mecanismes que de trajectoires distinctes, leurs energies 
d’activation etant respectivement fixees par «Paltitude» du col le plus haut dans 
le trajet suivi. 

En cas de changement d’etat de spin au cours dc Pisomerisation un croisement 
des nappes (hypersurface) de multiplicite correspondante doit etre observee. 
L'energie d’activation peut alors ne pas etre associee i un point stationnaire. 

Dans de nombreux cas les trajectoires orthogonales sont correctement 
representees en ne mettant en jeu qu’un nombre restreint de coordonnees internes. 
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Oes coupes de la nappe 6tudiee suivant ces coordonn6es pi^sentent alors des 
minimums qui difinissent point par point un parcours voisin passant exactement 
par tous les points stationnaires (cuvettes et cols). 

Cest dans cet 6tat d’esprit que nous avons jug6 int6ressant d’ab order le 
m6canisme d'isom6risation syn-anti de la formaldoxime en consid^rant la mol^ule 
isolee (phase vapeur). Tous les caiculs ont 6te eiTectu6s par la methode CNDO II 
dans son formalisme original [13]. Les resultats obtcnus par voie semi-empirique 
ont 6te confront6s a un traitement «ab initio » comparable. 

I. Etude pr^Uminaire 

Nous avons retenu comme topologie de la forme la plus stable de la molecule 
cclle determinee experimentalement par micro onde [15] qui situe le groupement 
OH en position trans (Fig. I). Ce resultat est d’ailleurs en accord avec les Etudes 
conformationnelles ant6rieures conduites en «ab initio» [24,25]. 

La symetrie moleculaire permet de penser que tous les complexes inter- 
mediaires envisageables au cours de I’isomerisation correspondent appro- 
ximativement au passage du groupement OH dans un plan vertical (^ = 90', 
Fig. 1). Nous avons done estime pour I'inversion pure (0= 180 ) et la rotation 
pure (4> = *X) , 0 experimental) la barriere d’isomerisation en admettant que la 
transposition ne s'accompagnait d'aucune modification sensible de structure 
par rapport a la forme stable. 

Pour le modele de rotation une approche de I’etat triplet a ete entreprisc a 
I’aidc d’un seul determinant de Slater dans le formalisme UHF [13b]. Cette 
fonction d'onde ne correspond pas k un etat spectroscopiquement pur et I’energie 
associ^e ne fournit done qu'un ordre de grandeur de cellc du premier etat triplet. 

Afin de s'assurer de la validitc de la methode CNDO II, les memes caiculs 
concernant un etat singulet ont etc entrepris en ^^ab initio» [16]. La base de 
gaus.siennes choisie (Tableau 1) est construite en utilisant 

pour les hydrogdnes la base 3s proposee par Huzinaga [18] contractee 

en Is 

- pour les atomes de la seconde periode la base (7s 3p) proposee par Roos et 
Siegbahn [19] contractee en (3s Ip). La base contractee est deduite d’une etude 
des rapports des exposants proposee par David [17]. 

La determination des barrieres de rotation s’averant relativement independante 
de la base [20] nous n' avons pas tente d'ameliorer cette demiere (optimisation 
d'exposants, orbitales de polarisation). 

CH, = 1.016 H,CN = 121.46 



OH 50.966 # ■ 0 

Fig. I. Topologie moleculaire experimentale et dennition des coordonnies internes (A et degres 

dicimaux) 



Formaldoxime 


327 


Tableau la. Orbitales gauasieiuiea non contracticf 


Centre 

type 

Exp. Orb. 


type 

Exp. Orb. 


type 

Exp. Orb. 

C V, 

s 

0,163484 

Yi 

s 

45,8498 

y'l 


0,199206 

Vj 

s 

0,S24I94 

Y, 

s 

206.88$ 

Y'i 

X,}\z 

0,851563 

yt 

s 

3,72337 

Yj 

s 

1412,29 

Vj 

x.y,z 

4,18286 

Ya 

5 

12,3887 







N Vi 

s 

0,234424 

Ys 

s 

66,4630 

y'l 

Xa V. r 

0.286752 

7j 

s 

0,764993 

Ya 

s 

301,689 

y '2 

V. V, 2 

1,23293 

Yj 

5 

5,30452 

Y^ 

s 

2038.41 

y '3 

Xa y, z 

5,95461 

Ya 

s 

17,8081 







o y, 

s 

0,322679 

Ys 

s 

91,9805 

y'l 

X, r 

0,365030 

Yi 

s 

1,06314 

Yt 

s 

415.725 

y '2 

X, \\ z 

1,62336 


s 

7,22296 


s 

2714.89 

Vs 

Xa Va z 

7,75579 

V* 

s 

24,4515 







H -n 

s 

0,151374 

)'2 

s 

0,681277 

V 3 

s 

4,50038 


Tableau I b. Coeflicients de contraction 
Centre type base contractie (normalisie) 


C 

Is 

0,85808497 

Ys 


Is' 

0,52909733 

Ys 


2s 

0.56300794 

Yt 



0,62656913 

y'l 

N 

Is 

0,86171070 

Ys 


Is' 

0,53997291 

Ys 


2s 

0,57335781 

Yt 



0,61114231 

y'l 

0 

is 

0,86374721 

Ys 


Is' 

0,55097411 

Ys 


25 

0,58304895 

Yt 



0,60448414 

y'l 

H 

Is 

0,64766943 

y’l 


0.18548548 

V6 

0,023955285 

)’7 

0.53266497 

Ya 



0.49499660 

72 



0,46622710 

y '2 

0,11219402 

y '3 

0,18140919 

>6 

0,023496480 

y? 

0,52260895 

74 



0,48615687 

72 



0,47462924 

y '2 

0,11966406 

y'i 

0,17817789 

Vft 

0.023878543 

y? 

0,51231799 

74 



0,47713467 

Ys 



0.48126911 

y '2 

0,12937303 

y'i 

0,40788964 

72 

0,070479938 

Vs 


Les diffferents resultats sont donnfes dans le Tableau 2. Lc module d’inyersion 
pure apparait nettement favorisi devant la rotation hors du plan, en depit de 
I’abaissement resultant d’un changement de multiplicite de 1 6tat de transition. 
Les valeurs obtenues s’inscrivent dans la ligne dcs resultats anterieurs [8]; 
I’accord entre mithode «ab mitio» et CNDO II est unc confirmation de I’aptitude 
de cettc mdthode semi-empirique ^ aborder les problimes d isomerisation. 


2. Optimisation topologiqiie 

En premier lieu nous avons recherche, k I’aide de la methode de plus grande 
pentc [14], les deux cuvettes de potentiel respect! vement associecs aux formes 
cis et trans de la formaldoxime. Les deux structures stables s avirent planes, la 
forme trans 6tant favoris^e (lignes 1 et 10 du Tableau 3). Le passage de a forme 
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Tableau! Charges nettes et momeat dipolaire pour la forme Trans Energiet inoliculaiKs et 

barriires correspondantes 



«ab inilion 

CNDO (geo exp) 

CNDO (geo opt) 

Charges nettes 
(en base orthogonale) 

C 

0,170 

0,040 

0,006 

N 

-0,091 

-0,016 

0,010 

O 

-0,108 

-0.200 

-0,(56 

It 

0,132 

0.139 

0,125 

H, 

- 0.055 

0,023 

0.007 


-0,048 

0,016 

0,009 

Moment dipolaire (D) 

Charges seules I'x 

0.5003 

-0,0846 

0,3534 

Cy 

0,0258 

-0,4477 

-0,2682 

r 

0,5009 

0,4556 

0,4436 

C'harges et polarisations f 'x 

0,4992 

-0.2319 

0,2125 

atomiques fy 

0,3263 

-0,2330 

-0,094 

r 

0,5964 

0,3288 

0,2127 

(f'.xperimental 0,44D ( t6J) 

l'.nergics(UA) 

Forme plane trans 

- 168.3.30204 

-39..333185 

-39,39319 

Inlerm. Rotation (singulct) 

- 168,163062 

-.39,168631 


(triplet! 


-39,191535 

-39,27277 

Inlerm. Inversion (singutel) 

- 168.25(960 

- 39,252570 

- 39,33343 

Barrieres (kcal/mole) 

Rotation (singuletj 

103,2 

104,8 


Rotation (triplet) 


82,8 

75.5 

Inversion (singulct) 

50,6 

49,1 

37,5 


Tableau 3. Coupes suivant Ics cones d'angle au sommct 0 (notations suivani la Fig. t; precision' 

±0.(X)2A. ±0,.S ) 


0 

C-H, 

C-H, 

N-C-H, 

N C-H, 

t:=N 

N-O 

O-H 

N-0~H 

b. totalc 

Idcgres) 

(A) 

(A) 

(degris) 

(degres) 

(A) 

(A) 

(A) 

(degres) 

(U.A.) 

115,3 

1,112 

1,109 

123,6 

120,3 

1,286 

1,275 

1,034 

107,4 

-39,39319 

120 

1,112 

1,109 

123,6 

120.3 

1,286 

1.273 

1,034 

107,4 

- 39,39237 

140 

1.112 

1,109 

123,6 

120,3 

1.278 

1,266 

1,034 

107,4 

-39,37404 

160 

1,113 

1,110 

123.6 

120,3 

1.267 

1,258 

1,036 

107,4 

-39,34551 

170 

1,114 

1,113 

123,6 

120,3 

1,266 

1,257 

1,038 

107,4 

-39,33-567 

180 

1,115 

1,115 

123,6 

123.6 

1.263 

1,256 

1,041 

108,6 

-39,33343 

190 

1,112 

1,113 

120,3 

124,0 

1,264 

1,257 

1,038 

111,7 

-39,33986 

200 

1,108 

1.112 

120,3 

124.3 

1,269 

1,258 

1,037 

112,5 

-39,35232 

220 

1.108 

1.111 

120.3 

124,3 

1,279 

1.264 

1,0.37 

111.1 

-39,38031 

241,8 

1,114 

1.116 

120,3 

124.3 

1.289 

1,275 

1,037 

110,6 

- 39.39282 


trans & la forme cis s’accompagne d'un liger allongement de la liaison C=N et 
d'une sensible reorganisation du groupement CHj (allongement des liaisons 
C — H, glissement du groupement dans le plan) sous I’influence impulsive du proton 
du groupe OH. 






■ «..ll 4UUAUI 





Un mdcanisme d’inversion est raisonnablement decrit ^ I'aide des seuls angles 
9 et (Fig. 1). Nous avons done entrepris deux families de coupes sur la nappe 
dngulet: 

a) angle 4> impost entre 0° et 180° afin de mettre en Evidence un eventuel 
mecanisme faisant intervenir la torsion. 

b) angle 0 impose entre 115,3' et 241,8'" (valeurs correspondant aux deux 
formes stables de la molteule) afin de pr6ciser un mecanisme oti predominerait 
I'inversion. 

Les coupes suivant Tangle <l>, dont les r6sultats ne sont pas reportes ici', 
definissent une trajectoire symetrique dont la branche ascendante peut etre 
d^crite comme suit: 

1) 0°<d»<45" Torsion pratiquement pure accompagnee d’une tres faible 
reorganisation du reste de la molecule. 

2) 45° < ^ < 60° Accroissement rapide de Tangle 0 vers la valeur 180' . 

3) 60° <<t>< 90“ Palier horizontal correspjondant a une structure plane 
unique oCi les atomes CNO sont alignes {0 = 180' ). 

Un tel type de trajectoire met clairement en evidence Tabsence de complexe 
intermediaire (col) de structure non plane. 

Les coupes suivant Tangle 0 (Tableau 3) confirmcnt ce r6suitat. La molecule 
reste plane le long du chemin de reaction (Fig. 2) et le col unique obtenu correspond 
a la meme structure moleculaire que celle du palier horizontal pr6c6dent. 

La barri^rc d’inversion (37,5 kcal/mole) est sensiblement plus basse que 
celle calculee a Taide des m^dles priliminaires. Ceci semble plus raisonnable 
compte tenu des donn6es exp6rimentaies disponibles sur des composes voisins 
[3,7]. 

Un mecanisme de rotation ne semble done envisageable que dans Thypothdse 
d’un changement de multiplicite de la fonction d’onde. A cet effet, une optimisation 
topologique de T6tat triplet UHF a etc entreprise pour la coupe # = 90“. La 
structure obtenue est d’6nergie tris superieure (75,5 kcal/mole) i Tetat stable 

' En particulier, I’toieil d’6ventuels minimums multiples suivant une coupe a 6t6 icarti en 
recherchant les points stationaires i partir de plusieurs giomitries initiales. 
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singulet (Tableau 2). Comme cette forme ne correspond pas ndcessairement au 
point le plus haul de ce m6canisme et que la composante pure de spin d^uctible 
de la fonction d’onde serait d’^nergie encore sup6rieure & la valeur obtenue id, 
on peut considerer tout mecanisme de rotation comme thermiquement im- 
probable. 


3. Analyse du IVfdcanlsme d’lnvendon 

Afm de rechercher a priori I'origine chimique de la barri^re d’inversion il 
nous a paru, devant la variete des indices statiques disponibles, preferable de 
retenir des quantites qui aient ies dimensions d'une energie. Pour cela, nous 
avons utilise la partition bicentrique de renergie totale en CNDO II initialement 
proposee par Pople [13c] et reprise par d'autres auteurs [21]: 

iiioRie Uuaons lOteractionR 

£lo.= I Ea+ I B+ I £A-B=l£i- 

A B>A B>A 

L'ctude de la variation de ces termes au cours de I’isomerisation peut etre 
clarinec par I'emploi des quantites suivantes: 
coefficient de correlation (Etoi. Ej) 

- pcnte de la droite de correlation correspondante. 
ir.n effet, un coefTicient de correlation voisin de I'unite indique une forte 
dependance entre I’energic de la barriere et le terme E, considere, le poids 
de cc terme etant donne par la pente de la droite. 

Les resultats obtenus a I'aide des coupes precedentes (Tableau 3) ont etc 
consignes dans le Tableau 4 et appellent les remarques suivantes: 

Tous les termes varient quasimcnt lineairement avec la barridre d’inversion, 
a I’cxception de ceux faisant intervenir I’atome d’hydrog^ne du groupemcnt OH 


'I'ablejiu 4. Pcnte c( coeflicients de correlation 


Terme energitique 

Coefficient 
de correlation 

Pente 

Atomes 



C’ 

0,9758 

0,207 

N 

0,9867 

2,425 

O 

0,9679 

0,445 

H 

-0,3970 

-0,008 

Liaisons 



C=N 

-0.9893 

- (.336 

N-O 

-0,9806 

-1,613 

O-H 

0.8012 

0,292 

Interaction.^ 



C-O 

0.8874 

0,194 

C-H 

-0,9748 

-0,097 

N-H 

0,1390 

0,118 

0-(H, + Hj) 

0,2041 

0,016 

Groupements 



CHj 

0,8971 

0,309 

OH 

0.9806 

0,728 





Formaldoxtme 
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et dc quelques termes (Tinteraction & longue distance dont la variation moyenne 
est du mfime ordre dc grandeur que la precision des calculs. 

- Le terme preponderant cst nettement cclui associe e I’atome d’azote, 
cependqnt que les contributions des liaisons NO et CN varient cn sens contraire. 

- LensenaUe des autres termes (liaisons et interactions entre voisins non 
lies) est identifiable i deux groupements CHj et OH qui destabilisent la molecule. 

- Les termes d’interaction k longue distance sont tous d'importance 
secondaire. 

Ces remarques mettent en evidence que Torigine de toute la reorganisation 
moieculaire au cours de 1 inversion est provoquee par le changement de I’orienta- 
tion des hybrides de I’atome d’azote. 

En considerant que 1 eiectronegativite d’une hybride varie comme son pour- 
ccntage d’orbitale s [22], le passage de I’etat stable au complexe de transition 
s'accompagne 

- pour la paire librc (sp 2 — *p) d’une diminution d’electronegativite 

- pour les hybrides engagees dans les liaisons (sp 2 -*sp) d’un accroissement 
d'eiectronegativite. 

Le nuage eiectronique entourant I’atome d’azote subit en effet cette influence 
comme I’indique la variation des termes de la matrice densite exprimee dans une 
base hybride (Tableau 5): accroissement des charges dans la direction de liaison, 
diminution de charge de la paire libre, leg^re diminution de la charge n. 

La variation d’energie de I'atome resulte de la somme de ces effets contraires 
et de la repulsion eiectronique qui en resulte. 

Le passage (sp 2 -*sp) accrolt simultanement le caractere ionique de la liaison 
C=N, ce que traduit la diminution de I’indice dc liaison it. Cet effet est moins 
sensible sur la liaison N-O par suite de I’^lectroncgativite de I’atome d’oxygine 
et de Tinteraction des paires libres a de ces deux atomes. L’effet energetique 


Tableau 3. Charges et indices de liaisons cn base hybride* (les IKches indiquent la direction oil pointent 
les hybrides; p.l, = paire libre; A - B = Indice de liaison) 


e 

(degris) 

Charges 




liaisons 

N - b(ff) 

N - C(n) 

N - 6(n) 

N-C((r) 

N-.0(<t) 

N(a) 

Np.l.(<r) 

N-C(<7) 

115.3 

1,085 

0,928 

1,025 

1,953 

0,985 

0,970 

0,967 

0,253 

120 

1,090 

0,942 

1.023 

1,937 

0,984 

0,968 

0,966 

0,258 

140 

1,125 

0,989 

1,007 

1,885 

0.971 

0,964 

0,963 

0,271 

160 

1,154 

1,008 

0,988 

1,878 

0.965 

0,974 

0,961 

0,277 

170 

1,162 

1,011 

0,980 

1,883 

0,965 

0,980 

0,960 

0,279 

ISO 

1,162 

1,015 

0,983 

1,876 

0,964 

0,980 

0,961 

0,277 

IVO 

1,160 

1,021 

0.985 

1,861 

0,965 

0,968 

0,960 

0,278 

200 

1,151 

1,024 

0,992 

1,847 

0,966 

0,957 

0,960 

0,279 

220 

1,122 

1,004 

1,007 

1,857 

0.975 

0,950 

0,%! 

0,275 

241,8 

1,090 

0,951 

1,014 

1,920 

0.988 

0,%1 

0,965 

0,263 


Les hybrides a sont dirigies dans les directions de liaisons et, pour la paire libre, selon la bissectrice 
'te Tangle CNO. Leur pourcentage d'orbitale s est diduit du respect de la condition d'orthonormation 
de la base. 





resultant est une stabilisation de ces liaisons dont les longueurs diminuent 
(Tableau 3). 

Une ^tude graphique de la variation des termes relies a I'atome d’hydrog^e 
fait apparaitre deux branches curvilignes correspondant aux formes cis et trans 
du groupemcnt OH. L’origine de cette differentiation entre les deux formes 
est k rechercher dans I'anisotropie de I’entourage electronique de I’atome d’azote, 
ce quc confirme le parallelisme des variations de la charge de la paire libre rr de 
I'azotc et des termes encrgetiques NH et H. Cet effet secondaire est responsable 
de la legere dissymetrie de la barriere d’inversion (Fig. 2) et des m^diocres co- 
eificients de correlation obtenus (Tableau 4). 

La destabilisation du termc associe a I’atome d’azote dtant en moyenne 
compcnsec par le renforcement des liaisons qu'il etablit, on peut done considerer 
quc la hauteur de la barriere d’inversion est imposee par la nature des groujjements 
adjacents: cette remarque suggdre la possibilite d'une partition additive dcs 
barricres d’inversion en function des groupements rattaches au motif >C=N'' ; 
la contribution du groupement OH apparait plus importante que celle du 
groupemcnt CiM,, en accord avee les etudes anl6rieures qui pr6voient un ac- 
croissement de la barriere d’inversion sous I'influence d’hetero-atomes porteurs 
de paircs libres [ 10]. 


Conclusion 

L’cmploi de la methode UNDO 11 associee k un procede d’ optimisation 
topologique permet d'aborder I’etude des chemins reactionnels de manierc plus 
satisfaisunte qu'a I'aide dcs modcles habituellcment proposes. En effet, les cuvettes 
et les cols de la nappe representative de I’cncrgie totale du systeme etudi6 peuvent 
ctre precises .sans qu’il .soit neccssaire de determiner point par point cette hyper- 
surface. L’ordre de grandeur des rcsultats obtenus, confirme par un traitement 
«ith iniiion, est en accord avec les donntes expcrimentales disponibics. 

Une etude detaillce de I’originc energetique du mccanisme peut etre conduite 
de maniere semi-quantitative a i’aide d'une partition bicentrique de I', nergie 
totale, en dcs termes bcaucoup plus precis que ne le permettrait la seule analyse 
de la matricc densite. Cependant, (’evolution de la distribution electronique a 
peut etre clairement misc en evidence par I'emploi d'une base d’orbitalcs hybrides 
dircctionncllcs, dans la mesurc oCi le systeme ctudie est raisonnablcment 
localisable. 


Rfmen-wmenl !>. C'e truviiil a etc cfTcctue dan» le laboraloire de ('himie SirueturaJe du Profr.s- 
scur Dcsvhamps que nous tenons a reinereier pour son aide efTieuee et ses nombreux conseils. Nous 
rcmercions aussi le laboratoire de Chimic de I't.N.S.J.F. et plus partieulidrement D.J. David sans 
lesquels I'etudc uab initio » n'aurait pu etre conduite. 
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Theoretical Study of the Conformation oj Donor- Accept or Molecular Complexes 

The stabilisation energy of donor acceptor molecular complexes given by tctracyanoethylenc 
with thiazole and phenylthiazoles have been calculated by several semiempirical approaches. The 
results obtained with the F.xtcnded Huckcl theory, the CNDO/2 method and the PCILO method, the 
latter a perturbative one, are compared and this comparison shows that the PCILO method is well 
adapted to the study of molecular complexes. The different contributions to the stabilisation energy 
and the origin of the intcrmolecular forces have been discussed in relation to the geometry of the 
complex. For all the studied complexes, the calculated results obtained by the PCILO method agree 
very well with experiments. 

Key words: Donor-acceptor complexes, conformations of ~ 


1. Introducdon 

De nombreux trauvaux ont ete consacres ces demieres annees ^ I'^tude des 
forces intermol^culaires responsables de la stabilite des complexes moleculaires 
dc type donneur-accepteur d'electrons dans leur etat fondamental. La nature et 
la contribution relative de ces forces restent encore trte controversies [1-3]. 
L'une des principales difllcuites semble resider dans le choix d'un modele adequat 
pour aborder I’etude thiorique de ces gros systemes, et I’ivaluation de I’inergie de 
stabilisation peut etre envisagec essenticllement selon deux voies diffirentes. 
Dans le premier cas, les molecules constituant le complexe sont considerees 
separement et I’energie de stabilisation est alors calculee en faisant la somme de 
dilTerentes contributions ^ I’interaction intermoleculaire. Citons k ce sujet, les 
travaux de Lippert [4], de Mantione [5] qui ont itudii les systemes tetracyano- 
cthylene-mithyl benzines. Cependant, les diffirentes contributions intermolicu- 
laires restent tris dilliciles k evaluer et il apparait done interessant de calculer 
lenergie de stabilisation, selon une deuxieme voie, e’est-a-dire cn considerant le 
complexe comme un systime unique forme des deux moliculcs. De tels calculs 
sont devenus possible avec le developpement de mithodes semi-empiriques, 
incluant tous les electrons de valence. Les resultats ainsi obtenus sont nombreux 
[6], mais varient suivant le nombre et la grandeur des paramitres utilises. 

On sait, d'autre part, que le thiazole ou ses derives donnent, avec le tetra- 
cyanoithyline (TCNE) des complexes moliculaires, dont les inergies de stabilisa- 
tion, exception faite pour le systime TCNE-thiazole, ont iti mesurees [7, 8]. 
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Nous nous sommes propose d’dtudier quelques uns de ces complexes par la 
m^thode PCILO [9-11], et dans le cas du complexe TCNE-thiazole, nous 
avons compart les resultats ^ ceux obtenus par la m^thode de Huckel 6tendue 
k tous les Electrons de valence (Extended Huckel theory) [12] et par la methode 
CNDO [13]. Nous avons aussi tente de determiner ^ priori quelle etait la confor- 
mation de ces syst^mes. 

2. Les methodes utilis4es; le cboix des param^es et des gfom^tries 

Si on considere le complexe TCNE-thiazole comme un systeme unique, il 
cst hors dc question de faire un calcul du type «ab imtio». Cependant, pour 
etudier la conformation des molecules, il semble necessaire de tenir compte de 
tous les electrons dc valence. Aussi, avons nous utilise les methodes « extended 
Hiickelw, CNDO/2, qui sont deja bien connues et la methode PCILO, plus 
recente. 


La methode EH 

C"cst la methode la plus simple et elle a parfois 6te appliqu^ a I'etude de la 
forme des molecules [14], 


La methode CN DO/2 

C”cst une methode du type S.C.F. Nous avons utilise la version CNDO/2, 
dont le programme a ete ccrit par Dobosh [15], la base d’orbitales etant la base 
minimum d'orbitalcs dc Slater. Nous avons, dans ces calculs, rencontre des 
prohlemcs de convergence, qui ont ete resolus en adoptant la technique proposee 
par Chesnut [6eJ. 


Im methode PCILO 


La methode PCILO est bas^ sur un traitement de perturbation qui introduit 
des termes d’energie de correlation [9-11]. 

On construit un determinant de Slater k partir d'un ensemble raisonnable 
d'urbitales liantes localisees sur les liaisons chimiques. Ces orbitales liantes 
|/> sont obtenues en faisant une combinaison lineaire d’orbitales hy brides prises 
deux ^ deux: ^ ^ , 

10 = ^il 1*0 + li2> 


i, et 12 6tant les orbitales hybrides, chacune d'entre elles appartenant a I'un des 
deux atomes intervenant dans la liaison. A chaque orbitale lieante |i) est associ^* 
une orbitale antiliante |i*), qui lui est orthogonale 


!*•*> = -C.-2|/,>-hC„|/2>. 

Les orbitales liantes permettent de construire la fonction d'onde d’ordre zero 
et les orbitales antiliantes, des determinants de Slater correspondants aux 
configurations excitees. Celles-ci se repartissent en deux categories selon que 
I’excitation correspond ou non au transfert d’un electron d’une liaison a une 
autre. L’energie de I’^tat fondamental est obtenue par un d^veloppement de per- 
turbation du type Rayleigh-Schrddinger. 
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La in6th(^e PCILO s avere tr& avantageuse, car I’utilisation de la technique 
de perturbation ^ partir d orbitales localis^es, Tapproximation du recouvrement 
difftrential nul (ZDO) reduisent considcrablement le temps de calcul. De plus, 
elle s avire plus adaptde que la m6thode CNDO/2 aux probl^es de conformation 
de molecules conjugees [16]. 


Choix des parametres 

Dans le cas de la m6thode « Extended Huckel», le facteur de proportionnalit6 
intervenant dans le calcul des Elements non diagonaux a 6t6 pris 6gal a 0,75. 

Pour appliquer la m6thode PCILO au calcul du thiazole, il est necessaire 
d’ivaluer les integrales faisant intervenir les orbitales de I’atome de soufre. Ces 
int6grales ont ete calcul6es ^ partir des formules proposees par Malricu [17]; 
les orbitales 3d n’ont pas et6 prises en compte: il est apparu, ^ la suite des travaux 
de Schwartz [18] et Hillier [19] que les orbitales s et p forment une base sulTisante 
dans un probl6me de conformation. 

Choix des giomhries moleculaires 

II a 6td suppose, dans tous les calculs, que la gdometrie des molecules consti- 
tuant le complexe 6tait identique ^ celle des molecules isolees. 

Pour les TCNE, la g^ometrie adoptee est celle d6termin6c par Bekoe et 
Trueblood [20] a partir de mesures cristallographiques, et dans le cas du thiazolc 
sa geometric a 6te definie par ailleurs [21]. Dans le cas des ph6nyl-thiazoles le 
probleme est different, car leur geometric n'a pas ete d6termin6e experimentale- 
ment. Nous avons consider^ que la molecule de ph6nyl-thiazole 6tait une molecule 
plane. En effet, des calculs pr61iminaires par la methodc PCILO visant a deter- 
miner la conformation la plus stable des monophcnyl-thiazoles n’ont pas permis 
de mcttre en evidence I’existence d'une barriere de rotation d^passant 
0.6 kcal/mole, ^nergie qui n’est pas sufllsante pour empecher, en solution, la libre 
rotation du groupement phenyle. Ce sujet a ete aborde r6cemment par Trinajstic 
et Galasso [22,23], mais il ne semble pas qu’il ait rcQu une solution definitive. 

En ce qui concerne le complexe lui-meme, nous avons adopte une structure 
de type «sandwitch», les plans des molecules de TCNE et de thiazole etant 
maintenus paralleles. 

L’energie de stabilisation du complexe est calcul6e par difference entre 
I’energie totale du complexe et celle obtenue en faisant la somme des energies 
des deux molecules constituant le complexe. La variation de I’energie de stabilisa- 
tion est etudide en fonction des deux piarametres possibles: la distance interplan R 
et la disposition relative des molecules, qui peut se caracteriser par Tangle G. 
tel qu'il est deilni dans la Fig. i. 

3. Resoltats et disciissioas 

a) Etude comparee du complexe TCNE-thiazole par les methodes EH, 
CNDO/2 et PCILO 

Nous avons resume dans le Tableau 1 la variation de Tenergie de stabilisation 

en fonction de la distance interplan R. 
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Tableau 1 


R(A) 

.d£ kcal/mole ' 
EH 

/I £ kcal/mole' ‘ 
CNDO/2 

,!£ kcal/mole'* 
PCILO 

1,25 

-2509.2 

- 35,5 


1.4 


-253,4 


t.5 

- 1510,7 

-301,1 


1.6 


-.304.2 

191,6 

1,75 

- 834,32 

-254,1 

74,0 

2,0 

- 416,8 

-154.3 

1.4 

2,15 


- 2,5 

- 9,2 

2,25 

- 95,9 


- 10,9 

2.35 

- 19,4 


- 10,5 

2.5 



- 8.5 

3,0 



- 2.5 

3,4 



- 1,0 


L’examen de ces resultals montre qu'aucun minimum d’energic n’est observe 
cn appliquant la methode «EH». La meme observation a 6t6 faite par Wold [24] 
qui a etudie le complexe TCNE-benz^ne. Ceci est probablement du aux ap- 
proximations faites dans le catcul de I'^nergie, que est simplement prise 6gale ^ 
la somme des valeurs propres de Thamiltonien. II ne semble done pas que cette 
methode soil convenable pour cvaluer I’energie de stabilisation d’un complexe. 

Dans Ic cas des m6thodes CNDO/2 et PCILO, au contraire, un minimum 
d'energie est obtenue pour des valeurs de R valant respectivement 1.60 A et 
2.25 A. Les energies correspondantes ctant de - 304^ et — 10,9 kcal/mole. 
Nous ne possedons aucune donnee experimentale sur distance interplan et sur 
I’energie dc formation due complexe TCNE-thiazolc. Par comparaison avee 
des complexes voisins, on peut donner un ordre de grandeur des valeurs: R 
devrail etre compris entre 3,2 et 3,5 A, AE entre -6 et —9 kcal/mole. 

11 apparait done que la methode PCILO donne une image plus proche de la 
realite que la methode CNDO/2 et il y a lieu de discuter ce r6sultat. 

La valcur de J£ obtenue par la methode CNDO/2 est nettement trop elevee 
et la valeur de R trop faible; ces memes faits avaient et6 notes par Chesnut [6e] 
dans une 6tude du complexe TCNE-benzene, ainsi que dans d'autres travaux 
concernant la liaison hydrogene [25, 26], qui met en jeu des interactions ^ grande 
distance. II avail deja 6te remarque [13] que la methode CNDO donnait des 
Energies de liaison trop grandes et qu’elle n'etait pas toujours apte ^ rendre compte 
des proprietes des syst6mes conjugues [16,27]. Pour expliquer ce resultat, on 
peut rappeler que la methode CNDO est basee sur le schema SCF, que Ton 
sail peu adapte dans les probldmes faisant intervenir des distances plus grandes 
que celles mises en jeu dans les liaisons chimiques classiques. D’autre part, la 
methode a ete mise au point en introduisant des approximations sur les int6grales 
et des param^tres, qui sont certainement moins valables dans le cas d'un complexe. 
En dernier lieu, les calculs du type SCF, dans I'approximation LCAO, sans 
interaction de configuration, ne sont vraiment signiHcatifs que s’il est possible 
de definir des orbitales moleculaires pour decrire le systime etudie. Or, dans un 
complexe de transfert de charge, les deux molecules initiales restent bien indivi- 
dualisees, et, dans I'etat fondamentaL il est douteux que Ton puisse avoir une 
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bonne description avec des orbitales moliculaires occupies, itendues li tout le 
systime, si la distance experimentale pr£sum6e est de I'ordre de 3.SA. II est 
possible que I’ensemble des r^ultats obtenus par la m^thode CNDO/2 soit 
am6Iior6 en introduisant une interaction de configuration, mais, it priori, les 
temps de calcul seraient tr^ importants, et disproportionn^ par rapport au but 
recherchi. 

Les lisultats obtenus par la methode PCILO sont tr6s difli^rents, et beaucoup 
plus proches de la reality exp6rimentale. Ceci n'est pas surprenant, dans la mesure 
oil la methode PCILO, qui repose sur un traitement de perturbation, tient compte 
explicitement de I’^nergie de correlation, qui est d’autant plus importante que 
les distances sont grandes. Avant d’examiner I'origine des difTerentes contributions 
a I’dnergie de stabilisation, on peut mettre en Evidence le rdle que joue I'energie 
de correlation. Dans la description d’un complexe par la mdthode de CNDO/2, 
il apparait que les liaisons des molecules initiales, et notamment celles du TCNE, 
sont tr6s fortement polarisees. Or, plus une liaison devient polaire, plus la correla- 
tion intraliaison diminue, ce qu’on peut constater en remarquant que. pour une 
liaison localises polarisee, la correction due a la diexcitation intraliaison s’ecrit 



avec 


= Cn Cfi(gii n + g^n - ^gn iz) 


integrate qui s’annule lorsque la liaison i a sa polarite egale a 1. II est done possible 
que les calculs variationnels du type SCF ne tiennent pas compte de cette di- 
minution de la correlation intramoteculairc au cours de la formation du complexe. 

Bien que la methode PCILO donne des resultats plus satisfaisants, elle conduit 
encore k une emergie de stabilisation trop grande, et h une distance interplan R 
trop petite. Ce resultat est probablement du a la sous-estimation de la repulsion 
electronique, comme dans la methode CNDO/2. Rien d'etonnant ^ cela, puisque 
les approximations concernant le calcul des integrales introduites la methode 
CNDO/2 sont reprises dans la methode PCILO; le recouvrement difTcrentiel 
est neglige, et toutes les integrales atomiques sont evaluees i partir d’orbitales 
atomiques s, ces deux approximations concourant h sous estimer la repulsion. 

Un autre point est la variation de I’energie de stabilisation avec 1 angle 0 
(Fig. I ). L^, les deux methodes donnent des resultats identiques: pour une distance 
R egale k 3,4 A, de I’ordre de la distance experimentale. la conformation la plus 
stable corrwpond a un angle 0 de 90 , alors que pour la distance R minimum 
calcuiee, Tangle 0 est de 0 . II n’est pas possible de tirer une conclusion de ces 
resultats, d’autant plus que des calculs effectues sur le mcme systeme. mais par 
une technique differente [8], donnait, pour une distance R egale a 3,4 A, une 
energie minimum pour 0 = 0 . Quoiqu’il en soit les differences d energies mises 

en jeu sont trop petites pour Stre significatives. 

II peut etre interessant de comparer les energies apparaissant differents 
ordres du developpcment de perturbation dans la methode PCILO et 1 energie 
calcuiee par la methode CNDO/2, les resultats correspondants etant rassemblcs 
dans le Tableau 2. 
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hig. 1. Derinition de Tangle B. a 0-0 ;h6> = 90 


Tableau 2 


hnergie* 

(kcainiole 'l 

Thiazolc 

TfNE 

Complexe 
(R = 2.0A) 

I'ondamcntal 

+ 177.01 

-1- .352.62 

+ 779.58 

£'„ (- nionoexcitations 

+ 14,V4 

-- 6,01 

- 27,15 

Apres 2eme ordre 

- 131. .3.3 

-429.15 

-550,80 

Apriis .lemc ordre 

90.08 

- 94.52 

- 59,39 

E CNIJO/a 

- 28868,48 

-553.35.31 

-84327,57 


“ I.L> energies sum cxprimecs par rapport a Tenergic totalc ohtenue par la melhodc CNDO/2. 


L'examcn dcs resultats permet de faire les remarques suivantes; 

Pour les molecules isol6cs, comme pour le complexe, la somme dc I’energie 
du fondamcntal et des contributions des monoexcitations apparaissant au 
deuxiemc ordre, est tres proche de I’energie calculce dans le schema CNDO/2. 

L'energie au second ordre est fortement negative, I’energie au troisiemc 
ordre est legerement positive, et tempore I'abaissement excessif de l'energie 
correspondant au second ordre. Ces remarques semblent etre caracteristiques 
de la methode [II] dans laquelle les contributions energetiques ont, au moins 
jusqu'au deuxieme ordre du traitement de perturbation, une signification physique 
que nous aliens discuter maintenant. 


h) Examen des differentes contributions energetiques dans le complexe 

II nous est apparu interessant de regarder parmi les contributions energetiques 
apparaisant dans le developpement de perturbation, celles qui sont «sensibles» 
^ la variation de la distance intermol^culaire et celles qui participent a la stabilisa- 
tion du complexe. Les resultats detailles sont donn6s dans le Tableau 3 pour le 
systeme TCNE-thiazole. Les remarques sont les memes que celles deduites de 
I'etude du TCNE-benz6ne [28] et peuvent etre etendues a tous les complexes 
envisages. 

Pour faire apparaitre a la fois la variation avec jR et la participation « effective » 
d la stabilisation du complexe, nous donnerons pour chacune des contributions 
les valeurs de d£; nous faisons flgurer dans la demi^re colonne du tableau les 
Energies (somme des contributions dcs deux molecules isol^) correspon- 
dantes. On peut raisonnablement penser que I’analyse ainsi faite des differents 



Contributions 
energitiques 
(kcal moie~') 
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Energie dc correlaiion inter-liaison ou dc dispersion | monocxcitaiion dans deux liaisons diffi&rentes j - — 
Interaction entre les differcnts termes mentionn« ci-dessus. 
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termes energ^tiques nous pertnet de traduire en gros les interactions inter- 
mol^ulaires compte tenu des hypotheses de ddpart: recouvrement diiTerentiel 
nul et orbitales IocaIis6es. 

L'analyse du Tableau 3 montre que les contributions fortement d^pendantes 
de la distance R sont egalement celles dont le «poids» dans I'^nergie de formation 
du systeme est important. Nous consacrerons I’essentiel de la discussion A I’examen 
des termes energetiques intervenant 4 I'ordre 2 car il est possible d'en donner une 
interpretation physique 

/. Energie de polarisation et de correlation intra-liaison 

Ccs energies sont constantes quelque soit R et ne participent pas 4 la stabilisa- 
tion du complexc, ce qui semblerait logique puisque les geometries intramol6cu- 
laires sont figecs. Paradoxalement, la correlation intraliaison est fortement 
sous-cstimee, compte tenu des approximations faites, comme cela a ete vu plus 
haut. 

2. Energie de delocalisation ou de tranrfert de charge 

FUlc resulte de I'cxcitation du type i-*j* qui conduit 4 la delocalisation des 
electrons de la liaison i vers la region de la liaison j. Cette energie depend fortement 
de R et sa contribution 4 la formation du complexe est importante. 


3. Energie de correlation interliaison ou de dispersion 


De l’analyse des resultats, il ressort que ce terme varie peu en function de la 
distance intermoieculairc R. Effectivement, compte tenu de I’approximation 
ZDO, seulcs les contributions de diexcitations sans transfer! de charge representees 
par les intcgrales (ij\i*j*) interviennent, les integrales {ij\k*l*) correspondant a 
dcs interactions avec transfer! de charge etant nulles. Une diexcitation inter- 
liaison correspond alors 4 une double monoexcitation /-►/* et j-*f. L’inter- 
action entre les distributions dipolaires ii* et diminue comme r~ ^ quand la 
distance r entre les liaisons i et j augmente. L’expression de I’energie de correlation 
inter-liaisor. est donnee par [11]: 

J V 4(iJli*j*f 

^2= LL 

‘ Eo-eI ^ 

avec 


Eq — E j — + Kjj. . 

Le terme du denominateur correspond done 4 la somme Ajj, el energies 
de polarisation independantes des variations de la geometrie intermoieculaire. 
Quant au numerateur, il comprend les integrales coulombiennes calcuiees dans 
le cadre CNDO/2 c'est-4-dire sur des orbitales s de Slater: ces integrales ne 
varient notablement avec R que pour des distances interatomiques classiques. 
leur variation pour des distances supedeures 4 2 A est tres faible. Ceci explique 
qu'4 partir de 2,5 A, d^ decroit beaucoup moins vite que nt 2 quand R augmente. 
La contnbution inter-liaisons est done faible; or il s' agit dans notre cas d’une 
interaction dipole-dipdie oh i et j sont definis sur deux liaisons differentes et de 
plus trds eloignees. 
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Nous remarquons enfin que la conection la plus importante, au troisiime 
ordre, est foumie par I’^ergie de d6Iocalisation-d61ocalisation et que cette 
correction est positive. 

c) Variation de T inergie de stabilisation pour les systemes TCNE-p/i^y/ thiazoles 

Les risultats obtenus par la m^thode PCILO pour le complexe TCNE- 
thiazole 6tant convenables, nous avons envi^g^ Tetude des complexes du TCNE 
avec quelques d6riv6s ph6nyl6s du thiazole; il ^tait en eflet int^ressant de con- 
naitre «raptitude» de cette m6thode 4 rendre compte de la variation de I'^nergie 
de stabilisation dans une famille de composes. Les grandeurs exp^rimentales 
qui permettent de chiffrer la stabilit6 d'un complexe mol6culaire sont la con- 
stante de stabilitd K et mieux I’enthalpie de formation dH; ces grandeurs ont 
etc mesur6es dans le cadre d’une etude en solution des systemes TCNE-phenyl- 
thiazoles [7], Si Ton connait la variation de I’energie de formation dans les 
systemes envisages, il sera par contre plus difficile de comparer les ordres de 
grandeur des Energies mesurdes et calculees, aucune mesure n'ayant ete faite en 
phase gazeuse. 

Pour la conformation correspondant k & = 0', nous avons illustii sur la 
Fig. 2 la variation d’energie en fonction de la distance intermoleculaire. Dans 
le Tableau 4 les resultats obtenus pour la distance d’equilibre sont r6sum6s et 
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Tableau 4 


Donneurs 

Phenyl-4 

thiazole 

Ph6nyl-2 

thiazole 

Ph6nyl-5 

thiazole 

Diph4nyl-2,4 

thiazole 


2,32 

2,34 

2,35 

2,41 


-8,31 

-7.76 

-7,42 

-4,83 


6,65 

4,48 

4,98 

3,62 


- 3,9 

- Z9 

- 3,1 

- 2,5 


figurent egalement dans ce tableau les constantes X et les enthalpies de formation 
A H mesurees dans le tetrachlorure de carbone k 20° C. 

Lcs energies de stabilisation obtenues rendent assez bien compte de la variation 
dc la « force » des complexes: compte tenu des r6sultats obtenus avec le thiazole, 
les d £ calculcs diminuent lorsque le nombre de substituants ph^nyle sur le cycle 
thiazolique augmcnte, cc qui est en accord avec les mesures experimentales. 

Les valcurs des dnergies calculees sont voisines de celles obtenues par Lippert 
[4] cl Mantione [3] pour une serie de complexes formes entre le TCNE et des 
heterocycles pentagonaux. On peut egalement avoir une idee approchee de 
I'cnthalpie de formation en phase gazeuse en se refdrant aux travaux de Kroll 
[29] sur les complexes TCNE-mdthylbenzenes; en I'absence d’interaction avec 
le solvant, I'cnergie de stabilisation est fortement augmcntee, ^ titre d’exemplc, 
Bricgicb [30] dans une dtude sur le systdme TCNE-durdne dans le tctra- 
chlorurc dc carbone a obtenu les valeurs suivantes: X = 14,06 1 • mole"', 
/1W=^ 5,48 kcal mole"', en phase gazeuse ces valeurs sont respectivement de 
1 1 800 1 • mole ' et - 10,1 kcal mole' '. Lcs valeurs des Energies calculees, quoique 
certaincment un pcu fortes, se comparcnt favorablement aux valeurs attendues. 

Remarque 

Les calculs ont ete clTectues sans iteration sur les polarites; on pouvait se 
dcmander si cettc simplification ctait legitime pour les systdmes envisages qui 
ont des charges nettes assez importantes (le TCNE en particulier). Un calcul 
avec iteration sur les polarites a ete effectue sur le systdme TCNE-phenyl-5 
thiazole; pour le TCNE un nombre de cycle d'iteration supericur d 20 etait 
necessaire pour atteindre la convergence avec le programme original; nous 
I’avons acceleree en utilisant au cycle pour les coefficients des orbitales 
hybrides atomiques la demi-somme des valeurs obtenues aux cycles (/ — 2) et 
(/-I). Les resultats avec ou sans iteration sont sensiblement les memes: AEit„ 
= - 7,93 kcal mole" ' (au lieu de -7,42 kcal mole"'); nous constatons une 
diminution de I'energie de polarisation mais le «poids» relatif des differentes 
contributions energ6tiques d I'energie de stabilisation est conserve, de ce fait le 
processus itcraif n'a pas 6t^ retenu pour les autres calculs. 

4. Conclusion 

Notre but n'etait pas d’obtenir des resultats quantitatifs, mais de voir dans 
quelle mesure les m6thodes actuelles permettent de rendre compte de la geometric 
d'un complexe. 
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L'analyse des ordres relatifs, compares aux valeurs estim^es montrent que la 
m^thode PCILO semble mieux approprite & I'^tude du probldme d'interactions 
a moyenne distance et se itvde par sa remarquable rapidity un pr6cieux outil 
de travail dans les probldmes de conformation. 

Le probl^me int6ressant 6tait aussi de rendre compte de la nature des forces 
mises en jeu dans de tels complexes; la m^thode CNDO/2 donne un rteultat 
energetique global, difficile k relier ii des notions structurales. La methode PCILO, 
au contraire permet d'interpr£ter physiquement les diff6rentes contributions 
energ6tiques jusqu’au 2""* ordre. Mais, du fait qu'elle est limit6e par des approxi- 
mations, elle ne rend pas compte des termes de polarisation, de dispersion inter- 
moleculaires, mais seulement de la contribution de transfert de charge. 

Notons que quelle que soit la methode de calcul variationnelle (CNDO/2 
ou diverses approches SCF) ou perturbationelle (PCILO), les r^ultats consuisent 
toujours a une energie de stabilisation trop dlevee. Aussi se pose le problime 
suivant important: cet abaissement d’energie AE calcule theoriquement repr6- 
sente-il uniquement I’energie d’interaction correspondant k PExperiencc 
{AE = EMi-(E^+ Eq)), ou tient-il compte aussi d'un abaissement d’energie du 
au fait que chaque molecule composante A et D dans le systime moleculaire 
A-D profite de la prince de sa voisine pour ameliorer sa description propre. 

Remerciemi'nts. Les auteurs remercient Mesisieurs Ci. Bcrthicr ct J. P. Malrieu pnur les fructiieuscs 
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Electronic Structure of Unstable Intermediates 
III. The Electronic Structure of OCC 
Colin Thomson and Brian J. Wishart 

Department of C'hemislry, University of St. Andrews, St. Andrews. Scotland 
Received June 22, 1973 


The geometry of the species OCX.’ has been investigated within the restricted Hartrec-Focic 
LC’AO-MQ SCF approximation. Several one electron properties have been calculated at the ealeulal- 
ed minimum energy configuration of R(0 C) = 2.l2l bohr. R(C 0 = 2.5* bohr. 

Key words: Unstable intermediates - Calculated geometry 


Introdacthm 

This paper reports ah initio calculations on the triplet, OCC, and represents 
another in the scries of papers from this Department, dealing with the electronic 
structure of unstable intermediates. The species has been observed by IR spectro- 
scopy in an argon matrix by Milligan and Jacox [1]. They observed this species 
1) on photolysis of matrix-isolated cyanogen azide in the presence of carbon mon- 
oxide (at a wavelength less than 2800 A) and 2) by vacuum UV photolysis of 
matrix-isolated carbon suboxide. Features of the IR spectra obtain^ from these 
systems were interpreted by Milligan and Jacox as arising from a linear species, 
OCC. 

Our theoretical examination of the Systran was prompted by their observations, 
together with the existence of a corpus of work postulating the presence of OCC 
as an intermediate in a variety of chemical processes, including; radiolysis of 
carbon dioxide [2]; photolysis of carbon suboxide [3]; thermal decomposition 
of carbon suboxide [4]; UV photolysis of carbon monoxide [5]; and, pulse radio- 
lysis of carbon monoxide [6]. 

In the work by Bayes [3], there is reported results of a semi-empirical calcula- 
tion on OCC, with bond lengths taken from those experimentally determined for 
carbon suboxide (R(C-0) = 2.1921 bohr; R(C C) = 2.4170 bohr). These bond 
lengths were also used by Olsen and Bumelle [7] in another semi-empirical calcu- 
lation. It is suggested by Bayes that the ground state of OCC is , with low-lying 

and ‘d excited states. Baker et al. [8] showed that their results of photolysis 
of carbon suboxide in presence of alkenes are consistent with the existence of the 
two multiplicities (triplet at lower, singlet at higher energies of photolysing radia- 
tion). 

With the only previous theoretical investigations of this species being semi- 
empirical, and without geometry optimisation, we have carried out calculations, 
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determining an optimum equilibrium geometry for the ground state, using ab 
initio LCAO-MO-SCF wavefunctions of similar quality to those used in previous 
work in this series [9, fO], 


Method of CflJculatioo 

Calculations were performed on an IBM 360/195, using the programme AL- 
CHEMY [9], This programme computes wavefunctions in the Restricted Hartree- 
Fock approximation, as formulated for open-shell species by Roothaan [11], for 
linear molecules, over a basis set of Slater-Type Orbitals (STO's). Included in the 
programme package are routines for the usual Mulliken population analysis [12], 
and for computing the expectation values of various one-electron operators. In 
performing the calculations, the total energy was minimised with respect to each 
bond length, as described in a previous paper [9]. 


Basis Sets 

Three basis sets were used in the calculations, at successively greater levels of 
quality. The initial calculations were carried out with a double-zeta basis set. with 
exponents taken from the tables of dementi [13]. This basis set was used to obtain 
a good first approximation to the bond lengths, after which a further set of calcula- 
tions were performed using this basis set. augmented by polarization functions of 
3dff, ?>dn, 4/rt symmetry on each atom. This basis we refer to as a (DZ -f- P) 
basis. The polarization function exponents were taken from calculations on CO 2 
with a similar basis set by McLean and Yoshimine [14]. The third basis set was 
the Bagus-Gilbert ’'best-atom" set given by McLean and Yoshimine [14], with 
the ptilarization functions taken from their calculation on OCN '. Energy results 
arc reported in hartrees, distances in bohrs. 


Results 

The geometries investigated, together with the total energies and the virial 
coefficients are given in Table I. for each basis in turn. 

Calculations with the double zeta basis gave an optimum geometry of: 
Ria C) = 2.205 bohr; R(C G) = 2.645 bohr. 

For the set of calculations using the BA + P basis set, the optimum geometry 
was taken as R(O C) = 2.121 bohr; R(C-C) = 2.58 bohr (from total energy vs. 
bond lengths curves). The total energy was calculated at this geometry, together 
with expectation values of various one-electron operators. These exjjectation 
values are listed in Table 2. At this geometry also, SCF calculations were perform- 
ed on the anion and cation of the species. Comparison of the orbital and total 
energies, together with the calculated vertical ionisation potentials are given in 
Table 3. Summaries of part of the Mulliken population analyses for the three 
species, OCC. OCC^. OCC' . are given as Table 4. Values, derived from the ex- 
pectation values, for observable properties, are given in Table 5. 
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Bond 

O-C 

Lengths 

C-C 

Total energy 

Virial 

Calculations with the {DZ) basis 
2.2 2.6,3 

-1.50.36982 

-2.00027 

2.2 

2.65 

- 1.50.36985 

-2.0tK»40 

2.2 

2.60 

- 150.36955 

-2.(XXX)7 

2.2 

2.67 

-I50..36976 

- 2.00051 

2.15 

2.65 

-150.36812 

-1.99953 

2.25 

2.65 

- 150.36893 

-2.00116 

2.22 

2.65 

-I50..36977 

-2.00071 

2.205 

2.645 

- 1.50.36987 

2.00045 

Calculations with the (DZ + P) basis 

2.2 2.64 -150.50279 

-2.00205 

2.1 

2.64 

-150.50579 

-2.00016 

2.1 

2.65 

-150.50555 

- 2.00023 

2.1 

2.645 

- I50..50568 

- 2.0(X)I9 

Calculations with the BA + P basis 

2.10 2.645 -150.51518 

-2.0(XX)7 

2.11 

2.645 

- 1.50.51538 

2.00028 

2.12 

2.645 

-150.51544 

- 2.1X1048 

2.14 

2.645 

-1.50.51518 

- 2.(XX)88 

2.126 

2.645 

-150.51541 

-2.IXX)60 

2.122 

2.645 

- 1.50.51.543 

-2.(XX)52 

2.122 

2.65 

- 1.50.51531 

2.0(X)56 

2.122 

2.55 

-150.51615 

-1.99975 

2.122 

2.5 

-150.51489 

-1.99926 

2.122 

2.4 

- 150.50778 

-1.99808 

2.122 

2.3 

-1.5t).49262 

- 1.99601 

2.121 

2.58 

-150.51632 

- 2.tK1000 


fable 2. 

I'.xpcctation values of quoted operators for OCC 

Operator 

Value at centre: 




O 

C 

C 

Ur 

26.3283 

20.6671 

18.7191 


41.4454 

- 0.974598 

- 52.5746 

.2 

178.9141 

93.0755 

231.2325 


202.6915 

116.8530 

255.0099 


23.7774 

23.7774 

23.7774 

r/r" 

1.61589 

- 0.87573 

- 1.26289 

(3r^ - r^)/r’ 

0.72398 

1.58626 

0.06949 
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It has been shown, by double zeta quality ab initio MO calculations, that, in the ga.s phase, a CH 
bond adjacent to sulphur is more acidic than a CH bond adjacent to oxygen. This trend is in agreement 
with experimental observations in solution. 

Key words: Gas phase acidity - Proton affinity - Carbanions 


A hydrogen-containing molecule (AH) may undergo either protonation or de^ 
protonation: 


2H^-FM- 


^ depniioniUiin 
fjii pbtM tcidtiy 


pruiunatioD 
gu phaw haiKity 


MHJ 


and the relative facilities of the two processes are measured, respectively, by the 
gas phase basicity and the gas phase acidity of the molecule. Since proton afftnity 
(A^) is defined, either in the thermodynamic convention: 

A^ (MH) = d ) - {d /f^(M H) -F d H?(H ^ )} 

A^(M-)=dHj(MH) -{dH?(M-)-l-d/f?(H^)}, 
or in the quantum mechani«il convention: 

Ai(MH) = E(MH^)-E(MH) 

A^(M-) = E(MH) -E(M-), 

as a difference between protonated and deprotonated states, the gas phase basicity 
and acidity of the molecule may be defined as: 

gas phase basicity of MH = Ah(MH) , 

gas phase acidity of MH = — Ah(M ). 
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Introduction of a heteroatom into a hydrocarbon molecule leads to a change 
in the acidities of the remaining C-H bon^ [1]. Because the quantitative effect of 
each heteroatom is different, a quantitative understanding of the effects of hetero- 
atom substitution upon carbanion proton affinities is a necessary prerequisite to 
the understanding of experimental acidity differences. For example, it is an ex- 
perimental fact [2] that the kinetic acidity of a proton at a cart^ adjacent to 
sulphur is several orders of magnitude greater than that of a proton at carbon 
adjacent to oxygen. This has been attributed to stabilization of the anion in 
the former case [2, 3]. However, it has not been necessary to postulate ^/-orbital 
conjugation to account for the stereochemical properties of sulphur-stabilized 
carbanions [4], and it seemed to us, therefore, that some, as yet unrecognized, 
non-conjugative explanation might also account for the chemical difference be- 
tween the two systems. 

The approach that is being taken involves double zeta quality computations 
of the energies of HOCHj, HOCHJ, HSCHj, and HSCHJ, with full optimization 
of the geometries, and with s, sp, and spd basis functions on the heteroatoms. In 
the first part of the work, geometry optimization of HOCHj [5] and HOCHj [6] 
was achieved for sp bases. This permits evaluation of the following gas phase 
acidity, for X=0: 


H 

\ 



H 




\ 

H 


H^+ -CHjXH. 




I 


In the present work, the gas phase acidity for X=S has been computed with an spd 
basis. Bond angles about the carbon atom in the carbanion have been assumed to 
be tetrahedral. Although full geometry optimization has not yet been performed, 
the trends in the gas phase acidities are already clear. 


Table I. Conformational energies of HOCHj . HOCH,. HSCHj . and HSCHj 


Rotational angle* 

O' 

60 

120" 

180" 

HOCHj 

- 1 14.30505 

-114.29316 

-114,28616 

-114.29469 

HOCHj 

- 1 1 5.00875 

-114.01105 



HSCHj 

-437.01398 

-437.00044 

-437.00131 

-437.01555 

HSCHj 

-437.68839 

-437.69026 




* For definition of these angles, see Fig. I. 
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The data are summarized in Table 1 and illustrated in Fig. 1. Two minima are 
found for each carbanion. These correspond to the Y{I) and W(JI) conformations. 
In HOCHj the Y conformation represents the lowest minimum, but in HSCHj 
the IF conformation has the lower energy (Fig. 1). The gas phase acidities, also 
shown in Fig. 1, are: 

Ah (HOCH J ) = 0.70370 hartree = 441 .7 kcal/mole , 

Ah (HSCH 2 ) = 0.67284 hartree = 422.3 kcal/mole . 


jsr 


}I4.02| 








1CH2-0H 




360* 


^ -01 


-436.99 


H-437.00 I 



CHa-OH 

j X I 


1^ 

' CH,-SH 

I I ■ r , 


-437.70 


180* 360* 0* 180' 

INTERNAL ROTATION ANGLE 


360* 


f ig. I 


These values indicate that a CH bond adjacent to sulphur is more acidic than 
a CH bond adjacent to oxygen. The final account of this work will contain the full 
geometry optimization of HSCHj" and the comparative study of the gas phase 
acidities as a function of basis set. 
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